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ABSTRACT. Generalized commutative quaternions is a number system which
generalizes elliptic, parabolic and hyperbolic quaternions, bicomplex numbers,
complex hyperbolic numbers and hyperbolic complex numbers. In this paper
we introduce and study generalized commutative quaternion polynomials of
the Fibonacci type.

1. Introduction and preliminaries. In 1843 ([3]), Hamilton introduced
the set H of quaternions ¢ of the form

q = x0 + 211+ 22J + X3k
where g, 1, 2,23 € R and
==k =ijk=—1, ij=—ji=k, jk=—kj=1, ki=—ik=]j.
The above rules immediately show that multiplication of quaternions is
not commutative. For this reason some quaternions algebra problems are
not easy. In [16], Segre modified quaternions in such a way that they ad-
mit a commutative property in multiplication and consequently introduced

commutative quaternions. The set of commutative quaternions is a 4-
dimensional structure, contains zero-divisor and isotropic elements. In the
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last years theory of commutative quaternions is becoming interesting and
many applications can be found. Many physical laws in classical, relativistic
and quantum mechanics can be written nicely using quaternions. Quater-
nions appear not only in various areas of pure mathematics and physics but
also in mechanics, see for example [2, 14, 15].

Noncommutative quaternions and commutative quaternions were gener-
alized and studied recently, see for details the paper of Jafari and Yayli [9]
where generalized quaternions were introduced and also results of Szynal-
Liana and Wloch in [19], where generalized commutative quaternions were
introduced and studied in the special subfamily of quaternions of the Fi-
bonacci type.

In this paper we will study generalized commutative quaternions, so first
let us recall necessary definitions.

Let H 4 be the set of generalized commutative quaternions x of the form

X = Tg + X1€1 + Toe2 + T3e3,
where g, 1, z2, 3 € R, quaternionic units e, eo, e3 satisfy the equalities

2 2 2
el=aqa, e =0, e5=af,
€1€2 = €2€1 = €3, €2€3 = €3€2 = Bel and €3€] = €1€3 = ey,
and a, § € R.

The generalized commutative quaternions generalize elliptic quaternions
(a < 0, = 1), parabolic quaternions (o« = 0, 8 = 1), hyperbolic quater-

nions (o > 0, 8 = 1), bicomplex numbers (« = —1, f = —1), complex
hyperbolic numbers (o« = —1, 8§ = 1) and hyperbolic complex numbers
(a=1,=-1).

Horadam in [4] introduced the concept of Fibonacci and Lucas quater-
nions and many mathematicians focused on this theory. For example Iyer
[8] gave relations between Fibonacci and Lucas quaternions. Iakin in [6, 7]
introduced the concept of a higher order quaternion and established some
identities for these quaternions. In [5], Horadam mentioned also the possi-
bility of introducing another Fibonacci type quaternions.

Taking into account a number of papers related to this topic, we can
indicate that in [1] generalized commutative Jacobsthal quaternions and
generalized commutative Jacobsthal-Lucas quaternions were studied. Inter-
esting results related to Fibonacci type quaternions can be found in papers
of Kizilates. In particular, in [11] Kizilates et al. introduced and studied
bicomplex generalized Tribonacci quaternions and in [10] incomplete Fi-
bonacci and Lucas quaternions. Furthermore, in [13] Kizilates and Kone
introduced and studied higher order Fibonacci quaternions. In that pa-
pers combinatorial and algebraic properties of Fibonacci type quaternions
were presented and also with respect to determinant of special matrices.
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Generalized Fibonacci quaternions were examined by Swamy in [17]. Ac-
tually theory of the so-called Fibonacci type hypercomplex numbers, in-
cluding also quaternions, is widely explored, see for details the bibliography
of [18]. Fibonacci type sequences are generalized by considering Fibonacci
type polynomials. Sequences defined by the second-order linear homoge-
neous recurrence equation of the form

(1) fn($) = g($)fn,1(l') + h(l‘)fn72(l‘),

for n > 2 with fixed fo(z), f1(z) are named as Fibonacci type (or Fibonacci-
like) polynomials and their elements as polynomials of the Fibonacci type
(or Fibonacci-like), respectively. The family of Fibonacci type polynomials
defined by the equation (1) we will denote by F,(x) and sequences be-
longing to F,(z) we will denote by F(fo(x), fi(z); g(x),h(x)). The family
Fn(z) includes the well-known sequences of polynomials and recently there
have been so many studies of them in the literature. We list only classical
Fibonacci type sequences of polynomials:

F(0,1;z,1) — Fibonacci polynomials sequence {F,,(z)},
F(
F(
F(
(
(

2, z;x,1) — Lucas polynomials sequence {L,(x)},

0,1;2x,1) — Pell polynomials sequence { P, (x)},

2,2x;2x,1) — Pell-Lucas polynomials sequence {Qy,(x)},
F(0,1;1,2x) — Jacobsthal polynomials sequence {.J,(z)},
F(2,z;1,2x) — Jacobsthal-Lucas polynomials sequence {j(z)}.

If x = 1, then we obtain classical Fibonacci type sequences and also we

give their indication in On-line Encyclopedia of Integer Sequences which is
a popular online database of integer sequences, see [21]:

F(0,1;1,1) — Fibonacci sequence {F),}
(https://oeis.org/A000045)
F(2,1;1,1) — Lucas sequence {L,}
(https://oeis.org/A000032)
F(0,1;2,1) — Pell sequence {P,}
(https://oeis.org/A000129)
F(2,2;2,1) — Pell-Lucas sequence {Q,}
(https://oeis.org/A002203)
F(0,1;1,2) — Jacobsthal sequence {.J,, }
(https://oeis.org/A001045)

F(2,1;1,2) — Jacobsthal-Lucas sequence {j,}
(https://oeis.org/A014551).


https://oeis.org/A000045
https://oeis.org/A000032
https://oeis.org/A000129
https://oeis.org/A002203
https://oeis.org/A001045
https://oeis.org/A014551
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The first few Fibonacci type polynomials are given in Table 1.

L n Joft] 2 [ 3 | 4 | 5
F.(x) |0 1 x 22 +1 %+ 22 ot + 322 +1
Ly(z) || 2| = | 2242 | 23+ 32 zh 4+ 42% + 2 x5 + 52 + b
P,(z) | 0] 1 2z 422 +1 8z + 4z 162° + 1222 + 1
Qn(z) || 2| 22 | 422 + 2 | 82° + 62 | 162* + 162 + 2 | 3225 + 4023 + 10z
Jn(z) || 0] 1 1 2z +1 dr +1 4a% + 6z + 1
Jn(@) |2 2 | do+1 | 6z+1 8% + 8z + 1 20z% + 10z + 1

TABLE 1. A few first words of Fibonacci type polynomials.

Table 2 gives a few first elements of sequences of the Fibonacci type.

| nfojif2[3[4]5]6 7] 8] 9 |10]
F,Jo[t[1] 235 ] 8 [13] 21 | 34 | 55
L, 2|13 4|7 111829 47 | 76 | 123
B, [o[1]2] 5 [12]29] 70 [169] 408 | 985 | 2378
Qn|[2]2]6] 1434 [82] 198478 | 1154 | 2786 | 6726
Jo |[O] T[T 35 [11] 21 [ 43| 85 | 171 | 341
o |21 )5 7 [17]31] 65 [ 127 257 | 511 [ 1025

TABLE 2. The values of numbers of the Fibonacci type.

Based on the properties of sequences defined by the second-order linear
recurrence relations we can give direct formulas for Fibonacci type polyno-
mials.

Binet formulas for Fibonacci and Lucas polynomials have the form

V" (x) = 6"(x)

) B =) =)
and
Ln(z) =7"(z) + 6" (),
where
(3) ’7(%’):%(7}4- x2—|—4), 5(.2?):%(.%— x2+4).

Binet formulas for Pell and Pell-Lucas polynomials have the form

Y (x) — 6" (x)
B = =5

and

Qn(z) =" () + 6" (x)
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where
y(@)=x+Va*+1, dx)=x—Vz2+1
Binet formulas for Jacobsthal and Jacobsthal-Lucas polynomials have

the form
@) =)
) =S o)

and
n(@) =" (@) + 6" (2),

where

'y(m):%(l—i-\/Sx—i—l), 5(36):%(1—\/8964-1).

Let n > 0 be an integer. The nth generalized commutative Fibonacci
quaternion gcF,, the nth generalized commutative Lucas quaternion gcL,,
the nth generalized commutative Pell quaternion gcP,, the nth general-
ized commutative Pell-Lucas quaternion gcQ,, the nth generalized com-
mutative Jacobsthal quaternion gc,, and the nth generalized commutative
Jacobsthal-Lucas quaternion gcJL,, are defined as

gcFyn = Fy + Faiie1 + Fryoea + Frises,
gcLy = Ly + Lpy1e1 + Lpyoes + Ly yses,
gcPp = Py + Ppyie1 + Ppyoea + Puyses,
9cQn = Qn + Qnyre1 + Qni2ea + Qnyzes,
9cTn = Jn + Jny1e1 + Jni2es + Jnyses,
9cTLn = jn + Jnt1€1 + Jni2€2 + Jnises,

respectively.

These quaternions are special types of generalized commutative Horadam
quaternions defined in [19]. Now we will define generalized commutative
quaternion polynomials of the Fibonacci type.

Let n > 0 be an integer and x be a real variable. The nth Fibonacci
generalized commutative quaternion polynomial gcF,(z), the nth Lucas
generalized commutative quaternion polynomial gcL,(x), the nth Pell gen-
eralized commutative quaternion polynomial gcP,(z), the nth Pell-Lucas
generalized commutative quaternion polynomial gcQ, (z), the nth Jacob-
sthal generalized commutative quaternion polynomial ge7,(z) and the nth
Jacobsthal-Lucas generalized commutative quaternion polynomial gc L, ()
are defined by

(4) gcFn(x) = Fo(z) + Fopa(w)er + Fugo(@)e2 + Fays(a)es,
gcLy(x) = Ly(x) + Lyyi(x)er + Lyta(x)es + Lypts(x)es,
9cPn(x) = Pn(x) + Pryi(w)er + Poio(w)e2 + Poys(@)es,
9cQn () = Qun(z) + Qni1(x)er + Qniz(z)ea + Qnis()es,
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gcTIn () = Jn() + Jnt1(x)er + Jnya(x)ea + Jpys(x)es,
gcjﬁn(l') = ]n(‘r) + jn+1(l‘)€1 + jn+2(1:)€2 + jn+3($)e3a
respectively.
If © = 1, then gcF,(1) = gcFn, gcln(l) = gely, gcPn(l) = gcPy,
9c¢Qn(1) = gcQn, gcTn(1) = gcJn and geJLy (1) = geJLn.
In the next section we will give some properties of generalized commuta-
tive quaternion polynomials of the Fibonacci type.

2. Main results.

Theorem 1 (Binet type formula for Fibonacci generalized commutative
quaternion polynomials). Let n > 0 be an integer. Then

_ "=
5 T i@

W)
) — o)

where y(x), §(z) are given by (3).

(1 +v(x)er + ’72(113)62 + 73(33)63)

(14 d(2)er + 0*(x)ez + 6% (z)es)

Proof. Using (4) and (2), we have

geFn(z) = Fou(x) + Fag1(z)er + Fuia(z)ea + Foys(z)es
_2"e) —oMx) Y (x) - 6" ()
v(x) —o(x) v(x) —o(x)
L) =) ) =)
Y(z) = 6(x) V() = 6(x)
and after calculations the result follows. O

For simplicity of notation let
©) A(z) =1+ v(x)er + v (x)e2 + 7> (x)es,
5(x) = 14 6(x)er + 62(x)ea + 6°(x)es.

Theorem 2 (General bilinear index-reduction formula for Fibonacci gener-
alized commutative quaternion polynomials). Leta > 0,b>0,¢>0,d >0
be integers such that a +b=c+d. Then

gcFa(x) - geFp(x) — geFe(x) - geFa(x)
(Ve (2)d%(x) — v(2)0°(z) + 6°(z)y () — 6%(x)y"(x)] F(z)d(x)
(v(x) — 8(x))?

~

where y(x), §(x) are given by (3) and 7(x), 6(x) are given by (6).

)
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Proof. Using (5), we have
gcFo(x) - geFp(x) — gcFe(x) - geFq(x)

~

_ (@) (@) (@)d(x) — 8%(@)y ()5 (x)7(x)
(v(z) = 6(x))*
7 (@)8%(x)F (2)3(x) + 6°(x)y%(2)d(x)7 ()
(v(z) — 8(x))*
[v¢(2)8%(x) — 7 (2)8%(x) + 6°(2)y (@) — 6%(2)7"(2)] F(x)d ()
(v(z) — 8(x))* ’
which ends the proof. (|

+

For special values of a, b, ¢, d we obtain Catalan, Cassini, Vajda and
d’Ocagne type identity, respectively.

Corollary 3 (Catalan type identity for Fibonacci generalized commutative
quaternion polynomials). Let n > 0, r > 0 be integers such that n > r.
Then

9cFpir(2) - gcFn—r(z) — (QC}—n(x))Q
@) @A @)@ [, (v@)\ (0)
coamr - G) -G |
where y(x), d(z) are given by (3) and F(z), g(:zc) are giwen by (6).

v(z)

Corollary 4 (Cassini type identity for Fibonacci generalized commutative
quaternion polynomials). Let n > 1 be an integer. Then

9eF (@) - geFuoi(x) = (9eFn())”

_ Y (@) (@)FA()d(x) [, () b()
(v(z) — 6(x))? 6(x) ()]’

where y(x), d(z) are given by (3) and F(z), g(:lc) are giwen by (6).

Corollary 5 (Vajda type identity for Fibonacci generalized commutative
quaternion polynomials). Let n > 0, m > 0, p > 0 be integers such that
n > p. Then

9Fmtp() - geFn—p(x) = geFm(2) - geFn(z)
@@ (1= (35)) +om@n@ (1= (55)")] @)
(3(x) = 3(a))?

~

where y(x), d(x) are given by (3) and 7(x), 6(x) are given by (6).

)
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Corollary 6 (d’Ocagne type identity for Fibonacci generalized commuta-
tive quaternion polynomials). Letn > 0, m > 0 be integers such thatn > m.
Then

9eFu(x) - gcFmir (@) — geFpir (@) - geFm(z)
[Y"(2)0™ () — 6" (2)y™ ()] A (x)d(x)
(@) — 8(x) ’

where y(x), §(x) are given by (3) and 7(x), S(x) are given by (6).

In the same way we can prove results for Lucas generalized commutative
quaternion polynomials.

Theorem 7 (Binet type formula for Lucas generalized commutative quater-
nion polynomials). Let n > 0 be an integer. Then

~

geLn(x) =" (2)y(x) + 6" (2)d(x),
where y(x), d(z) are given by (3) and F(z), g(:z) are giwen by (6).

Theorem 8 (General bilinear index-reduction formula for Lucas generalized
commutative quaternion polynomials). Let a > 0, b >0, ¢ > 0,d > 0 be
integers such that a +b=c+d. Then

gcLly(zx) - geLly(x) — gele(x) - geLy(x)
= [’Ya(l‘)be(x) +0%(2)7" (@) — 1 ()8 () — 6°(x)y* (x) | ()5 (),

-~

where y(x), d(z) are given by (3) and Y(x), 6(x) are given by (6).

Corollary 9 (Catalan type identity for Lucas generalized commutative
quaternion polynomials). Let n > 0, r > 0 be integers such that n > r.
Then

gcLnir(w) - geLy—r(x) — (gcLln(z )2
)

— @) |(3) + (29 —2| i),

where y(x), 0(x) are given by (3) and 7(z), g(az) are given by (6).

Corollary 10 (Cassini type identity for Lucas generalized commutative
quaternion polynomials). Let n > 1 be an integer. Then

9eLur1(@) - geLn-1(x) — (geln(z))*
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Corollary 11 (Vajda type identity for Lucas generalized commutative qua-
ternion polynomials). Let n >0, m >0, p > 0 be integers such that n > p.
Then

GCLyip(T) - geLy—p(x) — gclm () - geLly(z)

- @) ((R2) 1) +omwnre) ((28) - 1)] swite)

where y(x), 0(x) are given by (3) and 7(z), 8\(56) are given by (6).

Corollary 12 (d’Ocagne type identity for Lucas generalized commutative
quaternion polynomials). Let n > 0, m > 0 be integers such that n > m.
Then

gL (z) - geLpy1(x) — gelpyi(x) - geLpy(x)
= (7" (®)0" (2) = " (@)7™ (2)) (3(w) = 7(2)) F()3 (),

-~

where y(x), 0(x) are given by (3) and 7(z), 0(x) are given by (6).

Based on the above methods we can give results for other classical Fi-
bonacci type generalized commutative quaternion polynomials i.e. Pell, Pell-
Lucas, Jacobsthal, Jacobsthal-Lucas generalized commutative quaternion
polynomials.

Using (6), we have

Y(@)d(x) = 8(x)y(x)
=1+ 7(2)d(z)a + 7 ()% ()8 + 7 (x)0° (x)ap
+ (7(@) +8(x) +7%(2)8° (2) 8 +~°(2)0%(2) ) e1
+ (V2 (@) + 0% (2) +y(2) 8% (x )a+’Y3( )d(z)a) ez
+ (74 (@) + (@) + 1(@)0%(2) + 72(2)3(2)) es
=1+7(z)d(x)a + (v(z)d(x))* 6 + ( (2)8(x))* o
+ (7(@) + 8(@)) (1 + (1(2)(2)) B) e1
+ (V3 (2) + 6%(2)) (1 + 7(2)d
+ (v’ (@) + 6% () + v(2)8(2)
By simple calculations we obtain
() + 6% (x) = (7(2) + 6())* — 2y(2)é (=),
7 (@) + 6% (@) = (y(2) +8(2))* = 3v(2)d(2) (7 () + 8(2))-

Dependencies between functions d(x) and y(x) which appears in the above
equations can be determined for special pairs of Fibonacci type polynomials
sequences and we show that they are fixed polynomials for Fibonacci and

(z
3

T

() (z)a) e
) (6(x) +(x))) es.
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Lucas, Pell and Pell-Lucas and Jacobsthal and Jacobsthal-Lucas polyno-
mials sequences. These polynomials are indicated in the following table.

| | 7(2) +0(2) [1(2)3(x) [ /*(2) +6°(2) [ +*(x) + 8%(x) |
n(T) x -1 x? +2 23+ 3z
n(T) 2x -1 42?2 +2 823 + 6z
(), jn(x) 1 -2z 1+ 4z 1+ 6z

TABLE 3. Dependencies between 6(x) and ().

Concluding Remarks. In this paper, we introduced and discussed the
concept of generalized commutative quaternion polynomials of the Fibonacci
type. Presented results concern different families of quaternions. The prob-
lems analyzed in this paper can be still extended for other generalizations
of quaternions and we believe that the obtained results may be a signifi-
cant step in exploration of this field. The presented concept and results
can have the potential to motivate further research on the subject of the
Fibonacci finite operators quaternions and other Fibonacci hypercomplex
numbers using methods and interesting results given for example in the
papers [12, 20, 22].
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