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Cullis—Radi¢ determinant of a rectangular matrix
which has a number of identical columns

ABSTRACT. In this paper we present how identical columns affect the Cullis—
Radi¢ determinant of an m X n matrix, where m < n.

1. Introduction. In 1913, Cullis [4] introduced the concept of determinoid
of a rectangular matrix and it is probably the first published generalization
of the determinant of a square matrix. Cullis reserved the name determinant
for square matrices only, but nowadays this term is also used for rectangular
matrices.

Since the original Cullis’s definition of the determinant (determinoid) of
a rectangular matrix is descriptive and requires some nonstandard terminol-
ogy to be introduced first, we reformulate the idea of Cullis in the following
way:

Definition 1.1 (Cullis [4, §3], reformulated). Let A = {a;;} be an m x n
matrix with m rows and n columns, with elements a;;, where 1 < ¢ < m,
1 < j <n,and let Kk = min{m,n}. The determinant of A is defined as the
sum

det A=Y (-1)*P)P,
P
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over all products P = a;,j, ...a;;, of elements of A taken from different
rows and different columns with
k

a(P) = ; [(zp - 1;@1) + (3 - 1;,31)]

where the expression in square brackets is equal to the sum of horizontal and
vertical steps one must take to pass from the element a;,;, to the element
a11 in the matrix obtained from A by removing rows and columns containing
the elements a;,;, for ¢ < p.

Independently of Cullis, in 1966, Radié [11] proposed the following defi-
nition of the determinant, which turns out to be equivalent to the Cullis’s
definition (the equivalence follows from [4, §30]).

Definition 1.2 (Radi¢ [11, Definition 1]). Let A = [A1,..., Ay] be an mxn

matrix with n columns Aq,..., A4, and m < n. The determinant of A is
defined as the sum
(1.1) det A = S (F)THn det[Ay,, .. Ay,

1<1<..<jm<n
where r =1+2+ ... +m. If m > n, then det A = det AT

It is worth noting here that there are also other definitions of the deter-
minant of a rectangular matrix which are not equivalent to the definitions
of Cullis and Radié, see for example [2, 3, 5, 9, 18, 19, 21].

The Cullis-Radié¢ determinant of an m X n matrix, where m < n, and the
classical determinant of a square matrix have several common properties,
see [4, §5, §27, §32] and [11, 16], for example:

(1) The Cullis-Radi¢ determinant of a matrix is a linear function of its
rOwWS.

(2) If a matrix A has two identical rows or one of its rows is a linear
combination of other rows, then the Cullis—Radié¢ determinant of A
is equal to zero.

(3) Interchanging any two rows of a matrix changes the sign of its Cullis—
Radi¢ determinant.

(4) Adding a linear combination of rows to another row does not change
the Cullis—Radi¢ determinant.

(5) The Cullis-Radi¢ determinant can be calculated using the Laplace
expansion with respect to a row.

More algebraic properties, which characterize the Cullis—Radi¢ determinant,
can be found in [1, 4, 6, 8, 12, 13, 14, 16, 20], and some geometric interpre-
tations are presented in [7, 10, 12, 13, 14, 15, 17, 20].

In this paper, we are going to present how identical columns affect the
Cullis—Radi¢ determinant of an m X n matrix, where m < n. The rest
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of the paper is organized as follows. In Section 2, we consider the Cullis—
Radi¢ determinant of matrices with two identical columns. In Section 3
and Section 4, we present the results for matrices which have an arbitrary
number of identical adjacent columns and an arbitrary number of identical
adjacent pairs of columns. Matrices formed by identical adjacent sequences
of columns are the subject of Section 5.

2. Two identical columns. First, we introduce some useful notation and
recall from [6] how interchanging two columns affects the determinant of
a rectangular matrix.
Let A = [A4,...,A,] be an m X n matrix, where m < n. We use the
following notation:
(i) Ajej, where 4,5 € {1,2,...,n}, i # j, denotes the matrix obtained
from A by interchanging columns A; and A;,
(ii) D;(A) = [A1,...,Ai—1, Aiv1, ..., Ay], where @ € {1,2,...,n} and
n > 1, denotes the matrix obtained from A by removing the col-
umn A;,
(111) IIK(A) = [Al, L ALK, Ai7Ai+17 R 7An]7 where i € {1, 2,..., n},
denotes the matrix obtained from A by inserting the column K
before the i-th column of A.

Lemma 2.1 ([6, Theorem 2.6]). Let A be an m x (m~+1) matriz. Then for
alli,7 € {1,2,...,m+ 1} such that i # j, we have

det A + det A“_)j = 0.

Lemma 2.2 ([6, Theorem 2.7]). Let A = [Ay,...,A,] be an m x n matriz,
where m < n. Then

det A + det Ai(—)j =2 Z (—1)T+j1+j2+“'+jm det[Ajl s AjQ, e A]’m]
1<1<...<jm<n
ivj%{jl?"vj’f"}
+2 Y (—1)rHR eI det[A) Ay, AL
1<j1<...<jm<n
(ied,j¢J origd,jed)
J:{min{inj}w-»max{iyj}}\{jl9"'7jm}

card(J)=0 (mod 2)

where r =142+ ...+ m and card(X) stands for the cardinality of X.

Corollary 2.3 ([6, Corollary 2.8]). Let A be an m xn matriz, where m < n.
Then for every i € {1,2,...,n — 1}, we have

0, if n € {m,m+1},

det A+ det A 11y =
et A+ det Liogivy {2detDi(Di+1(A))7 if n>m+2.
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The following theorem gives a sufficient condition for a matrix to have the
determinant equal to zero and shows that the determinant of a matrix which
has two identical columns can be expressed by determinants of matrices
obtained from the given matrix by removing one or both identical columns.

Theorem 2.4. Let A = [Ay,..., Ay] be an m X n matriz, where m < n and
A; = Aj for some i,j € {1,2,...,n} such that i < j. Then

0, if n € {m,m+ 1},
det D;(D;(A)), ifn>m+2andj=i+1,
detA={ -1 .
‘ 2 Y (—1)P=iLdet Dy(Dy(A))
p=i+1

+(=1)""tdet D;(D;j(A)), ifn>m+2andj>i+ 1.
Proof. If n = m + 1, then we apply Lemma 2.1 and obtain
2det A = det A+ det A;(,; = 0.
In the case where n > m + 2 and j = ¢ + 1, by Corollary 2.3, we have
2det A = det A + det A;,; = 2det D;(D;(A)).

If n >m+2and j > i+ 1, then for every k € {0,1,...,5 —i — 2}
Corollary 2.3 yields

(2.1)  det %, (Di(A)) = 2det Di(Drpr1(A)) — det Iy, |

From the previous case it follows that

det I% | (D;(A)) = det D;(D;(A)).

(Di(A)).

Therefore, using (2.1), we obtain
det A = det I (D;(A)) = 2 det Dy(D;11(A)) — det I}, (Di(A))
= 2det D;(D;41(A)) — 2det Dj(Dy2(A)) + det I\, (D;(A))

7j—1
=2 Y (=1)P7""det Di(Dy(A)) + (—1) " det D;(D;(A)). O
p=i+1
Remark 2.5. In the proof of Theorem 2.4, instead of (2.1) the following
relation:

A; A;
det Ij—]k}(D](A)) = 2det Dj(Dj—k—l(A)) — det Ij_Jk_l(D](A))
for k € {0,1,...,5 —i— 2} can also be used, yielding
j—1
det A=2 )" (=1)7 77" det D;(Dy(A)) + (~1)7 """ det D;(Di(A))

p=i+1
form>m+42and j >¢+4 1.
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Example 2.6. Let A = [A;, Ay, A3, Ay, A5, Ag] be a 3 X 6 matrix.
(a) If Ay = A5, then

det A = 2det Dy(D3(A)) — 2det Dy(D4(A)) + det Do(D5(A))
— 2 det[Ar, Ag, As, Ag) — 2det[Ar, As, As, Ag) + det[Ay, As, Ag, Ag)
and
det A = 2det D5(D4(A)) — 2det D5(D3(A)) + det D5(Da(A))
— 2det[Ar, Az, Az, Ag] — 2det[Ar, Az, Ag, Ag] + det[Ar, Az, Ay, Ag).
(b) If Ay = As, then
det A = det[A, Ay, A5, Ag).

3. An arbitrary number of identical adjacent columns. In this sec-
tion, we present two theorems which follow easily from the fact that, while
calculating the determinant of an m X n matrix, two adjacent identical
columns can be canceled if n > m + 2 (see Theorem 2.4).

Theorem 3.1. Let A = [A4,..., A,] be an m xn matriz, where m < n. Fix
i€{1,2,...,n} and replace the column A; in the matriz A with k copies of
A;, where k > 2, obtaining in this way a matriz B of the form

B=A1, ..., A1, iy Aiy Aisr, ., A
———

k columns
Then
det A, if k is odd,
det B=1<¢0, if k is even and m = n,
det D;(A), if k is even and m < n.
Theorem 3.2. Let A = [Ay,...,A,] be an m X n matriz, where m < n.

For each i € {1,2,...,n} replace the column A; in the matriz A with k;
copies of A;, where k; > 1, obtaining in this way a matrix B of the form

B=[Ay,..., A1, Ao,... Ao, .. A, Al

Vv
k1 columns ko columns k. columns

If p is the number of all odd integers among ki, ..., k, and (kj,,...,k;,) is

the subsequence of all odd numbers taken from the sequence (ki, ..., ky), then
det A, if p=mn (all k;’s are odd),
det B = q det[A;,,..., A; ], ifm<p<n,

Example 3.3. If A = [A;, Ag, Ag, Ag, A3, Ay] is a 2 X 6 matrix and
B = [B1, By, By, By, B3, B, By, Bs, Bs, Bs, Bs, Bg]
is a 3 x 12 matrix, then
det A = det[Aq, Ag, A3, A4] and det B = det[By, Bs, By, Bg).
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4. An arbitrary number of identical adjacent pairs of columns.

Theorem 4.1. Let A = [Ay,...,A,] be an m X n matriz, where m < n.
Fiz i € {1,2,...,m — 1} and replace the pair of columns A;, Ai11 in the
matriz A with k copies of the pair A;, Aix1, where k > 2, obtaining in this
way a matriz By of the form

Bk = [Al, ey Az;l,Ai, Ai+1, cey Ai,Ai+1, Ai+2, e ,An]

k pairs A;Ait1

Then
A ) 1
(41) det By — kdet A, z'fne{m,m—i- 1,
kdet A— (k—1)det D;(D;+1(A)), ifn>m+2.
Proof. First, we prove by induction that for every positive integer k
(4.2) det By, = (k — 1) det By — (k — 2) det A.

The cases k = 1 and k = 2 are easy. For k > 3, applying Corollary 2.3, we
have
det B+ det[Al,. e Ao, Aigr, Aiy Agy Aiga, - Ay Aisr, Ay, - An]
(4.3) k—1 pairs A; A; 1
= 2det Bj,_1.
Theorem 3.1 yields

det By, + det Br_9 = 2det B_;.
Assuming that
det By_1 = (k—2)det By — (k — 3) det A,
det By_o = (k — 3)det By — (k — 4) det A,
we obtain
det By, = 2det By_1 — det By_o = (k — 1) det By — (k — 2) det A.
Considering (4.3) for k = 2, and then applying Theorem 2.4, we have

2det A if 1
(44)  detBy={° ifn € {m,m+1},
2det A — det D;(D;+1(A)), ifn>m+2.
Now, combining (4.2) and (4.4), we obtain (4.1). O

Example 4.2. Let
A =[A1,Ag, A3, Ay] and B = [Ay, Ay, Ay, Ay, A1, Ao, Ag, Ayl
(a) If Ais a2 x4 matrix and B is a 2 x 8 matrix, then
det B = 3det A — 2det[As, Ay].
(b) If Ais a 3 x 4 matrix and B is a 3 x 8 matrix, then
det B = 3det A.
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5. An arbitrary number of identical adjacent sequences of columns
which form the entire matrix. In this section we prove the following
theorem.

Theorem 5.1. Let k be a positive integer. If A is an m X n matriz, where
m < n, then

km/2 det A, if m is even,
det[A, A, Al = k(m+1)/2 det A, zfm is odd and n is ez'zen,
— 0, if m,n are odd and k is even,

k copies of A Em=D/2det A, if m,n, k are odd.

Proof. The proof follows immediately from Lemma 5.2, Lemma 5.3 and
Lemma 5.7, which are proved below. O

Before we start with the first lemma, we introduce some useful notation.
Assume that

A=[Ay,..., A
is an m X n matrix with n columns Aq,...,A,, m <n, and
B=[AA,...,Al=[By,...,Bx| =[Bi,...,Bnl
k copies of A
is an m X nk matrix, where B; = A for everyi =1,2,...,k, and By,..., Buk
are the columns of B.
For every sequence a = (ai,...,ar) of nonnegative integers such that

Ele a; = m, define G,(A) to be the set of m x m matrices which have a;
columns taken from the matrix By, followed by a2 columns taken from the
matrix By, etc., followed by aj columns taken from the matrix By — in each
group of a; columns, the columns are arranged in the same order as they
were arranged in the matrix B;, ¢ =1,2,...,n.

Moreover, for every matrix M = [Mj, ..., My,] € G4(A) such that M; =
Bj, for each i =1,2,...,m, define

C(CL, M) = Z]’L
i=1

Lemma 5.2. Let A = [A1,...,A,] be an m X n matriz with n columns
A1, ..., Ay, where m < n, and let B = [By,...,Bg] be an m x nk matriz,
where B; = A for each i =1,2,..., k. Then

det B = Z Z (—1)7Fe@M) qet M,

a=(a1,...,a) MEGa(A)
a1+...+ag=m
a; €7, a;>0, i=1,2,....k

wherer =142+ ...4+m.
Proof. The proof follows easily from Definition 1.2. O
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Let n, m, k be positive integers and n = 1=CD" ¢ {0,1}. For any

2
sequence (ay, ..., a;) of nonnegative integers satisfying Zle a; = m, define
(s ay) Dy the following formulas:

(5.1a) Sy = 1,
(5.1b) ?m,O) =1,
(5.1¢) L

~ 0, if m is even
5.1d " =< ’
(5.1d) (1m=1) {1, if m is odd,

~ 0 if m is even
5.1 " =< ’
(5:1¢) (m=1,1) {(1)71, if m is odd,

n — . _ 1\i(ut+n) gn
i Sl = SEVEISL
where u > 2, v > 2 are integers and u + v = m,
(5.1g) 5&1,...71117,0,...,0) = 5@1,,.,,%),
where p <k, a1 #0, ap, #0, k > 3,

Sﬁ ) _ (_Dmnpsrﬁ

(51}1) (at,...,ak (ap_;,_l,...,ak)’
where p <k, a1 =...=ap, =0, apy1 #0, k > 3,
7 _ qi g
(5.1i) (@1, sap—2,a—1,a%) (a1yesap—2,ap—1+ag)" (agp—1,a%)’

where a1 # 0, ax # 0, k > 3.

Lemma 5.3. Let A = [Ay,...,A,] be an m x n matriz with n columns
A1, ..., Ap, where m < n, and let B = [By,...,B;] be an m x nk matriz,
where B; = A for each i = 1,2,... k. For every sequence of nonnegative
integers a = (ay,...,ax) such that Zle a; = m, we have
(5.2) > (—)rteeM det M = S) det A,

MeGq(A)
wherer =1+ ...+m and n = lf(gl)n.

Proof. The proof is done by induction on k£ and it is divided into nine steps.
The first five steps (a)—(e) cover the base cases. The remaining steps (f)—(i)
complete the induction.

(a) For k = 1, we have B = A and (5.2) follows immediately from
Lemma 5.2 and formula (5.1a).

(b) For k = 2 and a = (m,0), we have G4(A) = G(1n,0)(A) = G(m)(A)
and S7 = S?mp) = S(ﬁm). Therefore, applying case (a), we obtain (5.2).
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(c) For k = 2 and a = (0, m), for every matrix M = [Mi,...,M,] €
Ga(A) such that M; = Bj, for each i = 1,2,...,m, we have M € G,)(4)
and

cla, M) = Zji = Z(ﬁ —n)+mn=c((m), M) + mn.
i=1 i=1

Since there is a one-to-one correspondence between matrices in G4(A) and
G (m)(A), we have

Z (_1)r+c(a,M) det M = (_1)mn Z (_1)T+c((m),M) det M
MeGq(A) MEG (1) (A)
= (—1)™" det A.

Now, applying (5.1¢c), we obtain (5.2).
(d) For k =2 and a = (1, m — 1), every matrix M € G,(A) can be repre-

sented in the form M = [A4,,,..., Ap,.], where (p2,...,pp) is an increasing
sequence of integers and p; € {1,2,...,n},i=1,2,...,m. Moreover, for ev-
ery sequence (p1,...,pn) of integers such that (pe, ..., py) is increasing and
pi€{1,2,...,n},i=1,2,...,k, the matrix [A,,,..., A4),.] is an element of
Go(A).

Fix a nondecreasing sequence (pi,...,pn) of integers from {1,2,...,n}

and consider the sum

S(pr,- - pm) = Y _(=1)7 @M det M

over all matrices M € G,(A) such that A, ,..., A, are the columns of M.
Since any of the columns A4,,,..., A, can be the first column of M, we
have

r+p1+ in: (pit+n)
Sp1,---ypm) = (—1) =2 det[Ap,, Apsy - Ap,]
m T+pj+§1(m+n)

+) (-1 i#i det[Ap,, Apys ooy Apy o Apiiyse A
7j=2

T+7Zn:pi . .
= (—1) =1 det[4,,,...,4p,], ifmisodd and p; <... < pp,

0, otherwise.
Therefore

Z (_1)T+C(G,M) det M = Z S(ph . ,pm) =

{det A, if m is odd,
MGGa(A) P1<...<pm

0, if m is even,

and now (5.2) follows easily from (5.1d).
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(e) For k =2 and a = (m—1,1), the proof is similar to the previous case.
Fix a nondecreasing sequence (p1, ..., pny) of integers from {1,2,...,n} and
consider the sum

S, ypm) = Y (=17 det M

over all matrices M € G,(A) such that A, ,..., A, are the columns of M.
The calculations

S(p17 .. 7pm)
m—1 r+ g pit+(pj+n)
= (=1) det[Ap,, .. Ap 13 Apirs s Apns Ap)]
]:1 m—1
4+ 3 pit(pm+n)
+(=1) = det[ApU R Apmqupm]
T+§ pitn
— (-1 =t det[A,,,..., Ay, ], ifmisodd and p; <... < pp,
0, otherwise
yield
S (—yrteeMdet M =Y S(pr,- ., pm)
MeGq(A) P1<...<Pm
) (=1)"det A, if m is odd,
o, if m is even.

Thus, applying (5.1e), we obtain (5.2).

(f) Let kK = 2 and a = (u,v), where u > 2, v > 2 are integers and
u~+v = m. In this case we prove (5.2) by induction. Assume that for every
m x n matrix A and for every a = (u — 1,v), where v > 2 is an integer and
u+v=m < m, we have

> (—1)@M) det M = S7' det A,
MeG5(A)
where 7 =1+24 ...+ m.
Notice that

v+1
Z (_1)r+c(a,M) det M = Z (Zsj(pl,...,pm)) ,

MeGa(A) 1<p1<...<pm<n \ j=1
where
Si(p1, - pm) = 3 _(=1)7F@M) det M

is the sum over all matrices M € G,(A) such that A, is the first column of
M and the columns A, , where i € {1,2,...,m}\{j}, are the other columns
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of M. Moreover, for 1 <p; < ... < pn < n, we have

r+zu: ri+ fj (ri+n)
Sj(plw",pm) = Z (_1) i=1 i=utl det[Arl,...,Arm]
1<rm <...<ry<n
1<ry1<..<rm<n
T1=Pj

{T'2,-~~7Tm}:{pl7"'7pm}\{pj}

43> Ditn0+L([Ds o2, [P1oeeesp])
S (- =T o T et[ Ay, Ay L

1<rm <..<ry<n
1<ry+1<...<rm<n
T1=Dj
{r2,esrm}={p1,--;pm \{ps}

where ¢([pj,72,...,"m], [P1,.-.,Pm]) is the number of interchanges of two
adjacent columns that should be performed to obtain [A4,,,..., A4, ] from
[Ap;, Ary, ...y Ap, ] Since

U[pj,re,....rm)s D1, Dml))
=l([pj,r2, - Tm)s [P1y - Dy T25 oo oy Py Tuein -+ 5 Tm))
+L([P1s- -5 Pjs T2 s Tus Tudggs -« o> Tmly P15+ - D))
=G —Du+L(re, ... TusTustjs- > Tml, [Pjt1s -2 Pml),

we have

T"‘%’Pi )
Sj(pr,- o ipm) = (<1) T det[ Ay, Ay, (- 1)U Z;,

where
Z; = Z (_1)Z([T2:-~~7Tu77'u+j:-~~7Tm]:[pj+17--~7pm])'
1<ro<...<ry<n
1<ry;<...<rm<n
{r2see o PusTudgseesTm y={Pj+15-Pm }
The number Z; depends only on the number of elements in {pji1,...,pm}
and does not depend on the numbers p1, ..., pm,, therefore
v+1 . .
Z (1) @M det M = det A - Z(_l)(nﬂ)(rl)(_1)n(v*(rl))zj.
MeGu(A) J=1

For each j € {1,2,...,v+1} define 7; = 14+2+...+(m—j) and consider
a (m — j) x n matrix A9 = [Zﬁ”,...,ﬂﬁf)] with columns .,Zgj),...,j,(f).
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We have

det AW . (_1)n(v—(j—1))Zj
T+ g: Di ~ .
_ Z (1) = det[.A(J)

Pia1
1<pjt1<...<pm<n

= 2 2, (1

(53) 1<pj1<...<pm<n 1<ro<...<ry<n
1<ry4+i<..<rm<n
+7

(P2 usTutg oot }=APj 4 1soeesPim }
< detlAY), .. A A9 . A0
= Z (—1)Telu=Lo=+1,M) qog pf
MeG(u_l,v_jH)(j(j))
= S(ﬁu_lyv_j_ﬂ) - det AV).

AR (- g

Finally, applying (5.1f), we obtain

v+1

ST (1)) det M = det A 3 (~1)HUNSGE
MeG.(A) j=1
=det A-S”.

(g) For an arbitrary integer k > 3 and a = (a1,...,ap,0,...,0), where
p < kand a; # 0, ap # 0, we have Go(A) = G(q,,....a,)(A) and c(a, M) =
c((a1,...,ap), M) for every M € G4(A). Therefore, applying (5.1g), we
obtain

Z (_1)r+c(a,M) det M = Z (_1)7‘+C((a1,...,ap),M) det M

MeG,(A) MEeG (qay,....ap)(A)
=S det A = S7 det A.
(at,...,ap) a

(h) Let £ > 3 be an integer and a = (ay,...,a;), where p < k, a1 = ... =
ap, = 0 and ap41 # 0. For every matrix M = [M;, ..., M,,] € G4(A) such
that M; = By, for each i = 1,2,...,m, we have M € G| A) and

ap+17~-~7ak)(

m m

cla, M) = ZJZ = Z(]’ —np) +mnp = c((apt1,...,a;), M)+ mnp.
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Since there is a one-to-one correspondence between matrices in G, (A)
and G(aerl,...,ak)(A)a we have

Z (_1)r+c(a,M) det M
MeGq(A)

_ (_1)mnp Z (_1)r+c((ap+1,...,ak),M) det M

MeG(ap+1 ..... ak)(A)
=~ S det Al

Now, applying (5.1h), we get (5.2).
(i) Let £ > 3 be an integer and a = (a1, ..., ay), where a; # 0 and a,, # 0.
Notice that

Soo(myrteeMdet M= Y S(pr,- .., pm)s

MeGa(A) I<p1<...<pm<n

where
S(p17 s 7pm) = Z(_l)rJrc(a,M) det M

is the sum over all matrices M € G4(A) such that Ay, A,,,...,A,,, are the
columns of M. Let b = (b1,...,bk—1), where b; = a; for i = 1,2,...,k —2
and bp_1 = ap_1 + a, For 1 < p; < ... < pmym < n, we have

k k
r+> i+ ai(i—1)n
S pm) = > (-1) = = det[A,, ..., Ay ]

1<r<..<rq; <n
1<rg; +1<...<Tra;+ag <N

1S7"a1+.4.+ak71+1<...<7‘m§n
{Tl,-u,'f’m}:{pl,--.,pm}

r+§: PH‘Xk: b;(i—1)n+agxn
= Z(_l) i=1 =2

x (_l)e([Tbl+4.4+bk72+1r~~:7'm})[15b1+4..+bk72+1r--,ﬁm])

x det[A,,,..., A

7Ly by o A§b1+4..+bk72+17 R Aﬁm]a
where the last sum is taken over the indices satisfying the following relations:

1<rm<...<rg, <n, 1<rg41< ... <Tgqa, <Ny ...,
I<raqiqa 41 <...<rm<n,

{ri, - .rm} ={p1,-- -, Pm},

L < Poytotbpntl < -oo <Pm <1,

{ﬁb1+~--+bk—2+17 s 75771} = {Tb1+~--+bk—2+17 s 7Tm}'
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Since the sum
7 = Z (_1)5([7’b1+m+bk_2+17-~-77”m]7[73b1+“.+bk_2+1,~--,ﬁm})

1<Pby+..4bj_g+1 <. <Pm<n
{Pby+..tbg gt 1T J=ABby .. 4by,_g+15-Pm )
1<ryy gty o <o <Py gty ST
1<rp) gty 41 < <rm<n

does not depend on the numbers p1, ..., pm, P1,--.,Pm (it depends only on
the number of elements in {py, 4. +b, ,+1,---+Dm}), We have
k n—1
r+> pi+ Y. bii—1)n
S o) =S (1) B &
X det[AT17 <o 7A7'b1+“.+bk,2 ) A5b1+...+bk_2+17 s 7Aﬁm]

x (—=1)%"Z,
where the sum is taken over the indices satisfying the following relations:
1<m<...<rp, <ny 1< 1 <. <Tpgp, <0y e,
1< gty g1 < oo <Tpygby o S,
{ri,...,rm} =4{p1,- -, Pm},
1< Doyttt ot1 < -oo <Pm <1,
{5b1+--~+bk—2+17 s 7ﬁm} = {Tb1+--~+bk—2+17 s 7rm}'

Assuming that (5.2) is true for any sequence of k — 1 nonnegative integers
which sum is equal to m, we get

dSo(—yrteeMdes = Y (=) CM det M- (—1)%mZ
MEGa(A) MeGy(A)
=det A- S} (=1)%"Z.
For every matrix M € G4, _1,4,) We have
c((ak-1,ar), M) = c((ag—1 + ax), M) + agn = c((bg-1), M) + axn.

Therefore, for every by_1 X n matrix A, calculations similar to those in (5.3)
yield
det A- (—1)""Z = det A~ S(;

ak*l’ak)
and hence
()87 = 8,y

Finally, applying (5.1i), we obtain
> (e det M =det A- Sy - (~1)""Z
MeGq(A)
—det A- S - S7 —detA-S". O

(ak—1,01)
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The next two lemmas give explicit formulas for S(ﬁa1 ag)’

Lemma 5.4. Letn and m be positive integers, n = 1_(;1)n and m =p+q,

where p, q are nonnegative integers.

(a) If p # q (mod 2), then

(b) If both p and q are even, then

(5.5) S(p,q):<p>:<Q>:<p q>'
2 2 272

(c) If both p and q are odd, then

N N

(5.6) St g =0.

Proof. The proof will be done by induction. If p < 2 or ¢ < 2, then (5.4),
(5.5) and (5.6) follow from (5.1b), (5.1c), (5.1d), (5.1le) and are easy to
verify. For p > 2 and g > 2, in each of the following cases we apply (5.1f)
first.

(a1) If p is odd and g is even, we have

p+q 1 q/2
n 2j—1)(p+n)qon 2j(p+n)gqn
S(pq ( - >+Z[ (J 1 )S(p La— 2J+1)+( )J(p )S(p 1,q4—25)
ptg—1 a/2 phgl L_ pte=l
2
-(E)-E ) (%0)

_ <I;élj><_l)(p+1)n'

(ag) If p is even and ¢ is odd, then

q (g—1)/2
n o i(p+n) on _ 254+1)(p+n) gn
S(pvq) - Z(_l) (p )S(p—l,q—i) - Z (_1)( D) (p—1,g—25-1)
i=0 j=0
) T\t
q
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(b) If both p and ¢ are even, we obtain

q/2 q/2 p+q—2 _j
mn _ 25(p+n) on _ n 2
S(p,q) - Z<_1) s )S(pfl,qﬂj) - Z(_l)p ( Lp_lJ )

j=0 7=0 2

B (nys
_<L’31J+1>_(§>'

(c) If both p and ¢ are odd, we have

(g-1)/2
n _ 2j(p+n) gn 274+1)(p+n) gn
S(p,q) - Z {(_1) o )S(p—17q—2j) + (_1)( e )S(p—l,q—Zj—l)]
§=0
(¢—=1)/2 pte=2 _ ptg=2 _ ;
— [(-1)”( S ) + (—1)”“( g )] =0. O
§=0 LiJ 2

Remark 5.5. In [4, §33 and §34], Cullis proved the following formula

k
(4:i—1)
Qmdeta= Y (—nE’

1< <. <gp<n

det[Ajl, ey Ajk]’

where 1 <m <k <n, A=[A1,...,A,] is an mxn matrix and the numbers
P are defined by

k—m
o _ A2n+l _ 2ntl [T 2n+2 _
om = Qo1 = Q3 = (m> and Q3,5 =0,

where m, n are nonnegative integers and m < n. From Lemma 5.4 it follows
that

n—m 0 0
k—m — S(k—m,n—k) = S(n—k,k—m)'

Lemma 5.6. Let k, m and n be positive integers, n = V" nd m =

k . .
> iy Gi be a sum of nonnegative integers.

(A) If all the numbers ay,...,ay are even, then
_ ai+...+ag
1) S G |
5y g
(B) If there is exactly one odd number a, among ai,...,ay, then
~ ai+...+ap—1 (1)
n _ 2 n
(5:8) S(al,--.,ak) - <LalJ L%J)(_l) 8 )
5l [
(C) If there are at least two odd numbers among ay, . ..,ay, then
(5.9) &1,---,%) =0.
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Proof. The proof will be done by induction on k.

For k = 1, we consider only (5.7) and (5.8). They easily follow from
(5.1a). For k = 2, formulas (5.7), (5.8) and (5.9) follow from Lemma 5.4.
(Note that p in (5.4) and p in (5.8) are generally not equal, but they have
the same parity if kK = 2.) For k > 3, consider the following cases.

(A) If all the numbers ay, ..., a are even, we apply (5.1i) and obtain

n n

n
(a1,..,a5) — S(al7--~7ak727ak71+ak)S(akfl»ak)
air+...+ag_o+tar_1+ag ap_1+ag a1+...4ap
_ 2 2 _ 2
- (al ak—2 ak1+ak) (‘lk—l ak) - <al ak)'
2oty Tg 0T 2 2 02 2002
(B) If ap is odd for some p € {1,2,...,k} and a; is even for each i €

{1,2,...,k} \ {p}, consider two subcases.
(B1) If p < k — 1, we apply (5.1i) and obtain

ait..tap—1 ak_1+ag
n _ 2 +1 2
S&l,..-,ak) - <V11J Lak_l-l-akJ)(_l)(p )n<ak_1 ak)
3 ERRED 2 2 02

= (LMJ) (_1)(p+1)n'

(B2) Similarly, if p—k =0 or p— k = —1, we have

ai+...+ap—1 ap_1+ap—1
n _ 2 kn 2 —k+3)n
S(ah,..,ak) - <L(MJ, ., Lak1+akJ> (71) <|_ak1J7 L(];J) (71)(;7 )

2 2 2

= <LHJ>(_1)@H)”'

(C) If there are at least two odd numbers among ay,...,ax, let a, and
aq, where p < ¢, p,q € {1,2,...,k}, be the two largest odd numbers in
{ai1,...,ax}. Consider two subcases.

(C1) If p > 1, we apply (5.1i) k — p times and obtain

S(nal,...,ak) = 5&1,.“,(11,,1,ap+ap+1+...+ak)
n mn n
X S(ap,ap+1+-..+ak) T S(ak—%ak—l‘i‘ak)S(ak—lvak)'
The numbers af and ap41 + ...+ a, are odd, so S(ﬁap,ap+1+_..+an) = 0 and
consequently S&l ) = 0.
(Co) If p = 1, then S?al astotag) = 0 and after applying (5.1i) k& — 2

times, we have

S?al,...,ak) = S(nal7“2+~--+ak)S&2703+~~~+ak) T Szlakf%akflJrak)S&k—lyak) =0. 0



58 A. Makarewicz and P. Pikuta

Lemma 5.7. Let k,m,n be positive integers and n = 1_(;1)71‘ Then
(5.10)

km/2, if m is even,
Z g _ Em+D/2 - ifm is odd and n is even,
ar i) (a1,-.,ax) 0, if m,n are odd and k 1is even,
ar1+..4ap=m Em=D/2 " ifm n,k are odd.

a;€Z, a;>0, i=1,2,....k

Proof. Denote the left-hand side of (5.10) by L and consider two cases.
(i) If m is even, we apply Lemma 5.6 (C) and Lemma 5.6 (A), and obtain

_ al+...+tag m
L= Z S?al,...,ak) = Z <a1 2 ak> = k7,

(a1,...,ax) (a1,...,ax) 20002
a1+...+tag=m a1+...+ag=m
a;>0, a;=0 (mod 2), i=1,2,...,k a;>0, a;=0 (mod 2), i=1,2,...,k

(ii) If m is odd, by A we denote the set of all sequences of nonnega-
tive integers (ay,...,ax) containing exactly one odd number and satisfying
Zle a; = m. By Lemma 5.6 (B), we have

I _ Z Z < a1+..;~ak*1 >(_1)(p+1)n
- L5 15

p=1 (ai,...,ax)€A 2
ap=1 (mod 2)
k ar+..+ap_1+(ap—1)4api1+...+ag
S 2 e
ai ap—1 (ap—1) ap41 ak
p:l(a17_“7ak)€.4 29 2 2 9 2 1t 9
ap=1 (mod 2)
k- k(m=1/2 if n is even,

k
S (=)L Em=1/2 1 if s odd,
p=1

Em+1/2if p is even,
=<0, if n is odd and k is even,
Em=1/2 " if n is odd and k is odd. O

Example 5.8. If A =[A;, A2, A3] is a 3 X 3 matrix and
B = [A7A7A] - [A17A27A37A17A27A37A17A27A3]

is a 3 X 9 matrix, then

det B = 3det A.
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