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Weighted integral inequalities related to
Wirtinger’s result for p-norms with applications

ABSTRACT. In this paper we establish several natural consequences of some
Wirtinger type integral inequalities for p-norms. The corresponding weighted
versions and applications related to the weighted trapezoid inequalities, to
weighted Griiss’ type inequalities and reverses of Jensen’s inequality are also
provided.

1. Introduction. The following Wirtinger type inequalities are well known

b (b _ CL)2 b 9
(1.1) / u?(t)dt < 71'2/ [/ (t)]" dt,
provided v € C! ([a,b],R) and u(a) = u(b) = 0 with the equality holding

if and only if u(t) = K sin [%} for some constant K, and, similarly, if

u € C' ([a, ], R) satisfies u(a) = 0, then
b 4(b—a)* [P 2
(1.2) /a u?(t)dt < 772/a [/ (t)] dt.
w(t—a)

The equality holds in (1.2) if and only if u(t) = K sin {m} for some
constant K.
2010 Mathematics Subject Classification. 26D15, 26D10.

Key words and phrases. Wirtinger’s inequality, trapezoid inequality, Griiss’ inequality,
Jensen’s inequality.



16 S. S. Dragomir

Forp > 1put mp—q : = 2r sm(p) In [12], J. Jaros obtained, as a particular
case of a more general 1nequahty, the following generalization of (1.1):

b —a)P b
(1.3) / u(t)|P dt < M/a /(8)|P dt,

provided u € C!([a,b],R) and u(a) = u(b) = 0, with the equality if and
mp-1(t—a)
b—a

27,_1-periodic generalized sine function, see [19] or [6].
If u(a) = 0 and u € C* ([a, b], ) then

(1.4) /|u |pdt< 2(b— pl/\u W at

with the equality if and only if u(t) = K sin,_; [%@;ﬂ for some K € R.

The inequalities (1.3) and (1.4) were obtained for a = 0, b = 1 and
g =p > 1in [18] by the use of an elementary proof.

For some related Wirtinger type integral inequalities see [1,2,5,10,12,13]
and [16-18].

In this paper we establish several natural consequences of the Wirtinger
type integral inequalities for p-norms from (1.3) and in (1.4). The corre-
sponding weighted versions and applications related to the weighted trape-
zoid inequalities, to weighted Griiss’ type inequalities and reverses of
Jensen’s inequality are also provided.

only if u(t) = K sin,_4 for some K € R, where sin,_; is the

2. Some weighted inequalities. We have:

Theorem 1. Let g : [a,b] — [g(a),g(b)] be a continuous strictly increasing
function of class C* on (a,b) and p > 1.

(i) If f € CY([a,b],R) is such f(a) = f(b) =0, then
JP lg (b)—g( ANl
(2.1) / PO < GRS [
The equality holds in (2.1) if and only if

e [ (o) g(a)
100 = Ksing |50 R ke R
(ii) If f € CY([a,b],R) is such that f(a) =0, then
% 27 [g(b) — g( )} O]
(2.2) / 0P g s ZIDEEO [T
The equality holds in (2.2) if and only if

— ksin . | T=19() — g(a))
o) = Ky | LB =IOD] e
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1

Proof. (i) We write the inequality (1.3) for the function v = fog™" on the

interval [g(a), g(b)] to get

O ) —g@) (O e
23 /g(a> fog @l dz < (p—1)m /g<a) ’(f ! )()‘ =

If f: [e,d] — R is absolutely continuous on [c,d], then fog~!: [g(c), g(d)] —
R is absolutely continuous on [g(c¢), g(d)] and using the chain rule and the
derivative of inverse functions, we have

N/ / — -1y’ f’o IC
(24)  (fog ) (2)=(fog™")(2)(¢7") (2)229’03—13((2))

for almost every (a.e.) z € [g(c), g(d)].
Using the inequality (2.3), we then get

T P g < 00 = g(@) (7
/g<a) fog (@) dz < (p—=1)my /g<a>

provided (fog™!) (g(a)) = f(a) =0 and (f o g7") (9(b)) = f(b) = 0.
Observe also that, by the change of variable t = g~1(2), z € [g(a), g(b)],
we have z = g(t) which gives dz = ¢/(t)dt and

g(b) b
[ lreg @l = [ 1roF g
g(a) a
We also have
(flog™) (2)

g(b) b
(2:5) /g<a> (o)) -/

By making use of (2.5), we get (2.1).
The case of equality follows from the case of equality in (1.3).
(ii) Follows in a similar way from (1.4). O

p

f'(t)
g'(t)

P L O]
g (t)dt = i \g'(t)|p*1dt'

Remark 1. For p = 2 we get from Theorem 1 the weighted integral in-
equalities from [8].

Assume that p > 1. Some examples are as follows:
a) If we take g : [a,b] C (0,00) — R, ¢g(t) = Int and assume that f €
Cl([a, ], R) is such that f(a) = f(b) = 0, then by (2.1) we get

b p n(8)17 b
(2.6) /a ﬂ?' dt < ( L E;‘B}z_l/a FGI a2

The equality holds in (2.6) if and only if

Tp—11n (é)

f(t) = KSiIlp,1 [ In (Q)

],KER.
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b) If we take g : [a,b] C R — (0,00), g(t) = expt and assume that
f € CY([a,b],R) is a function such that f(a) = f(b) = 0, then by (2.1) we
get,

b — €eX a
(2.7) / |f(t)\pexp(t)dt<<eXpb P / £ exp((1 — p)t)dt.

The equality holds in (2.6) if and only if

mp—1(expt —expa)

f(t) = Ksin,_; [ } , K eR.

expb—expa

c) If we take g : [a,b] C (0,00) — R, g(t) = t", r > 0 and assume that
f € CY([a,b],R) is such that f(a) = f(b) = 0, then by (2.1) we get

ey [iroreas JUSEr TOF

rp (p— ]_) 77'571 r—1)(p—1)
The equality holds in (2.8) if and only if

Tip—1 (tr — aT)
br —a”

F(t) = K sinp_y [ ] , KeR.

If w : [a,b] — R is continuous and positive on the interval [a, b], then the
function W : [a,b] — [0,00), W(z) := [ w(s)ds is strictly increasing and
differentiable on (a,b). We have W’(x) = w(x) for any = € (a,b).

Corollary 1. Assume that w : [a,b] — (0,00) is continuous on [a,b] and
f € CY([a,b],R) is a function such that f(a) = f(b) =0, then

/\f dt<(_11)7T5_1</abw(s)ds> /abLJ;(I)(\)dt

The equality holds in (2.9) if and only if

T f(j w(s)ds]
f;w(s)ds 7

f(t) = Ksiny_4 [

If f(a) =0, then

(2.10) /|f (O w(t)dt < )5 (/:w(s)d8>p/ab1|£(?(|;dt

with the equality if and only if

f(t) = Ksin,_, | 2a®
= Ksin,_1 | —%——"—
b 2 [Tw(s)d
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Remark 2. If f is a function such that f(a) = 0, then the inequality (2.10)
can be stated on the infinite interval [a, c0) as follows

21y [Cisorun < o ([Tue)” [T G

provided f € C'([a,00),R), w : [a,00) — (0,00) is continuous on [a, o)
and the integrals above exist. The equality holds if and only if

ﬂf;w(s)ds
2 [ w(s)ds

f(t) = Ksin, 1 [ ] , K eR.

3. Some weighted inequalities of trapezoid type. We have:

Theorem 2. Assume that w : [a,b] — (0,00) is continuous on [a,b] and
g € C(la,b],R), then for p, ¢ > 1 with ]% + % =1,

b _ a
ﬁuLMn/1Mﬂ+w$+b Dotyar — 9D +90)
1 b 1/q
: 2(p— 1)V 7, (/a w(S)ds>
(31) b|g/(t)_g/(a+b_t)|p 1/p
) < a wp—l(t) dt)
1 / /
S 2 )P, telad 9'(t) — g'(a+b—1t)|

(o) ([ )

In particular, if w is symmetrical, i.e., w(a+b—t) = w(t) for any t € [a,b],
then we have

1 (/gﬁmawﬁ_m@;g@

[Paw(t)dt
1 b 1/q
= 2(p— 1)1/p7rp,1 </a w<5)d$>
(3.2) X<bww1§$$—mggw
1 / _ /a _
S e |g'(t) —g'(a+b—1)]

<(ffwo)” ([ )
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Proof. Considering the function

g(t) +gla+b-1) g(a)+g(b)

f(t) = 5 5 , t € la,b],

we have f(a) = f(b) = 0 and by (2.9) we get
/b g(t) +g(g+b—t) _g(a) ;g(b) pw(t)dt
1 b lg'(t a+b—t)|

§2”(p—1)7f§1</w > / wpl .

namely
b a — a p 1/p
(/ g(t)+g(2+b t)_ );g(w w(t)dt>

</ lg'(t pci+b—t)! dt>1/p'

By the weighted Holder’s integral inequality for p, ¢ > 1, L —|— =1 we

have
(/ab pw(t)dt>1/p</abw(s)ds>l/q

g(t) +gla+b-1) g(a)+g(b)

2 2
(3.4) N /” [g(t) +g(;+b—t) _g(a) ;g(b)] w(t)dt
b a o a b
| [ 00500 ]

Making use of (3.3) and (3.4), we get

b a _ a b
[ A A g, 90O [

(3:5) : 2(p-1 )ll/pw 4 </abw(s)d$> -

_ 1/p
(/ lg'(t a+b t)F dt) .
wp o

Observe that, by the change of variable s =a+b—t, t € [a,b] we have

b b
/g(a—i—b—t)w(t)dt—/ g(s)w(a+b—s)ds
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and then

bg(t) +gla+b—1) B bw(t) + wla+b—1t)
/a : w(t)dt_/a S

g(t)dt.

Utilising (3.5), we get the first part of (3.1). The second inequality in (3.1)
is obvious. O

In 1906, Fejér [9], while studying trigonometric polynomials, obtained the
following inequalities which generalize those of Hermite & Hadamard:

Theorem 3 (Fejér’s inequality). Consider the integral f; h(z)w(z)dz,
where h is a convex function in the interval (a,b) and w is a positive function
in the same interval such that

w(z) =wla+b—x)
for any x € [a,b], i.e., y = w(x) is a symmelric curve with respect to the

straight line which contains the point (% (a+b) ,O) and is mormal to the
x-axis. Under these conditions the following inequalities are valid:

a+b 1 b Dol < @)+ A(O)
(3.6) h( )gfb )dx/Qh()()d < Ma) + 1b)

2 w(x 2

a

If h is concave on (a,b), then the inequalities reverse in (3.6).

Remark 3. If g : [a,b] — R is differentiable convex, ¢’ (b) and ¢/, (a) are
finite and w : [a,b] — (0,00) is continuous on [a, b] and symmetrical, then
by (3.2) we get the following reverse of the second inequality in (3.6):

1 / /
3.7 < g_(b)— 4\ (a
( ) 2(p_1)1/pﬂ_p_1 [ ( ) Jr( )]
b 1/q b 1 1/p
([ o) ([ )
. . b
provided p, ¢ > 1 with % + % =1land [, wp+1(t)dt < 00.

Remark 4. Assume that w : [a,b] — (0,00) is continuous on [a,b] and
g € C'([a,b],R) is a function such that ¢’ is K-Lipschitzian on [a,b], i.e.,
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lg'(t) — ¢'(s)] < K |t — s| for any [a,b], then by (3.1) we get

1 bw(t) +w(a+b—1t) ~ gla) +9(b)
[Pw(t)dt / 9 g(t)dt y

(p— 1)}/,)%_1}( (/ab >1/q (/ ’w_p al+b‘p ) 1/p
1/q 1/p
= 2(p —61;127 7rp_1K </abw(8)d8> (/ab wp_ll(t)dt> 7

provided p, ¢ > 1 with % + % =1 and f e 1(t)dt < 00.

If g : [a,b] — R is twice differentiable and convex with [|g"||, 4 oo < o0
and w : [a,b] — (0, 00) is continuous on [a, b] and symmetrical, then by (3.8)
we get the following reverse of the second inequality in (3.6):

gy to) 1
SO [ wtoao

19/ b athP \ /7
1 , b ! |t — 4|
(3.9) < . 19" 1o, 61,00 </a w(S)ds) ( i Wdt

b—a b Va, mwo 1/p
< g’ (/ w(s ds) </ dt> ,
92 (p . )1/p Tp1 H H[a,b],oo " ( ) . ’wpfl(t)

provided p, ¢ > 1 with % + =~ =1 and f )dt < 00.

—~
o
oo

~

IN

0

Another trapezoid type Welghted inequality is as follows:

Theorem 4. Assume that w : [a,b] — (0,00) is continuous on [a,b] and

g € C'([a,b],R), then

g9(a) [b — E (w;[a,b])] + g(b) [E (w; [a,b]) — d]
b—a

b
N / o(Bw(t)dt

Jo w(s)ds

1/q b g’(t) B M p 1/p
310 1 bws ) )9
: (p— 1)1/p7rp—1 </a (s)d > /a wP=1(t) dt
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provided p, ¢ > 1 with % + % =1 and ff wp%l(t)dt < 00, where

b
B (w:[a,]) = fbwl(s)ds / tw(t)dt.

Proof. If g € C'([a,b],R), then by taking

9(a)(b—1t) + g(b)(t — a)
b—a

we have f(a) = f(b) = 0 and by (2.9) we have

g(a)(b—1t) + g(b)(t — a)
b—a

ft):=g(t) -

, t €la,b],

’ w(t)dt

p

ey gb)—gla) [P 1/p
= (p— 1)1/12 Tp1 </abw(s)d8> </ab : (t)wp‘ib(gt)a( ) dt) '

By the weighted Holder’s integral inequality for p, ¢ > 1, % + % = 1 we have

</ab pw(t)dt>1/p</abw(s)ds)l/q

g(a)(b—1t) + g(b)(t —a)
b—a

g(t) —

b b _ —a
> /g(t)w(t)dt—/ 9(a)(b tgirg(b)(t )w(t)dt’
b b b
=| [t Lot [0 vua-go) [ @ - ol
(3.12) b b b
—| [ st =gta) [ (b~ tyuioyie—g(v) [ <t—a>w<t>dt'

1 b
f; w(s)ds /a gy (i)t

_g(a)[b— E (w;[a,b])] + g(b) [E (w;[a,b]) — d
b—a ’
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By making use of (3.11) and (3.12), we have

< / bw(s)ds) ‘f”wl(s)ds /a " o(wlt)dt

_g(a) [b— E(w;[a,b])] + g(b) [E (w; [a,b]) — a]
P 1/p
b—a

b—a
<G (L) [ )

which is equivalent to the first inequality in (3.10).
The second inequality in (3.10) is obvious. O

1+1/q J(t) g(b)—g(a)

The case of a convex function is as follows:

Corollary 2. If g : [a,b] — R is continuously differentiable convex and
w : [a,b] = (0,00) is continuous on [a,b], then

g(a) [b— E (w;[a,b])] + g(b) [E (w; [a, b]) — a]

<
0< b—a
1 b
— | gwt)dt
f;w(s)ds/a (Eult)
1 b l/q
= o= )y ([ wras)
3.13 —o(a) P 1/p
( ) b |g'(t) — g(bl))ig( ) "
LT e
c el 80 =@
T Tp_1 telad) b—a

(ffeo) ([ )

provided p,q > 1 with % + % =1 and f; wp%l(t)dt < 0.
The positivity follows by the fact that for a convex function g on [a, b] we
have

g(a)(btzjz(b)(ta) > ()

for any t € [a,b]. The rest is obvious by Theorem 4.
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4. Some inequalities for the weighted Cebysev functional. Consider
now the weighted Cebysev functional

b
Cuw (fa g) = W/a ’w(t)f(t)g(t)dt
(4.1) A o
~ o f, s o [Cugoa

where f, g, w : [a,b] = R and w(t) > 0 for a.e. t € [a,b] are measurable

functions such that the involved integrals exist and ff w(t)dt > 0.
In [3], Cerone and Dragomir obtained, among others, the following in-
equalities:

|Cw (£, 9)]

M—m 1 b 1 b
< 9 f;w(t)dt/a w(t) |g(t) — f;?U(S)dS/a w(s)g(s)ds|dt
(4 2) M —m 1 b 1 b p %
= 2 [fabw(t)dt/aw(t) g(t)_ws/aw(S)g(S)ds dt]
1 1 b
< (M —m) essup g(t) - f;w(s)ds/a w(s)g(s)ds

for p > 1, provided —co < m < f(t) < M < oo for a.e. t € [a,b] and
the corresponding integrals are finite. The constant % is sharp in all the
inequalities in (4.2) in the sense that it cannot be replaced by a smaller
constant.

In addition, if —co < n < g(t) < N < oo for a.e. t € [a,b], then the

following refinement of the celebrated Griiss inequality is obtained:

1Cw (f;9)|

M —m 1 b 1 b
S f;U)(t)dt/a w(t)|g(t) — f;’UJ(S)ClS/a w(s)g(s)ds| dt
N o ) 72
N JRCICE o [ | a
< (0 =)V =),

Here, the constants % and % are also sharp in the sense mentioned above.
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We have:

Theorem 5. Assume thatw : [a,b] — (0, 00) is continuous on [a,b], p,qg > 1
with % + % =1, f € L, ([a,b],R) and g € C'([a,b],R), then

Culf0) < 'i)l/j (/ /) }"dt)w

b b
- fbwl(s)ds </ 7e) - fbwts)ds/ flsyuw(s)ds

In particular, if p = q = 2, then we have [8]:

Cu (o)l <=1 ( / ’ \g'(t)ﬁdt) -
* fabwts)ds (/a ds/ flsyuw(s)ds

1/2
Proof. Integrating by parts, we have

([ [Z w(s)ds [?
5 ). (/ fw(t)dt — fjw(s)ds/a f(s)w(s)d3> gl(x)d
! ’ JEw(s)ds [? b
. b B ’U)(:E) b R i

/a g() (f(a:)w(x) ffw(s)ds/a f(s)w(s)d ) d

(4.4)

P 1/p
wp(t)dt) .

(4.5)
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Using the Holder integral inequality for p, ¢ > 1 with % + % =1, we get

1
Cu (f,
1Cw (f,9)] < (o)
|Gt [ samtre- [ omsm) o]
(4.7)
< 1 </b f{w(S) S/bf(g)w(s)ds—/zf(t)w(t)dt da:) !
JJw(s)ds \Ja | [Jw(s)ds/a a
b 1/q
X </ ‘g'(x)‘qu> .
If we take
o [ w(s)ds . vela
u(z) = f;w(s)ds/ 5)d /f Bdt, z € [a,0],

we observe that u(a) = u(b) = 0 and u € C([a, b],R).
Using the inequality (1.3), we then have

b1 [P w(s)ds [ . . )
/a [P w(s)ds Ja flejuw(s)d / Feyult)dt d
(b—a)? bl w(x) B . 8 .
: (p— 1)7T£—1/a f:w(s ds/ fe)wls)ds = flwjulz)) d
_ (b — a)p b 1 o Pwp 2da
_(P—1)7T51/a f:w(sds/f 5)d (=) (z)de,
which is equivalent to
| J w(s)ds .
</a fabw(s)ds / s)ds = / Fepule)dt d:E)
b—a
WS S
P 1/p
</ f @ ds/ f(s)w(s)ds — f(x) wp(m)daf:> .
By using (4.7) and (4.8), we get the desired result (4.4). O

By taking w = 1, we get the following unweighted inequality:
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Corollary 3. Let p,q > 1 with % —1—3 =1, f € Ly([a,b],R) and g €
Cl([a,b],R), then

C U0 < ‘I‘/plf (/ gt m)l/q

1 1
X(b—a ’ —b_a/Gf(s)ds

In particular, if p = q = 2, then we have [8]:

o ([worra)”
x (bi [isora- |2 [ s

The following result also holds:

(4.9)

P 1/p
dt) |

1C(f,9)]
(4.10)

Theorem 6. Assume that w : [a,b] — (0, 00) is continuous on [a,b], p,q > 1
with % + % =1, f € L, ([a,b],R) and g € C'([a,b],R), then

Cutran < e ([wtons) " ([ L)
1

1 b b p 1/p
X (fcf’w(s)ds/a f(t)—w/a f(s)w(s)ds w(t)dt> .

In particular, if p = q = 2, then we have [8]:

cutsn <2 ([ woms)”* ([ 080

1 b 1 b 2\ /2
X W f2 (t)w(t)dt— (fbw(s)ds f(s)w(s)ds) .

Proof. We use the following Sonin type identity

(4.11)

(4.12)

1
Cu(f,9) = m
(4.13) , ) \
X/a (f(t) - fabw(s)ds/a f(S)w(S)dé“) (9(t) — g(a)) w(t)dt,

which can be proved directly on calculating the integral from the right hand
side.
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Using the weighted Holder’s integral inequality for p, ¢ > 1 with %+% =1,
we have

1
‘Cw (f) g)| < W
b 1 b
x / 0= / F(syw(s)ds| 1g(t) — gla) wit)dt

(4.14)

b b
< fbwts)ds ( / -7 t) — / f(s)w(s)ds

x (/b 9(t) - )l/q

Using (2.10) for f = g — g(a), we have

(4.15) / lg(t) t)dt < @_f;m](%(/abw(s)ds)q abﬁ'g)(!:)dt

which is equivalent to

(/ lo(t) - g(a)\%(t)dt)l/q
< o </abw<5)ds> ( ab ﬁ/(?(f) dt) "

By making use of (4.14) and (4.16), we get
1Cw (f,9)]
1

! b p 1/p
= [Pw(s)ds </a [Pw(s)ds Ja w(t)dt>
: <q—1>21/qwq 1 < ; )( wi 1 >1/q
- <q—1)21/q7rq : </abw(s)d> ;
’ <f s . - f;’wtsms IRCIEE
([ 250"

hence by (4.17) we get the desired result (4.10). O

P 1/p
w(t)dt)

(4.16)

b
f(s)w(s)ds

ft) -

P 1/p
w(t)dt)
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Remark 5. If we take w = 1, then by (4.11) we get

b 1/q
IC (f,9)| < (q—1)21/‘17r1(b_ a)l/p </ g ()] dt)
q— a
p 1/p
dt) |

1 b
X b—a/a

5. Reverses of Jensen’s inequality. Let (€2, A, 1) be a measurable space
consisting of a set {2, a g-algebra A of parts of {2 and a countably additive
and positive measure p on A with values in R U {oo}. For a p-measurable
function w :  — R, with w(z) > 0 for p-a.e. (almost every) z € 2, consider
the Lebesgue space

(4.18)

b
f(t) — 5 i - / f(s)w(s)ds

Lyy(Q,p) = {f : Q0 — R, f is p-measurable

and [ o) 7o)l ) < o0

For simplicity of notation we write everywhere in the sequel fQ wdy instead

of [ow(x)du(x).
In order to provide a reverse of the celebrated Jensen’s integral inequality
for convex functions, S. S. Dragomir obtained in 2002 [7] the following result:

Theorem 7. Let ¢ : [m,M] C R — R be a differentiable convex function
on (m, M) and f : Q — [m, M] be such that ®o f, f, o f, (P'of)f €
Loy (2, 1), where w > 0 p-a.e. (almost everywhere) on Q with [ wdp = 1.
Then we have the inequality:

og/gw«bof)du—@(/gwfdu)

o g/Qw(cpfof) fdp,—/gw(@’of) d,u/wad,u.

We have the following reverse of Jensen’s inequality:

Theorem 8. Let ® : [m, M] C R — R be a differentiable convex function on
(m, M), w: [a,b] — (0,00) be continuous on [a,b] and f : [a,b] — [m, M] be
absolutely continuous so that ®o f, f, ® o f, (?' o f) f € Ly [a,b]. Assume
that p, ¢ > 1 wz’th%—{—%:l.

(i) If (9" o f) f' € Ly ]a,b] and f € Ly |a,b], then
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1 b [P w(t) f(t)dt)
< w(t) (P o tdt — o | &—""—"—
< 7 ()ds/ (1) (@0 f) (1) ( o

b , e
(5.2) (_1%1(/@ o f) || f (¢t th)

1 b 1 b
) fabw(s)ds </a f8) = fabw(s)ds/a Fleywls)ds

(i) If f' € Lgla,b] and ®' o f € Ly [a,b], then

1 b fbw(t)f(t)dt>
< w(t) (o f) ()dt — @ | a2
f;w(s)ds /a ®)¢ ) ( fabw(s)ds

58 < i ([ I ‘th>l/qw
1

« < / ’ R / (8 0 1) (s)w(s)ds

Proof. (i) From (5.1) we have
1

b fbw(t)f(t)dt>
< w(t) (P o t)dt — o | &—"—"—"—
B f; w(s)ds /a &) (2o ) < f;w(s)ds

1

b
(5.4) = ffw(s)ds/a w(t) (9o f) (t)f(t)dt

IN

P 1/p
wp(t)dt) .

(CI)’ o f) (t) —

1 b , 1 b
B f:w(S)ds /a wit) (#e f) (t)dt- ffw(s)ds /a wlb)f{E)dt
=Cy (f,® 0 f).

From the inequality (4.4) we have

/ b—a ’
|Cuw (f, @0 f)] S(_l)l/pﬁpl</

f; w(s)ds

1/q
T 1(/»@”01” \th)
1
s)d
- ffw(s)ds </a ds/ s ’

(@0 f) ()] dt> v

1/p
wp >

1/p
wp > ,

s)ds

P 1/p
wp(t)dt> :
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which together with (5.4) proves (5.2).
(ii) From (4.4) we also have

|Cu (f: @0 f)] = |Cu (20 £, f)]

b—a b Y 1
= (p — 1)VPmp_ </a 7@ dt) f: w(s)ds

b 1 b P 1/p
P’ o - P’ o d P(t)d
x ( [ e 10— [ ¥ e donuteiis) wn x> ,
which together with (5.4) proves (5.3). O

Corollary 4. Let ® : [m, M] C R — R be a differentiable convex function
on (m, M) and f : [a,b] — [m, M] be absolutely continuous so that ®o f, f,
o f (Pof)feLlab]. Assume that p, ¢ > 1 with % + % =1.

(i) If (2" o f) f' € Lyla,b] and f € Ly|a,b], then

bia/b(cb o f)(t)dt — @ <_a/f dt)

b_al/p " q v
(5.5) <((_1)1/pﬂ1</\¢’0f INVAC \dt>

inmAf@—jQLf@@i@ 5

(i) If f' € Ly[a,b] and ®" o f € L, [a,b], then

ogbia/b@ o f)(t)dt — @ <—a/f dt)
(5.6) p—l)l/pw 1(/ 7 ‘th)l/q

x (bia/a

0<

1 b
- (<I>'of) (s)ds

(®'0 f) (1) —

P 1/p
dt) |
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Corollary 5. Let ® : [a,b] C R — R be a differentiable convez function
n (a,b), w : [a,b] = (0,00) be continuous on [a,b] so that ®, &', 'V €
Ly [a,b], where £(t) =t. Assume that p, ¢ > 1 with I% + % =1.

(i) If ®" € Ly |a,b], then
1 b fbtw(t)dt>
0< —/———— w(t)®(t)dt — b | 2————
fabw(s)ds/a (1)2() (f;w(s)ds
b—a ’ 17419 Ha
(5.7) < =D, </a |7 (t)] dt)

1 b 1 b
- fabw(s)ds </a - f;w(s)ds/a sw(e)ds

(i) If @' € Ly, [a,b], then

P 1/p
wP (t)dt) .

1 b fbtw(t)dt>
0 —/—— w(t)®(t)dt — ¢ [ &——
fabw(s)ds/a 0)2() (fabw(s)ds
b—a 1
< (p = DYPmp_y [Pw(s)ds

We also have:

Theorem 9. Let ® : [m, M| C R — R be a differentiable convex function on
(m, M), w: [a,b] — (0,00) be continuous on [a,b] and f : [a,b] — [m, M] be
absolutely continuous so that ®o f, f, ® o f, (' o f) f € Ly [a,b]. Assume
that p, ¢ > 1 wz’th%—i—%:l.

(i) If |®@" o f|?|f|?w'™9 € L[a,b] and f € Ly[a,b], then

1 b J2w(t) f(t)d )
N —— w(t) (P o tHdt — o | &+— 2
T [e@ene ( o
)

59) < g ([ ol [ vt )”” ([ 1erenr o dt)”q

1 b 1 b 1/p
X (ffw(s)ds/a f(t) — ffw(s)ds/a f(s)w(s)ds w(t)dt) .
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(i) If |f'|?w'"? € L{a,b] and ®' o f € L, [a,b], then

1 b [P w(t) f(t)dt)
0< —— | wt)(@o f) (t)dt — @ [ Ja )T
ffw(s)ds /a ®) ) @) ( f;w(s)ds

< G ([ o) ([ )
p 1
X (W /ab (@0 f) (t)—fbwl(s)ds/ab(@’of) (s)w(s)ds w(t)dt) /p.

The proof follows in a similar way by utilising the inequality (4.11). The
details are not provided here.

Corollary 6. Let @ : [m, M] C R — R be a differentiable convex function
on (m, M) and f : [a,b] — [m, M] be absolutely continuous so that ®o f, f,
O of, (®of)f € Lla,b]. Assume that p, ¢ > 1 with % + % =1.

(i) If (9" o f) f' € Ly ]a,b] and f € Ly |a,b], then

0§bia/ab(rbof)(t)dt—tﬁ<bia/abf(t)dt>
2

1/ b q . 1/q
< G, 0T p</ (@0 £) ()] |1 )| dt)
1 b p \ /P
x (b—a/a dt) .
(ii) If f" € Lq[a,b] and @' o f € Ly[a,b], then
1 b 1 b
Ogb—a/a (‘I’of)(t)dt—‘b<b_a/a f(t)dt>

< (q_lﬁ/%_lw— a)!/? ( / b »f'<t>\th) "

1 b
x b—a/a

Finally, we have:

b
£0 - 5 [ #eis

1

b
- a/a ((I)/of) (s)ds

(@' f) (1) -

p 1/p
dt> |

Corollary 7. Let ® : [a,b] C R — R be a differentiable convez function
on (a,b), w : [a,b] = (0,00) be continuous on [a,b] so that ®, &', ®'4 €
Ly [a,b], where £(t) =t. Assume that p, ¢ > 1 with ]% + % =1.
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(i) If |®"|?w'~4 € L|a,b], then

1 b [P tw(t)dt
0 — w(t)®(t)dt — b [ 2———
ffw(s)ds/a (&)2(t) fbw(s)ds

9 1/p bigr(pye \ V4
< o (o) ([ )
1 1/p
w(s)
[a,b

fjwl(s)ds/bt K ds/f o] wty

(ii) If w'=% € Lla,b] and ® € L, [a,b], then

1 b [P tw(t)dt
0< 5+ w(t)e(t)dt — b [ 2———
B ff w(s)ds/a B)2() f;w(s)ds

< </:“’<S>d$) : </ab ) :

1 b / 1 b , p 1/p
fbw(s)ds/a (I)(t)_fbw(s)ds/a &' (s)w(s)ds| w(t)dt
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