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and their bihyperbolic generalizations

ABSTRACT. In this paper, we introduce bihyperbolic third-order Jacobsthal
and third-order Jacobsthal-Lucas numbers. In other words, bihyperbolic
numbers whose coefficients are consecutive third-order Jacobsthal and third-
order Jacobsthal-Lucas numbers. Furthermore, we study one parameter gen-
eralizations of bihyperbolic third-order Jacobsthal and third-order Jacobsthal—-
Lucas numbers and relations between them.

1. Preliminary results. Let n > 0 be an integer. The nth third-order

Jacobsthal number J,SS) and the nth third-order Jacobsthal-Lucas number

j,(f’) are defined recursively by

3 3 3 3 3 3
J7(1423 = JT(L-BQ +Jr(LJ21 + 271, Jé ' =0, J1( )= JQ( =1

and

,7'523 = 7(522 +j7(321 +2i®, 480 =2, 30 =1, S =5,

respectively. Note that third-order Jacobsthal numbers are introduced by
Cook and Bacon (see [6]) as a generalization of the Jacobsthal numbers
(see [7]). The Binet type formula of these sequence have the form J® =
L2t 4 X, — 2X,41] and 5 = L [203 — 3(X,, — 2X,,11)], where X, is
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defined recursively by
Xn+2 = T An+41 _Xna XO = 07 X1 =1

Third-order Jacobsthal sequence has been studied in many papers, see for
example [8, 9, 10, 11, 14]. Recently, Morales [12] introduced the generalized
third-order Jacobsthal numbers as follows. Let &k > 1 be a fixed integer, let

J,Egg be the nth generalized third-order Jacobsthal number defined by
3 3 3 3
(1) J 20+3 = (k- 1)J] 71+2 + (k- ]‘)J]E,‘T)L"rl +kJ1§7)Lv

where J,fg =0, J,ggl) =1 and J,S,Q) =k — 1. It is easily seen that JQ( ) = ,(L ),

By analogy, we define the generahzed third-order Jacobsthal-Lucas num-
bers in the following way. Let k > 1 be a fixed integer, let j,(i)L be the nth
generalized third-order Jacobsthal-Lucas number defined by 7

3 3 3
2) I s = (k=130 o+ (k= 15+ kG,

where ](3) 2, ],(jf =k—1and ],(C% = k2 +1. Moreover, we have ]57)1 = jé ),
)

Some properties, identities and matrix generators of Jlg ., were given in
[12]. In the next section of the paper, we use the following results.

Theorem 1.1 ([12], Theorem 2.3). Let n > 0, k > 1 be integers. Then

(3) _ 1 n+1
(3) T = o (K" + X — kX1
and
(3 1 n
@) o= e LE R DR = (4 ) (X — kX))
where Xpy190 = —Xpt1 — Xn, Xo=0 and X1 = 1.

Theorem 1.2 ([12], Theorem 3.3). Letn >m >0, k > 1 be integers. Then

5) i

(3) 3) 7(3)
k,erle,n - J J

kn+1 — [kn—HXerl - km+1Xn+1 + anm]

Ok

3 3 3 3
DI A

(6) k+1
_ (k+1)(or+1) X1 — K X1 + + Lt
Ok kT 1

where o, = k% +k + 1.

Now we prove a new result on these sequences that will be used later. This
result shows the relation between two consecutive terms of these sequences
and their relationship with the sequence X,.
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Proposition 1.3. Let k > 1 be a fized integer. For any integer n > 0, we
have

3 3 1 (3 (3
B k= Xan = - 10, - Y]

where X,, as in Theorem 1.1.

Proof. (By induction on n) If n = 0, then Jlggl) - k‘Jli?’g =1-k-0=1=X;.
Now assume that for any n > 0, we have Jlgggl 1 kJ,g?’) = Xp+1 and
g® B

3 3
D o = kIS = Xnya. We shall show that J©) o — kJ\) ) = Xoya.
Applying the induction’s hypothesis, we obtain

Xn+3 = *Xn+2 - XnJrl

(0 ) - (402

3 3 3
= _Jli,r)z+2 + (k — 1)Jlg,r)z+1 + k‘Jéi
3 3 3
= 15,7)1—1—2 + Jlg,r)z—i—?; — (k- 1)J1§,72+2
3 3)
= Jlg,al+3 - k‘]Ig,n—H

and by induction’s rule the first formula follows. The second statement is
similar. 0

The third-order Jacobsthal numbers and their generalizations have appli-
cations also in the theory of hypercomplex numbers. In [8], the author in-
troduced and studied third-order Jacobsthal quaternions. In [9], the author
considered the dual third-order Jacobsthal numbers and dual third-order Ja-
cobsthal vectors. In this paper, we use third-order Jacobsthal, third-order
Jacobsthal-Lucas and their generalizations in the theory of bihyperbolic
numbers.

Hyperbolic numbers are two dimensional number system. Hyperbolic
imaginary unit (or unipotent) is an element h # +1 such that h? = 1.
Bihyperbolic numbers are a generalization of hyperbolic numbers. A bihy-
perbolic number has the form

E=&+&h1+&ha+&hs, §€R, 1=0,1,2,3.
Note that h; ¢ R (I = 1,2,3) are operators such that
(8) hi=h3=h3=1
and
9) hi1 = hohs = hghs, ho = hihs = hsghq, hg = hi1hy = hoh;.

The addition and multiplication of bihyperbolic numbers is commutative
and associative, that is the set of bihyperbolic numbers is a commutative
ring. For interested readers in the algebraic properties of bihyperbolic num-
bers, see [1] and the references cited therein. The Fibonacci numbers and
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their generalizations have applications also in the theory of bihyperbolic
numbers. In [2, 3], Bréd, Szynal-Liana and Wloch introduced and studied
bihyperbolic numbers whose coefficients are consecutive Fibonacci numbers.
Other interesting studies related to this type of sequences are introduced
and studied in [4, 5].

Let n > 0 be an integer. The nth bihyperbolic third-order Jacob-
sthal number B hJT(L3) and the nth bihyperbolic third-order Jacobsthal-Lucas

th}(?) are defined by

BhJ®) = J® + J9) by + T5he + I8 by

and
Bhj®) = jB) + ja(ﬁl)-lhl + .7'7(322@ + jﬁ:shi%v

respectively, where JV(LS) is the nth third-order Jacobsthal number, jr({%) is the
nth third-order Jacobsthal-Lucas number and hi, he, hs are units which
satisfy equations (8) and (9).

Definition 1.4. The nth generalized bihyperbolic third-order Jacobsthal

(or bihyperbolic third-order k-Jacobsthal) number BhJy; (8 ) we define in the
following way

(10) BhJS) = 30 + I3 b+ I ho + I

n+2 k n+3h3’

where J, ) ; » is the nth third-order k-Jacobsthal defined in (1). By analogy, the
nth generahzed bihyperbolic third-order Jacobsthal-Lucas (or bihyperbolic

third-order k-Jacobsthal-Lucas) number thliJ)L we define in the following
way

(1) Bhjiin, = din + it + Gineahs + G shs,

where j,(:’) is the nth third-order k-Jacobsthal-Lucas defined in (2). For
k = 2, we obtain BhJS) = BhJy” and Bhjs = Bhj\?.

Using the above definitions, we can write initial bihyperbolic third-order
k-Jacobsthal numbers

BhJ) = hy+ (k—1)ha + (k* — k)hs,
(12)  BhJS) =14 (k—1)hy + (K — k)ho + (K* — K+ 1)hs,

BhJ) =k —1+ (K —k)hy + (K — k> + 1)ho + (K = k* + k — 1)hs,
bihyperbolic third-order k-Jacobsthal-Lucas numbers

BRG®) =2+ (k= Dhy + (K + 1)y + (K + k)hs,
(13)  Bhj{l =k =1+ (k2 +1)hi+ (k> + k)ha + (k' + k2 —k — 1)hs,
Bhjiy= K2+ 1+(k>+k)hy+ (k' + K —k—1)hy+ (kK> + K> — k> +1) hs,
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bihyperbolic third-order Jacobsthal numbers
BhJ$Y = hy + hy + 2hs,
BhJ® =14 hy +2hy + 5hs,
BhJS) =1+ 2hy +5hy + 9hs,
bihyperbolic third-order Jacobsthal-Lucas numbers
Bhj{¥ =2+ hy + 5hy + 10,
Bhj® =1+ 5hy +10hy +17hs,
Bhj§) =5+ 10hy + 17hy + 37hs.

2. Main results. In this section, we present some properties of bihyper-
bolic third-order k-Jacobsthal and bihyperbolic third-order k-Jacobsthal-

Lucas numbers.
Theorem 2.1. Let k> 1 be a fized integer. For any integer n >0, we have
BhJ) = (k—1)BhJY) ,+ (k—1)BhJ) | + kBRI,
where BhJ,Sg, BhJ,Sl) and BhJ,g?Q) are defined by (12).
Proof. By formulas (1) and (10), we have
(k—1)BhJ}>) o+ (k—1)BhJ") | +kBhJy)
=(k—1) |:Jlf’73,+2 + Jlgi)w,+3h1 + sz’iﬂhz + Jlgi)z+5h3}
) L I A2, s ]
[T 4 T+ 0 o+ I o]
= (k— 1)Jigi)z+2 + (k— 1)Jlgi)z+1 + kjlggf)z
+ [(k - 1)']/5?7)1—1-3 (k— 1)J/£?7)L+2 + kjlgi)z—i-l] ha
| = DI (k=10 4 RIS o o

3 3 3
k=0T g o= DIy kI B

_ 73 (3) (3) (3)
=Jp st Joniali T pishe+ 5 6hs
_ 3)
=BhJ} .3,
which proves what was requested. ]

In the same way, using the formulas (2) and (11), we can prove the next
result.
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Theorem 2.2. Let k> 1 be a fized integer. For any integer n >0, we have

Bhj®) = (k—1)Bhj{®) ,+(k—1)Bhj®) | +kBhj),

where th,fg, th,g:j'l) and th,g:;) are defined by equation (13).

Now we study the comparison between two consecutive terms of bihyper-
bolic third-order k-Jacobsthal numbers and their relation with the sequence
X,. Note that X, 492 =—X, 11 — X, for all integer n > 0.

Theorem 2.3. Let k>1 be a fized integer. For any integer n>0, we obtain

Bh‘]lfzii—&-l = ’thJ;fﬁ + (he —h1) Xpn + (hs — h1 +1) Xp41,

where X, is defined by Theorem 1.1.

Proof. Using the relation J,g37)L+1—kJ,53) Xp+1 in Proposition 1.3 and

n—_

equation (10), we get

BhJ®)

kol T thJISr)L = J1£3)+1 + J;fimhl + Jlg?7)1+3h2 + J;ff’ﬁﬂhz

,TY

—k [Jlg3r)z + Jlgi)l+1h1 + Jlgi)zwh? + J’g?7)74+3h3:|
3 3 3 3
= JIE:,7)1+1 - leir)z + [Jlg,r)z+2 - leE:,r)z—f—l} hy

+ [Jlgf?b% - k‘Jziiim} ha + |:J]S}734+4 - k*]lgizﬂ} hs
= Xnt1+ Xnyoht + Xngsho + Xpyahs
=Xp4+1+ (_Xn+1 — Xn)h1 + Xnho+ Xpt1hs
= (he—h1) X+ (hs—h1+ 1) X541,
which proves what was requested. ]
Remark 2.4. Using the definition of sequence X, in the above result, we
have
1—hi+hs if n=0 (mod 3)
(h2 —h1)Xn+(hg—h1+1) X1 = —1+hy—hs if n=1 (mod 3)
hi—ha if n=2 (mod 3).

Finally, we can write Theorem 2.3 as

kBhJ) +1—hi+hs if n=0 (mod 3)
BhJ = kBhJ®) ~1+4hy—hs if n=1 (mod 3)
kBRJ) +hi—hy  if n=2 (mod 3).

In the same way, using the relation j,(fr)lﬂ —k:j,fi)l =—(k+1)X,41 in Propo-

sition 1.3 and (11), we can prove the next result.
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Theorem 2.5. Let k> 1 be a fized integer. For any integer n >0, we have
Bhj) .\ = kBhj\) — (k+1)[(ha — h1) Xy + (hs — by +1) Xop1],
where X, is defined by Theorem 1.1.

Next theorems give a kind of the Binet formulas for the bihyperbolic
third-order k-Jacobsthal and bihyperbolic third-order k-Jacobsthal-Lucas
numbers.

Theorem 2.6. Let k> 1 be a fized integer. For any integer n >0, we have
BhJ) =548 + BhJ) Xos1 — B | X,
where 2y, = 14+ khy + k*ho + k3hs and X, is defined by Theorem 1.1.

Proof. Using Proposition 1.3, we have

@) _ 3
Jk,nJrl - ka,n + X”“’l’

J;ff’ﬁm = kjlfz?r)wrl + Xnto = k2Jl§?r)L +(k—=1)Xn1— X,
I = k) ot s = KT+ (K2 — k) X1 — (k— 1) X,

n
Thus, we obtain

BhJ® = J&)

n =

+ J,f’g b I ok J,S?l shs

I
k‘k‘/\ I~

)

)+ [T+ X B+ [R2IE) + (k= 1) X1 = X | By

+ [k?’J,f” (k2 = k) X1 — (k— 1)Xn} hs

n

(1+ kha +k2ha + K>hs) J)
+ (h14 (k—1Dho+ (k2 = k)h3) Xpp1 — (ho+ (k= 1)h3) X,
From equation (12) and Jli,zlz()? we get BhJ,g?gzh1+(k—l)h2+

(k? —k)hs and BhJ" | =hy+ (k—1)hs. Finally, using the notation =), =
1+ khi + k?ho + k3hs, we obtain the desired formula. O

Theorem 2.7. Let k> 1 be a fized integer. For any integer n >0, we have
Bhj{) =Zkji) — (k1) [ BRI Xoir = BRI X .
where 2y, =1+ khy + k2ho + k3hs and X, is defined by Theorem 1.1.

Proof. Using Proposition 1.3, equation (11) and proceeding analogously as
in the proof of the previous theorem we obtain the desired formula. O
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Corollary 2.8. Let k=2. For any integer n >0, we have
BhJ) =E5J3) 4 (hy + hy 4 2h3) X1 — (ha + h3) X

[I

and
Bhj®) = 25583 —3[(hy + ho 4 2h3) Xpny1 — (ho 4+ h3) X],
where =9 =14 2h1 +4hs 4+ 8hs and X, is defined by Theorem 1.1.

For simplicity of notation let oy =BhJY . B.=BhJ{) and Z, =
BrXn+1 — axXy. Using Theorems (2.6) and (2.7), we can write

(14) BhJY) =E4 ) + Zi
and
(15) Bhj = Eg>) — (k+1) Zi,

where i, = 1+ khy + k%ho + k3 hs.

Using the Binet formulas in equations (14) and (15), we can derive the
d’Ocagne identity for the bihyperbolic third-order k-Jacobsthal and bihy-
perbolic third-order k-Jacobsthal-Lucas numbers.

Theorem 2.9. Let n >0, m >0 be integers such that n>m. Then

Zkm+1Zkn — Zkn Znt1 = (g + ar B + Bi) Xn—

and

BhJ®)

=2
k1 = 25" X1 =K X1+ X

Ok

+ (a + B + Be) Xn—

+ Ek [Ak,an+1 - Bk,an]
- Ek [Ak,nXm+1 - Bk,nXm] )

BhJ”) — BhJ) BhJ) | =

where )= 1+kh1 +k2ha +k3hs, A =i ) + (@t Br) I, Bin =

akJ — B Jk s ,g)l and X, are defined by Theorem 1.1.

kn+1

Proof. By formulas Zj, , = B Xy +1 — ax Xy, and Zy 541 = — (o + Br) Xng1 —
BiXn, we get

Zom41Zkm — Zioom Zik 1 = |— (o + Br) Xmt1 — BeXom] [BeXnt1 — ar X
— [BeXimt1 — X [ (s + Br) X1 — BrXn]
= (0 + kB + ) [Xm1 Xn = Xin X 1]
= (aj + 0B+ Bp) X
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Using equations (14) and (5) and some algebraic calculations, we obtain

BhJY) — BhJ) Bh)

Bh‘]( ) k,n+1

k,m~+1
= [E6I 0 1+ Zhm] [EkJ,SﬁZk,n] ST Zm] |ErI i+ Zinia

=2 J(3)
— =k |Ykm+1 km“kn+1

+ [T 1 Zkn = T Zenr = Tion Zim + T Ziems|

I =TI |+ Zemar Zun = Zim D

—2
—k [kn+1Xm+1 . km+1Xn+1 +Xn—m]

Ok

=+ (a% —{—Ozkﬁk + ﬁz)X _

+Ek [AkmXnt1 — BrmXn] — Ek [Akn Xmt1 — Bin Xl
where Ay = i+ (ax+Br) I and Biy = apdio, — By, which
completes the proof. O

In the same way, using equations (15) and (6), we obtain the d’Ocagne
identity for the bihyperbolic third-order k-Jacobsthal-Lucas numbers.

Theorem 2.10. Let n >0, m >0 be integers such that n >m. Then

i Bhi® — Bhi® Bhi

km+1 k,m kn+1
:Ez(kﬂ)(akﬂ) kan+1_anm+l+ﬂ .
Ok or+1
+ (k+1)* (0 + arfBr + B7) Xn
+ (k4 1)Zg [Ch mH—Dan ]
—(k+1)=y [Ckm Xn+1— Dem Xy,

where Cy, , = 5kj;(€?,)1+1 + (o + ﬁk)j;(j,)u Dy = Oékj;(j,)ﬁl - Bm,ﬁf”i, J,g?’,)L and Xy,

are defined by Theorem 1.1.

Now, for m=n—1 and n > 1, we obtain Cassini identities for the bihyper-
bolic third-order k-Jacobsthal and bihyperbolic third-order k-Jacobsthal-

Lucas numbers.

Corollary 2.11. Let n>1 be an integer. Then
% [kn+1Xn o ann-l-l + 1]
Ok
+aj + i + B
+ Ek [Akn-1Xn+1 — Brn—1X5]
—Ek [AgnXn — Brn Xpn—1]

2
BrIC)| = BRI BRI, =
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and
2
{thlf?)z} _thl(c?l—lthlgi)L-&-l
=2 (k+1 1
— k'( + )(0k+ ) kn—an+1_ann+ k+1
Ok op+1

+(k+1)*(of + o B+ 5)
+(k+1)Zk [Ckn Xn — D n Xn—1]
—(k+1)Z; [Chn—1Xn+1 — D n—1Xn] .

Now we give ordinary generating functions for the bihyperbolic third-
order k-Jacobsthal and bihyperbolic third-order k-Jacobsthal-Lucas num-
bers.

Theorem 2.12. Let k> 1 be a fized integer. The generating function for
the bihyperbolic third-order k-Jacobsthal number sequence {BhJ,g:?l} 18 given
by
hi+ (k—1)ha + (k* — k)h3
+[1+ (k—1)ha + (k* — k+1)hg]A
+[khg + (k? — k)h3]\?
I—(k—1A=(k—1)\2 — kX3

Proof. Assume that the generating function of the bihyperbolic third-
order k-Jacobsthal number sequence { Bh.J, 15,372} has the form G(\)=Bh.J ,g?’g +

BhJ,ggl) A+ BhJ, 232) A2 +.... Then, after some algebraic calculations

GO\ =G (BhJ,f’> /\) -

n’

[1—(k—DA—(k—1)X*—kN] G()N)
= BhJ )+ BhJ A+ BhI{ON2 + BRI -+
— (k= 1)BhJgA— (k= 1) BhJ )2 — (k— 1) BRJN — -
— (k= 1)BhJ A2 = (k= 1) BhJ A — -
—kBRIGIN® — -
= BhJ )+ (BhJy) — (k—1)BhJyg)A
+(BhJ) — (k—1)BhJ") — (k—1)BhJ)A2,

since BhJ\) = (k—1)BhJy ), + (k—1)BhJ\,, —kBhJ) and the co-
efficients of \* for n >3 are equal to zero. Furthermore, we can write
BRI = hi+ (k—1)ha+ (k2 —k)hs, BhJ() —(k—1)BhJ\y =1+ (k—1)ha +
(k2 —k+1)hs and BhJ) — (k—1)BhJ}") — (k—1)BhJ} g = kha+ (k* — k)hs,
which completes the proof. O
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Theorem 2.13. Let k> 1 be a fized integer. The generating function for
the bihyperbolic third-order k-Jacobsthal-Lucas number sequence {th,(fr)b}

s given by

24 (k—1)hy + (k2 + 1)ho + (k3 + k)R
+[—k+1+2khy + (k2 4+ 1)ho + (k' — 1)h3]A
+[2+2khy + (k2 — k)ho + (k3 + k) h3]\?
1—(k—1)A—(k—1)A\2— k)3

G (Brjfin) =
Proof. This proof is similar to the proof of Theorem 2.12. In this case, we
have Bhjiy =2+ (k—1)h1+(k>+1)ha-+ (K*+k)hs, Bhji|— (k—1)Bhj\y=
—k+142khy+(k2+1)hg+(k3—1)hs and Bhj{*)—(k—1)Bhj\")— (k—1) Bhj\)
=2+42khy + (k® — k)ha + (K2 + k) hs. U

Remark 2.14. Let k=2, the generating function G(BhJ,(13);)\) for the
bihyperbolic third-order Jacobsthal number sequence {Bth(Lg)}nZO is

_ hi+ha 4 2hg +[14 hy 4 3ha] A + [2hg + 2h3] A2
B I—A—A2-2)3 '

G (ma A)

Also, the generating function G(thq(z?’);)\) for the bihyperbolic third-order
Jacobsthal-Lucas number sequence {thfzg)}nzo is
2+ hq 4 5ho + 10hs }

2
3).y) — { +[=1+4h1 +5hg + Ths] A+ [2 +4h1 + 2R + 10h3]\
G (Brif:A) R

Finally, we will give a matrix representation of the bihyperbolic numbers
defined above. Let us consider the following matrix

BhJ BRI —(k—=1)BhJ)  kBhI,
NG = | Bhafy BRI —(k=1)BRIS) kBRI |
BhJY, BhJ)—(k=1)BhJ | kB,

where BhJ®) | = hy+ (k—1)hg and BhJY ), =1 4 hg.
It is easy to see that for n >0 it holds

3 3 3
n k—1 k—1 k" Jli,r)LJrl TJ]5,7)L+1 kJIgJ)L
RS e T SR N B I A /A 5/
o 1ol [ el Wl

where T'J ,537)1 =J 15337)1 I

the following theorem.

—(k— 1)J,£i)l, J,S’zl =0 and J,SZQ = % Then, we consider
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Theorem 2.15. Let k> 1 be a fized integer. For any integer n >0, we
obtain

[ BRI, ThID., kBRI
NG [P = | Bh) Tthg) kBhJS) | |,

BhJY) | ThJ,E’ kBhJS)_,
where ThJ,iSBL = BhJ/E;Sg-s-l — (k- 1)Bh<]l§371'

Proof. (By induction on n) If n=0, then assuming that the matrix to
power 0 is the identity matrix the result is obvious. Now, suppose that for
n >0 it holds

BhJY) .| Thi),, —kBhJ®)
MY P = BhJ®) ThJ,f’) kBhIC)
Bha®  Tha® L kBRI,
By simple calculations, using induction’s hypothesis we have

N(3)- {MS)FH _ N,(CS)‘ [Ml(:,)r ) M;(f)

Bthi)H—l ThJ) 41 thJ;ffi k-1 k—1 k

= BhJ,Er)L ThJ,ST)L kBRI -] 1 0 0
BhJ,i)L ) ThJ(‘” » thJ,gii ) 0 L0
[ (k- )BhJ,S’gHJrThJ,igH Th,, thJ,i)LH

= (k:—l)BhJ(3)+ThJ() ThJ,if”)LH thJ,if’QL
| (k—1)BhJ") +ThJ,§) ThJ)  kBRJS) |

n—1 n—1
[ BhJiny, Thig., kBhI().
= Bthgi)wrl Th‘]lﬁﬂ thJIS?L J

BhJ®  Thy®  kBRIP)

where ThJ{>) = BhJ®)

a1 — (k= 1)BhJ,E,3%7 which completes the proof. [

In addition, we can also verify the behavior of the following determinants
indicated by

3
" k1 TJ,§ r)z+1 leir)z
det [(MP) ] =det | 2 T kgD,

3 3) 3
JO L TIE kI,
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3 3) (3
n BhJ]E?,?’)L-Fl Th‘]k,n—i-l thJk,?’)L

det [N (M) =det | BRI ThIS) kBRI |
BhJ,S}L_l Thjli?,{_l thJ,S}L_Q

where TJ,S’Y)I and ThJ 237)1 as in Theorem 2.15.
Corollary 2.16. For any integer n >0, we obtain
(16) det [(M,(j’))"} = k",

(a7 det NP+ (M7)"] = det [ (M) NP =k det [NY].

Remark 2.17. Note that multiplication of bihyperbolic numbers is com-
mutative and determinant properties can be used. In this sense, calcu-
lating determinants in Theorem 2.15, we can also obtain a cubic identity
for the bihyperbolic third-order k-Jacobsthal and bihyperbolic third-order
k-Jacobsthal-Lucas numbers. Also, using algebraic operations and matrix
algebra could give many other interesting identities of these bihyperbolic
numbers.

3. Conclusions. In this paper, we introduce one-parameter generaliza-
tion of bihyperbolic third-order Jacobsthal numbers and bihyperbolic third-
order Jacobsthal-Lucas numbers. Furthermore, we study some properties
of them, among others the Binet formula, Cassini and d’Ocagne identities.
Moreover, we give the generating function and special relations between
them. The presented results are generalizations of the dual and gaussian
third-order Jacobsthal numbers studied in [9, 13] following the ideas of Bréd,
Szynal-Liana and Wloch in [2, 3]. An interested reader could further gen-
eralize this sequence, considering for example arbitrary initial conditions.
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