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Forced oscillation of conformable fractional
partial delay differential equations with impulses

ABSTRACT. In this paper, we establish some interval oscillation criteria for
impulsive conformable fractional partial delay differential equations with a
forced term. The main results will be obtained by employing Riccati tech-
nique. Our results extend and improve some results reported in the literature
for the classical differential equations without impulses. An example is pro-
vided to illustrate the relevance of the new theorems.

1. Introduction. In recent years, many researchers found that fractional
differential equations are more accurate in describing the mathematical
modeling of systems and processes in the field of chemical processes, elec-
trodynamics of computer medium, polymer rheology, mathematical biology,
etc. The applications of fractional calculus to biomedical problems are done
in the areas of membrane biophysics and polymer viscoelasticity, where
the experimentally observed power law dynamics for current-voltage and
stress-strain relationships are concisely captured by fractional order differ-
ential equations. But the most frequently used definitions involve integra-
tion which is nonlocal: Riemann—Liouville derivative & Caputo derivative
[5, 9, 13, 22, 27]. Fractional calculus is the study of derivatives and integrals
of non-integer order and is the generalized form of classical derivatives and
integrals. Those fractional derivatives in the fractional calculus have seemed
complicated and lacked some basic properties, like the product rule and the
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chain rule. But in 2014, Khalil et al. [12] introduced a new fractional deriv-
ative called the conformable derivative which closely resembles the classical
derivative.

In order to describe dynamics of populations subject to abrupt changes
as well as other phenomena such as harvesting, diseases, and so forth, some
authors have used impulsive differential systems to describe the models. For
the basic theory on impulsive differential equations, the reader can refer to
the monographs and references [2, 16, 17, 20]. The study of the qualitative
behavior of partial differential equations has rapidly expanded in the last
few decades, see for example [11, 14, 15, 24, 25, 26, 29, 30, 32] and the
references they are cited. In particular, the problem of interval oscillation
criteria for integer and fractional order impulsive differential equations have
been investigated by few authors, we refer the reader to [3, 4, 19, 28, 31]
and the references cited therein.

Recently, the theory of fractional differential equations has been inten-
sively studied by many authors. For example, we mention to the problem of
anomalous diffusion [7, 8], the nonlinear oscillation of earthquake which can
be modeled with fractional derivative [6], and fluid-dynamic traffic model
with fractional derivatives [10] also can be used to eliminate the deficiency
arising from the assumption to continuum traffic flow and many other, see
also [18, 23] and the references they are cited for recent developments in
the description of anomalous transport by fractional dynamics. Following
this trend, our aim in this paper is to study oscillation properties of partial
differential equation of fractional order of the form

% {r(t) <§:0: u(x,t) ﬂ —I—E:qZ x,t) fi(u(z,t — 0))
= a(t)Au(z,t) + 21 aj(t)Au(x,t —pj) + F(x,1),

u(x,t;:) = ag(z, t, u(z, tg)),

(67

aa
(l‘,t) GQXR+EG,

where € is a bounded domain in R with a piecewise smooth boundary 052,
A is the Laplacian in the Euclidean space RY and Ry = [0, +00), and g%
denotes the conformable partial fractional derivative of order a;, 0 < o < 1.
Equation (1.1) is the enhancement with the boundary condition

ou(z,t)

(1.2) 5

+ p(z, t)u(z, t) =0 for (z,t) € 00 x Ry,
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where 7y is the outer surface normal vector to 92 and u(x,t) € C(9 x
[0, 4+00), [0, +00)).
In this paper, we assume that the following hypotheses are satisfied:

(H1)

ay <

(He)

T(t) € CQ(R-H (O’ +OO))7 Qi(xv t) € C(Gv R+)’ Qi(t) = minxeﬁ Qi(x’ t)’
i =12....n, fi € C(R,R) are convex in Ry with uf(u) > 0,
ufi(u) >Oand@ >e>0, @ >k;>0foru#0,i1=1,2,...,n,
t—o<t t—pj<tforj=12,....,m.

F € C(G,R), g € C(R,R) is convex in R with ug(u) > 0, g(u) < 0u
for u # 0, g~! € C(R,R) is continuous function with ug=!(u) > 0
for u # 0 and there exists a positive constant 7 such that g~ (uv) <
ng~(u)g~(v) for uv # 0.

a(t), aj(t) € PC (R4, Ry), j =1,2,...,m, where PC represents the
class of functions which are piecewise continuous in ¢ with disconti-
nuities of first kind only at ¢t =5, £k =1,2,..., and left continuous
att=ty, k=1,2....

u(z,t) and its derivative gt—iu(x,t) are piecewise continuous in t
with discontinuities of first kind only at t = t;, k = 1,2, ..., and left
continuous at t = ty, u(x,ty) = u(z,t;), g%u(x,tk) = g%u(x,t,;)
and 0 <ty < -+ <tp <...,limy 400ty = +00.

ag, Br € PO(Q xRy x R,R), k=1,2,..., and there exist positive
constants ag, ay, by, b, such that ay < ap < b < by for k=1,2,...
and

IN

< by..

ag (z, tg, u(z, ty)) <ap b By (z, tr, %U(w,tk))
i b [e7
u(z, tg) gt—au(x,tk)

For any T' > 0 there exist intervals [c1,d;] and [ca.d2] contained in
[T, o0) such that ¢; < dj <dj+0 < co <do, ¢,d; & {tx}, 1 = 1,2,
k=1,2,...,7(t) >0, q(t) >0, fort € [c; —0o,di]U[ca — 0,d2] and
F(t) has different signs in [c; — 0,d;] and [ca — 0, ds]. For instance
we assume that F(t) < 0 for t € [c; — 0,d;] and F(t) > 0 for
t € [ca —o,da].

For simplicity, we denote

I(s):=max{j: to <tj <s}, rp:=max{r(t):teclq,dl}, 1=1,2,
Ly(er,dp) ={v e C%e,di], v(t)#0, v(ig)=v(d;) =0, 1=1,2}.

For two constants ¢, d # t;, with ¢ < d and a function ¥ € C([¢,d],R), we
define the operator © : C([c,d],R) — R by

0, I(c) = I(d)
O] =
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where

c —b c
0(c) = 1(c)+1 — YI(c)+1

i — b
- — and g(t;) = a
aI(c)—i—l(t[(C)_H —c®)

ai(tf —17,)

The paper is organized as follows: in Section 2, we present some defini-
tions and results that will be needed later. In Section 3, we establish some
interval oscillation criteria for the problem (1.1)—(1.2). An example to il-
lustrate our main results is given. To the best of authors’ knowledge there
has been no work done on the interval oscillation of conformable fractional
impulsive partial delay differential equations.

2. Preliminaries. In this section, we present the basic definitions and the
basic lemma that will be used in the proof of the main results.

Definition 2.1. A solution u of the problem (1.1)-(1.2) is a function u €
CYQ x [t_1,+00),R)NC(Q x [t_1,+00),R) that satisfies (1.1), where

t_1 := min {0, min {inft—pj}}, t_q:= min{(), inft—a}.
1<j<m (t20 t>0
Definition 2.2. The solution u of the problem (1.1)—(1.2) is said to be

oscillatory in the domain G, if it has arbitrary large zeros. Otherwise it is
non-oscillatory.

Definition 2.3 ([12]). Given f : [0,00) — R, the conformable fractional
derivative of f of order « is defined by

To(F)(t) = lim LT L) = 1)

e—0 €

for allt > 0, a € (0,1].

If f is a-differentiable in some interval (0,a), a > 0 and lim,_,o+ f(®(¢)
exists, then define

Definition 2.4. 1o(f)(t) = 1¢(t*=1f) = [* L&) 4z, where the integral is

a gl-o
the usual Riemann improper integral, and « € (0, 1).

Definition 2.5 ([1]). Let f be a function with n variables x1,xa, ..., z,.
The conformable partial derivative of f of order 0 < a < 1 in z; is defined
as follows
804
BTU? (z1,22,...,2p)
) f($1,$2, e X1, T + exl-l_“, .. .,:cn) — flx1, e, ... xp)
= lim

e—0 €
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Conformable fractional derivatives have the following properties:
Theorem 2.1. Let a € (0,1] and f,g be a-differentiable at some point
t>0. Then

(i) To(af 4+ bg) = aTo(f) + bTu(g) for all a,b e R.
(i) To(tP) = ptP~® for all p € R.

(131) To(A) =0 for all constant functions f(t) = \.
) Ta(fg) = FTa(g) + 9Ta(f)-

)

i)

(v T():W'

(iv

(vi) If f is differentiable, then T, (f)(t) = tl_o‘%(t).

For convenience, we introduce the following notations:

1
Y(t):’m/ﬂu(m,t)dm, where \Q]—/ﬂdw,

and

(2.1) F(t) = |(12|/QF(x,t)dx

The following lemma will be the basic tool in proving the main results.

Lemma 2.1. If the impulsive conformable fractional differential inequality

To [r(t)g (Ta(Y (1)))] + Z ki)Y (t — o) S F(t), t# ty,

=1
Y (&) .o TV (H))
V) S S L)

A

a;; Sbk, k:1,2,...

has no eventually positive solution, then every solution of the problem (1.1)—
(1.2) is oscillatory in G.

Proof. Assume that there exists a nonoscillatory solution u(x,t) of the
problem (1.1)—(1.2) and u(x,t) > 0. By the assumptions, there exists ¢; >
to > 0such thatt —o >t and t — p; > t; fort > ¢; > 0, and

u(z,t —o) >0 for (z,t—0)€Qx[t1,0),
u(xz,t —pj) >0 for (z,t—p;) € Qx[t1,00), j=1,2,...,m

By multiplying both sides of the main equation in (1.1) by ﬁ and inte-
grating with respect to x over the domain 2, we obtain ¢ > ¢; and t # ty,
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k=1,2,..., such that
g 10 (7 (g [ v )
|Q’Z/%$tfz u(z,t —o))dz
—q t)m‘AAu(x,t)dﬁ’Q‘Zaj(t)/gm(x ¢
j=1

ol
+— [ F(x,t)dz.
o] Jo £ J

From Green’s formula and boundary condition (1.2) we see that

ou(z,t)
Au(x,t)dr :/ ds
/Q (@) o0 07

(2.4)
= —/ w(x, tyu(z, t)dS <0
[2/9]
and for j =1,2,...,m, we have
0 t—pj
/Au(:ﬁ,t—pj)d:r :/ Md&'
(2.5) Q on oy

—~ [ uatyutat  py)as <o,
o0

where dS' is the surface element on 992. Moreover by (Hj), it follows that
fori=1,2,...,n,

/ g ) filu(z, t — 0))da > qi(t)/ Filu(z,t — o))dz
Q Q

(2.6)
> kiqi(t) /Q u(z,t — o)dz.

In view of (2.3)-(2.6), we obtain

To[r(t)g (To (Y (1)))] + Z kigi(t)Y (t — o) < F(t), t#t.

Fort > tg,t =1tp, k=1,2,..., from the boundary conditions we see that
U a:,t+ 8a x t+
T i/ VNS LGl
u(l’,tk) 8#’ (ZL‘ tk;)

Multiplying both sides by ﬁ, integrating with respect to x over the domain
Q, and using (Hs), we obtain

Y (t)
Y (tg)

ap < < ay, b, < < by,.
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Hence we see that Y (¢) is an eventually positive solution of (2.2). This
contradicts our assumption and complete the proof. O

3. Main Results. In this section, we establish some new interval oscil-
lation criteria for (1.1) by using the Riccati transformation technique and
integral average method. For simplicity, we define

tr(e))+1
Co(and) = [ 7[5/ 0 0(0) = 2 (0QOM 0] de

1

I(d;)—-1 tht1
+ > / (60002272 (1) = v Q) ML(D) | dt
k=I(c;)+1"
d;
- / |00/ (022727 (1) = vA(O)Q() M} (1) dt
tr(ap)

+ /dl(l —a)t™ % (t)w(t)dt,

Cl

where Q(t) = > | kigi(t) and

o (t—0)* = (tp —o0)®
.t (tety + o),
v (t) = oaap + bt —t3)  tY — (ty — o) ( )
K= (=)
Wa t € [ty + 0, tit).

Theorem 3.1. Assume that conditions (Hy)—(Hg) hold. Furthermore, as-
sume there exist ¢, d; satisfying T < cq1 < di, T < co < do for any T > 0.
(1) tooo So‘_lg_l(%)ds = 0.
(13) Assume that v(t) € Ly(ci,d;) is such that

(3.1) To(er, di) < rO& v (t)]

for I(c;) < I(d;), I = 1,2, then every solution of the problem (1.1)—(1.2) is
oscillatory.

Proof. Assume to the contrary that u(zx,t) is a non-oscillatory solution of
(1.1)—(1.2). Without loss of generality we may assume that u(z,t) is an
eventually positive solution of (1.1)—(1.2). Then there exists t; > ¢y such
that u(z,t) > 0 for t > t;. Therefore, from (2.2) it follows that

(32)  Talr(t)g (To(Y(®)] < F() - Q)Y (t— ) for t € [t1,00).
Thus T, (Y(t)) > 0 or T, (Y(t)) < 0, t > t1, for some t; > t9. We now
claim that

(3.3) T, (Y(t) >0 for t>t.
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Suppose not, then T, (Y (t)) < 0 and there exists to € [t1,00) such that
To (Y(t2)) < 0. Since r(t)g(Ta (Y (t))) is strictly decreasing in [t1, 00), it is
clear that

r(t)g (Ta(Y (1)) < r(t2)g (Ta(Y (t2))) := —¢,
where ¢ > 0 is a constant. For t € [ta,00), after integrating the above
inequality from 3 to ¢, we have

V() < Y(t) — &1 /t: sl (r(ls)) ds

Letting t — 0o, we get limy_, 1o, Y (t) = —00. This contradiction shows that
(3.3) holds. Define the Riccati transformation
r(t)g(Ta(Y (%))

3.4 t) =
(3.4 ) o
It follows from (2.2) that w(t) satisfies

() Y(t—o0) w(t)

Ta(w(t)) < 575 — Q1) '
Y (t) Y (t) or(t)

By assumption (Hg), we can choose ¢y, di > to such that r(t) > 0, q(t) >0
fort € [c1 —o,di] and F(t) <0 fort € [c; —o,di]. From (2.2), we can easily
see that

Y(t—0o) wi(t)

(3.5) To(w(t)) < =Q(1) Y@ o)

Fort=t,, k=1,2,..., we have

)oY (1) _ b
Y(t;) Toag

(3.6) w(t)) = w(tg).

First, we consider the case when I(c1) < I(dy). In this case, all the impulsive
moments in [c1, di] are tr(c;)115tr(c;)+25 - - - » tr(dy)- Choose v(t) € Ly(e1,d1).
Multiplying both sides of (3.5) by v?(¢) and integrating the resulting in-
equality from c; to di, we obtain

tr(ep)+1 triep)+2
/ U)o (t )dt+/ Ut ()t +

c tr(ep)+1

- / ! v ()t % (t)dt

tr(dy)

o [ gy [ 0,
< — U e
(&) (t t](c1)+1 5T(t)

dy 2 tre )+1 —
_ / U w t) dt — / ! t) Mdt
tr(dy)
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tepite Y(t - o)
— t t)————>dt
L@H Q5

brep+2 Y(t—o)
— N g —
/tl(cl)ﬂ-i-ov (t)Q(t> Y(t) t

tr dq — o dy —
_/ “ v2(t)Q(t)Y(;(t))dt—/ 2o =2) g
t tr(dy)

I(dy)—-110

Using integration by parts on the left-hand side, and noting that v(cy) =
v(dy) =0, we get

I(dy)

S At fult) — w(t)]

k:I(Cl)+1

e i
< /Cl [ o 5r(t)] dt

- [ emen g

I(d1)—1

tp+o — o

k=[(01)+1

1 Y(t—o)
+/tk+a v (t)Q(t)iy(t) dt]

di Y(t _ O’) dy o ,
_/tl(dl)v2(t)Q(t)Y(t)dt+/cl 22 57‘(75)(1} (t))2dt

4 / " (1~ ) (w(b)dt

C1
Y(t—o)

Y (%)
Case 1: For t € (tg,tg1] C [c1,da]. If t € (t,tky1] C [c1,di], since
tx+1 — ty > o, we consider two subcases:
Case 1.1: If t € [ty + 0,tg4+1], then t — o € [tg, tg+1 — o] and there are no
impulsive moments in (¢t — o,t). Then, for any ¢ € [t; + 0, t;41] we have

We consider several cases to estimate

e — 1
(6]

Y@—wm:ﬂmw»( ),samw

From this,

v = o) (S E).

«
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We obtain
To(Y(t)) o

Y (1) T
Integrating it from ¢ — o to ¢, we have
Y(t—0o) (t—o0)*—1t
Y (t) o —go
Case 1.2: If t € (tg,tx + o), then t — 0 € (t} — o,tx) and there is an
impulsive moment t; in (¢t — o, t). Similarly to Case 1.1, we obtain

Mk_a)a) ;&€ (tk — o, ty]
o

Y1)~ ¥in— o) = Ty (&)
" T.Y(1) a1
Y (t) 5t — (ty, — o)
Integrating it from ¢t — o to ¢, we get
Y(t—0) (t—0)*—(tx —0)®

(35) Y () ty — (ty —0)®

> 0, tE(tk,tk—f-U).
For any t € (t,t; + o) we have

v -vep <o) (1),

Using the impulsive conditions in equation (1.1), we get

Y(t) —apY (tg) < bpTa (Y (tx)) (ta ; t%)

Yt) _ kaa(Y(tk)) (ta - t%) + ai.

Y(tk) Y(tk) «
Using W < %, we obtain

Y (t) be (1% — 1

Y(tk) < ag + ; < o .
That is,
(3.9) Y (tx) foge!

Y(t) ~ caas+ bp(t* — )
From (3.8) and (3.9), we get
Y(t—o) foge! (t—o)*—(tp —o)®

> 0.
Y(t) oaap + bty —t¢)  t¢ —(ty —o)®

Case 2: If t € [c1,t7(c;)41], We consider three subcases:
Case 2.1: If t;) > c1 —o and t € [ty(e)) + 0,t1(c))41), then t — 0 €
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[tr(c1)» ti(cr)+1 — o] and there are no impulsive moments in (¢t — o,t). Pro-
ceeding as in Case 1.1 and using the Mean-value Theorem on (¢, tr(c;)+1],
we get,

Y(t—o)  (E—0)" 1)

>
Y (t) B — 9,

Case 2.2: Ifty,) > c1—0oand t € [c1,t[(,)+0), thent—0 € [c1—0, 1))
and there is an impulsive moment 7., in (t—0,t). Making a similar analysis
as in Case 1.2, we have

Y(t—o) oo (t—0) = (tr(e) — o)

Y(t) oaar(c) + bI(cl)(ta - t?(cl)) t?(cl) - (tl(cl) — o)
tc (Clvtl(cl) + J).
Case 2.3: If t7,) < c1 — o, then for any ¢ € [c1,t7(c)41], T —0 € [c1 —
0,t1(c1)+1 — o] and there are no impulsive moments in (¢ — o,t). Working
as in Case 1.1, we get
Y(t—o) (t—0)" =17,

>
Y(t) o — %)

Case 3: For t € (t1(4,), d1] we consider three subcases:

Case 3.1: Ift[(d1)+0 <djandte€ [tI(d1)+U7 dl], thent—o € [t[(dl),dl—a]
and there are no impulsive moments in (¢t — o,¢). Using a similar analysis
as in Case 2.1, we have

Y(t—o)  (E—0)" =174,
Y@ ~ -
( (@)
Case 3.2: If tra,) + o0 < di and t € [tl(dl)vtl(dl) + o), then t — o €
[tr(a,) — 7> t1(a,)) and there is an impulsive moment t7(q, in (t —o,t). Using
a similar analysis as in Case 2.2, we obtain
Y(t—o) oo (t—0)* = (tra) —0)"
Y (1) oaar(dy) + bra) (=154, 14y — (i) —0)*
Case 3.3: If t;4,) + 0 > di, then for any t € (t7(q,),d1] we get t — o €
(tr(a,) — 0,d1 — o] and there is an impulsive moment t74,) in (¢t — o,1).
Proceeding as in Case 3.2, we get
Y(t—o) oa (t—0) = (tra,) — o)
> o} 164 o o
Y(t) oQay(dy) + bI(dl)(tL - tl(dl)) tl(dl) - (tl(d1) - U)

Combining all these cases, we have

>0, t€tre)+ 0o, tie)1)-

>0,

>0, te [Clatl(cl)—l—l]'

>0, te [t[(dl)—l—U,dl].

> 0.

> 0.

M}(Cl)(t) for t € [c1,tr(c;)41)5
> QMEHE)  fort € (tr tpa], k=1I(cr) +1,...,I(d1) — 1,
Mll(dl)(t) for t € (t1(4,)41, da]-

Y(t—o)
Y(t)
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Hence, and since 7(t)g(T,(Y (t))) is non-increasing in (c1,t7(c,)+1], by (3.7)
we have

I(dy)
Yo )t [wite) — w(t))]
k=I(c1)+1
et o9 9g 2 1
§/ [(y ()2 427267 (t) — v (t)Q(t)MI(q)(t)} dt

Id)-1
(3.10) + Y / (' (£))2220r (1) — v (1) Q(t) M (t)] dt

k=I(c1)+1 "tk

d1
+/ [(v/(t))ztz—w(syn(t)—fug(t)Q(t)M}(dl)(t)] dt

tr(dy)

+ /dl(l — )t *(t)w(t)dt.

Cc1

Thus
t* — ¢
V() > Y0 - ¥(e) = Tt (T )
r()(Ta(Y (1)) (ta - C?)

> , € (c1,1).

=T @) A
Letting t — (e +10 it follows that

1
(3.11) w(tr(er)+1) < P
](01)+1 1

Similarly, we can prove that on (tg_1,tk], k = I(c1) +2,...,1(dy),

te — tha
Hence, from (3.11) and (3.12), we have
I(dy1) ay — bk
> VPt w(ty) [ ]
ag
k:I(Cl)-i-l
o OI(e)+1 — br(ent1 1
(313) Z Tl vz(tl C 1>t1 c 0% (0%
(e 1(cr)+1 tl(01)+1 -4
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Thus we have
I(dy)

S Rt w(hy) [“"“ _b’“} > 71107 [v*(1)].

k=I(c1)+1

Therefore, using (3.10), we get

/ B 00 (1) — P (OQEM, (1) di

C1
I(d1)—1

/tk+1 t2—2ar(t) — 'UQ(t)Q(t)Mk% (t)] dt

k= I(C1)+1 b

d1
- / (600522720 (t) = V() Q(E)M] 4, ()]

tr(dy)

dy
+ / (1 — )t~ (w(t)dt > 0% [ (1)),
C1

which contradicts (3.1). If I(c1) = I(dy) then r1©%[v%(¢)] = 0 and there
are no impulsive moments in [c;,d;]. Similarly to the proof of (3.10), we
obtain

di
/ [5(1/(75))2752*2%(75) — 2 (£)Q(t) M}, (8) + 0 (1) (1 — a)t~“w(t)| dt > 0.
1
This again contradicts our assumption. Finally, if u(z,t) is eventually nega-
tive, we can consider [co, ds] instead of [c1, d1] and get a contradiction. The
proof is complete. O

Next, we establish new oscillation criteria for (1.1)—(1.2) by using the
integral average method used in [21] for ordinary differential equations. Let
D ={(t,s) : tg < s < t}, then the functions Hy, Hy € C(D,R) are said to
belong to the class H if

(H7) Hy(t,t) = Ha(t,t) =0, Hy(t,s) >0, Ha(t,s) > 0 for t > s and

(Hg) H; and Hj have partial derivatives 88t1 and 8H2 on D such that

OH OH
67251 = hi(t, s)Hi(t, s), 6752 = —ha(t, s)Ha(l, s)
where hi, ha € Lige(D,R).

We put

tr(e))+1 ;
L= [ QM 0

&)
I(n)— Y

+ Z /t:HlHl (t, 1) Q(6) M (t)dt + Hi(t, e)Q(t) My, (t)dt

trxy)
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A w
[ Hit, @) [% () — (1 — ) | w(t)dt

€l

and

tr(n)+1 .
1Py =/A HQ(dlat)Q(t)MI()\l)(t>dt

1

trt+1
+ Z Hy(dy, )Q(t) M (t)dt
k=T(\ th

d; ;
+ Hy(dy, t)Q(t) Mg, (t)dt

tr(ap

4 "
+ HQ(dl,t) w + tliahg(dl,ﬂ —(1— Oé)tia w(t)dt.

by or(t)
Theorem 3.2. Assume that conditions (H1)—(Hg) hold. Furthermore, as-
sume that there exist ¢, d; satisfying with c1 < M1 < di < o < Ao < dsy. If
there exists Hy, Ho € H such that (H7), (Hg) hold and

(3.14) H1(>\1,C1)F1’1 + H2(d1,A1)F2’1 > A(Hy, Hy; ¢, dy),
where

A(Hy, Ho; ¢, dy)
(3.15)

MIH (- e ri d ]
{Hl(AhCl)@[ 1t a)l+ Hg(dh)\l)@)\l[HQ(dl’ )]},

then every solution of (1.1)—(1.2) is oscillatory.

Proof. Suppose to the contrary that there is a non-oscillatory solution
u(x,t) of the problem (1.1)—(1.2). Notice that whether or not there are
impulsive moments in [c1, A\1] and [A1, d1], we should consider the following
cases [(61) < I()\l) < I(dl), I(Cl) = I()\l) < I(dl), I(Cl) < I()\l) = I(dl)
and I(Cl) = I(Al) = I(dl)

Moreover, the impulsive moments of Y (¢ — o) involve the following two
cases: lr(y) + 0 > A and ty,) + o0 < A. Consider the case I(c1) <
I(\) < I(d1), with t7(5,) + o > A. For this case, the impulsive moments
are tr(a)+1, tr(a)42s- -+ tr(d,) in [A1,di]. Multiplying both sides of (3.5)
by Hi(t,c1) and integrating from ¢; to A\;, we obtain

A M —¢
Hi(t, e1)Ta(w(t))dt < — Hl(t,C1)Q(t)Y(;(t))
A
_ Hi(t, cl)(;((tt))dt-

dt
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Applying integration by parts on the R.H.S of first integral we get,

A1 S
H(t, Cl)Q(t)Y(;/(t))dt
A1 w
(3.16) JF/C1 <5T((?) —t 7 ha(t,e1) — (1 — a)t‘“> w(t)Hi(t, c)dt
I(\)
< - Z Hi(tg, ety [w(ty) —w(t)] — Hi(Ar, e) A %w().
k=I(c1)+1

As in the proof of Theorem 3.1, we divide the interval [c1, A1] into several
parts and calculate the estimation of Y (¢t — 0)/Y (t), to obtain

A1 _ tr(ep)+1
H1<t,cl>cz<t>wdtz [ meev@uar, o

c1 C1

IM)-1

(3.17) + 0y Hy(t,c1)Q(t) ML (t)dt
k=I(c1)+1 "tk
A1
+ Hi(t, 1) Q(t) My, (£)dt.

tr(ay)

From (3.16) and (3.17), we obtain

Ur(ey)+1 1
/ Hi (1, en) QU M, (1)t

Cc1

I0)-1 g,
+ Z Hy (tg, 1) Q(t) M (t)dt
k=I(c1)+1" t*
A1
(3.18)  + Hi(t,e1)Q(t) My, (t)dt
tr(xy)
A w(t) 1
gl — (1 —a)t™ H
+/q [5”’(t) P (1) — (1 — a)t }w(t) L(t, 1)t
I()\l) a —b
S— Z H1<tk,cl)t]1€_a|: i k:| w(tk)—Hl()\l,cl))\%_aw()\l).
ag

kZI(Cl)+1
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On the other hand, multiplying both sides of (3.5) by Ha(ds,t), integrat-
ing from A1 to d; and following a similar procedure as above, we get

trag)+1 1
A Hy(dy, )Q(8) M}, (1)dt

1
I(dy)—1

lk41
+ ) Hy(dy, te)Q(t) My (t)dt
k=I(A)+1 "t
di
(3.19) + Hy(d1, t)Q(8) Mf g, (t)dt
tr(ay)

Slwlt) |, B
+/M Lsr(t)“l haldy, ) = (1= )t }w(t)HQ(dl’t)dt

I(dy)

ap —b o
<- > Hg(dl,tk)[ ’“a "“]w(tkHHQ(dl,Al)A} w(A).
k=I(A1)+1 k

Dividing (3.18) and (3.19) by Hi(A1,c1) and Ha(dy, A1), respectively and
summing the resulting inequalities, we get

Hy(Aq, 01)F1’1 - Hy(dy, /\1)F2’1
1 o) arp — bg
(3.20) < - Tone) k:%;)HHﬂtmm) [ o } w(ty)
1 Ty ar — by
C o, 2 ] “’“’”] |

Using a similar method as in (3.12), we obtain

Hl(tk,cl) I:aka_kbk] w(tk) S —7‘192‘11 [Hl(-,cl)]

(3.21)
ar — b

I(A1)
)
k=I(c1)+1
I(dl)
>

HQ(dlytk) |: :| w(tk) < —rl@fi [HQ(dl, )]

ag

k=I(\1)+1

From (3.20) and (3.21), we obtain

o1 < — {7’192‘11 [Hi(-5c1)] + 7’1@f\l11 [Ha(d1, )]}
< A(Hy, Hy;cp, dy),

1
Hj(di, \1)
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which is a contradiction to condition (3.14). In the case when wu(zx,t) < 0,
we take the interval [co, d2] instead of the interval [c;, d;] and proceeding as
in the proof of this case, we get a contradiction. The proof is complete. [

In the following, we present an example to illustrate the results.

Example 1. Consider the following impulsive partial differential equation

1 1
0z [ 02 m T 3m T
o (5rve0) 3ol §) + Fulee )
2t ot
= gAu(x, t) + gAu(m, t—m)+ F(x,t),

(3.22) t 4 2km + %, t > to,

1
u(x,t;:) = —u(z,t),
3 ’ 302
2 2
— u(;v,t;) = ——u(x,ty), k=1,2,...,
otz 2 9tz

for (z,t) € (0,7) x Ry, with the boundary condition
U (0,) + u(0,t) = up(m,t) + u(m,t) =0, ¢+ 2kr+ % k=1,2,....

Here a = %,
constant, f(u) = fi(u

1
F(x,t) =2me™™ <sin (t - %) + 7108 t> ,

ap =1/2, b, = 3/2. Let 0 = g, tpy1 —tp = 5§ > 5. Also, for any T > 0
we choose k large enough such that T' < ¢; = 4km — § < d; = 4km and
co = 4km + § < dy = 4km+ 5, k = 1,2,.... Then there is an impulsive
movement ¢, = 4km — 7 in [c1, dq] and an impulsive moment ¢ = 4k + %
in [c2,ds]. For e = ¢; = 1/2 we have Q(t) = m/2, and we take v(t) = sin 4t,
t1(c) = 4km— %’r, t1(dy) = 4km—7. Then by simple calculation, the left-hand
side of equation (3.1) becomes the following;:

[ e re e - o, o] d

Cl

) = m/4, qi(t) = 3m/4, m > 0 is a positive
u

I(dy)—1

+ Y / (602272 (1) = v ()QML(D) | at
k=I(c;)+1" tk
d;
+ / [/ ()22 (1) = v2(D) Q) M] (1]
treay)

+ /dl(l — )t (t)w(t)dt

c
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dkn—T —T\2 _ (4fgr — 1T 2
g/ “i6tcos? 4t — Lnsin?ar [ 18) (4 14) dt
dkm—73 2 t2 — (4k7T — %F)E

s
kﬂ'*z

1 1~
shroz L1, [ [t (k- 92
+ 16¢ cos” 4t — imsm 4t 3
4

X T T dt
(g~ )" — (4~ )}
1 1
4k — T2 _ (4 _ T2
+/ 16t cos® 4t — 1msim2 4t (t 18) ( i 14) dt
ahr—% 2 t2 — (4kr — )2

1 4k
+ = / t~Lsin? 4t cot tdt
2 4k7r—%

~ 148.099 — m 0.26613.
Since I(c1) =k —1, I(dy) =k, r1 = 2, we have

Ar(c)+1 — b[(c)+1
aI(C)+1<t?(Cl)+1 —c%)
Note that condition (3.1) is satisfied in [c1, d;] if

148.0775 < m 0.26613

and we can choose the constant m very large enough so that (3.22) holds.
Therefore, condition (3.1) is satisfied in [¢1,d;]. We can work similarly for
t € [ca,ds]. Hence, by Theorem 3.1, every solution of (3.22) is oscillatory.
In fact, u(x,t) = e *sint is one of such solutions.

7"1("’)?11 [’UQ(t)] =2 [ sin2(4t1(cl)+1)
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