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On boundary behavior of Cauchy integrals

ABSTRACT. In this paper, we shall estimate the growth order of the n-th
derivative Cauchy integrals at a point in terms of the distance between the
point and the boundary of the domain. By using the estimate, we shall gen-
eralize Plemelj—Sokthoski theorem. We also consider the boundary behavior
of generalized Cauchy integrals on compact bordered Riemann surfaces.

1. Introduction. Let ¢ be a continuous function on a smooth Jordan
curve I' in C and consider the Cauchy integral;

I RI(9)
1.1 F(z)=— | —=d
(11) ()= g [ £
for z € C\I'. It is a holomorphic function on C\ I'". Let Dy and D_
denote the bounded component of C \ I" and the unbounded component,
respectively. On the boundary behavior of the Cauchy integral, the following

is well known and it is called Plemelj—Sokthotski formula (cf. [6]).

Theorem (Plemelj—Sokthotski). Suppose that ¢ is a Hélder continuous
function of order a (0 < a < 1) on T, that is, there exists a constant A > 0
such that

(1.2) 0(C1) — (C2)] < Al¢r — G|
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Then, the Cauchy integral (1.1) of ¢ has a limit at each {y € I'. Further-
more, let F1((p) and F_({y) denote the boundary values of F' from D, and
D_, respectively, then both Fy and F_ are Hélder continuous functions of
order a on I' and

(1.3) Fi(G) = 5@ ) + %PV C CO
_ 1 1 v(C)
(14) Q) = —50lQ)+ 5PV [ B,
where P.V. means the principal value of the integral at (y. In particular,
(1.5) Fi (o) — F-(Co) = ¢(Co)-

From the theorem, the principal value gives a mapping from the space of
Hélder continuous functions of order « to itself if a € (0, 1) while it does not
hold when o = 1 and it inspired interest in the theory of singular integrals
(cf. [9]). Zygmund and I. E. Block ([3]) improved the theorem for functions
of Zygmund class A* (see also [8] for several complex variables). Bik¢antaev
([2]) generalized the theorem on open Riemann surfaces. On the other hand,
J. L. Walsh ([14]) showed that the equation (1.5) holds almost everywhere
if ' is the unit circle and ¢ is in the class L? with respect to the Lebesgue
measure df on the circle.

Theorem (Walsh). Let ¢ be in L?(df) on the unit circle {z = e}, Then
the Cauchy integral (1.1) has non-tangential limits F, (e’) and F_(e?) al-
most everywhere from inside and outside the circle, respectively.

In this paper, we have two purposes. The first purpose is to relax the
condition (1.2) and show results similar to Plemelj—Sokthotski theorem hold.
The second one is to extend Walsh’s theorem for LP functions on boundaries
of compact bordered Riemann surfaces. In the following, we will present
main results in this paper. The terminologies will be given in §2.

First, we shall show an estimate of the derivative of the Cauchy integral
of ¢, which gives a generalization of Hardy-Littlewood theorem (cf. [12],
see also [11]).

Theorem 1. Let ' be a smooth Jordan curve in C and ¢ be a continuous
function on T.

Suppose that the function ¢ belongs to A} (w) for w € D. Then, there
exists a constant A > 0 such that the derivative of the Cauchy integral F(z)
of p satisfies an inequality,

(1.6) [P0 (2)[6(2)" < Aw(8(2)),
for any z € C\T near T, where 6(z) = dist(z,I") := min¢er |2 — (|-

Using the above theorem, we prove a generalization of Plemelj—Sokthotski
theorem as a corollary.
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Corollary 1. Let I', ¢ and w be the same as in Theorem 1. Furthermore,
we suppose that

(1.7) /01 wit)dt < 00.

Then, the Cauchy integral F' of ¢ has a limit at each (o € I'. Moreover, the
boundary values F'y((p) and F_((p) are given by (1.3) and (1.4).

We also give the modulus of continuity of the Cauchy integral F' on T'.

Corollary 2. Let I',¢ and w be the same as in Theorem 1. Then, the
boundary functions Fy and F_ belong to Aj(Z.), where

zxw:nmx{éiw@51@¢qo} (t > 0).

In particular,

RV/MOﬂEM@J
r

Remark 1. Zygmund showed that if I" is the unit circle and ¢ € Af(w),

then
P.V./ 20O 4e e Ax(zY),
I

where
t to

(1.8) zg(t):/ OJ(S)dert/ is)ds,
o S t S

for some t9 > 0 (see [7] p. 106). See also [9] for some related results.
However, it is sometimes hard to calculate Z° when Z,, can be calculated
(see §5).

Finally, we consider an analogue of Walsh’s theorem on compact bordered
Riemann surface. Let R be a compact bordered Riemann surface and R the
double of R. Let g be the genus of R. Then, there exists a canonical
homology basis of R {A1, B, ..., Ay, By} such that

AinAj=0, BinB;j =0 (i #j),
and the intersection number of A; and B; is ;4.
Take a point Py € R\ (RUOR) and fix it. Let wp, p be an abelian

differential of the third kind on R with simple poles at Py and P (# Pp)
such that the residue at Py is —1 and 1 at P. We assume that the differential
Wp p is normalized, that is,

/ wpp=0 (=129
A

J
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For ¢ € L'(OR), we define a generalized Cauchy integral I of ¢ by

(1.9) F(P) = 1/aR owpp (P &OR).

27

Then, we have the following theorem which extends theorems of Plemelj—
Sokthotski and Walsh. The proof will be given in §7.

Theorem 2. Let R be a compact Riemann surface and Wp, p the normalized
abelian differential of the third kind with poles at ]50 and P as above.

(1) If ¢ € LY(OR), then the generalized Cauchy integral (1.9) is holo-
morphic on R\ OR.

(2) The same statements of Theorem 1 and Corollary 1 hold for F(P).

(3) Let ¢ be in L*(OR). Then, the generalized Cauchy integral (1.9) of
© has non-tangential limits almost everywhere on OR. Furthermore,
if p € LP(OR) for p > 1, the equation (1.5) holds almost everywhere
on OR. Namely, let Fy and F_ denote the boundary functions from
R and from R\ (RUOR), respectively. Then,

F+ —F = Y2
almost everywhere on OR.

Acknowledgement. The author thanks Professor Keinchi Sakan for his
valuable comments.

2. Preliminaries.

2.1. Modulus of continuity. Let w be a continuous function on [0, c0).
We denote by D the set of all w satisfying the following conditions.

(1) w(0) =0, and it is an increasing function on [0, c0).
(2) w(t) is doubling, i. e. there exists a constant A > 0 such that
w(s) < wlt) < Aw(s),

if0<s<t<2s.
(3) For any a (0 < v < 1), t* < w(t) if ¢ > 0 is less than some ¢ > 0.

It is easy to see that wq(t) = min{|logt|™*, A} (v > 0, A > 0) satisfies
the above conditions.

For a continuous function w on [0, 00), we say that a function ¢ on I" has
the modulus of continuity w if there exists a constant A > 0 such that

(2.1) lo(C1) — w(C2)] < Aw(|C1 — ¢2),

for every (i,(2 € I'. We denote by Aj(w) the set of functions on I'" which
have the modulus of continuity w.
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2.2. Compact bordered Riemann surfaces. Let R be an open Rie-
mann surface. A holomorphic function f on R is said to be of class HP(R)
(1 <p < o0) if there exists a harmonic function v on R such that |f|P < u.
For p = oo, H*®(R) is the space of bounded holomorphic functions on R.
The space HP(R) is called Hardy space on R.

We say that the Riemann surface is compact bordered if there exists a
closed Riemann surface Ry such that R is a subdomain of Ry bounded by
a finite number of analytic Jordan curves. A compact bordered Riemann
surface R is called of type (g,n) if the genus of R is g and the number of
boundary components is n.

For each compact bordered Riemann surface R, we may consider the
double of R. We denote it by R and by 7 : R — R the anticonformal
involution of R. If R is of type (g,n), then R is a closed Riemann surface
of genus 2g +n — 1.

Let {C4,Cq,...,Cy} be the set of boundary curves of a compact bordered
Riemann surface R of type (g,n). For each C; (i = 1,2,...,n) there exists
an annular domain U; in R such that 0U; = C; U ~y;, where ~; is a smooth
curve parallel to C;. Then there exists a conformal mapping f; : U; U0U; —
A; ={0 < r; <|z| <1} for some r; such that f;(C;) = {|z| = 1}. We say
that a function F on R has a non-tangential limit at p € C; if F o fi_1 has
a non-tangential limit at f;(p), and that F' has non-tangential limits almost
everywhere on OR if F o f;! does so on {|z| = 1} for all i (1 =1,2,...,n).
It is not hard to see that those notions do not depend on the choice of the
annular domain U; and the conformal mapping f;.

We define function spaces on R by using f;.

Definition 1. For p > 1, we define LP(OR) by the set of all functions ¢ on
OR so that po fi_1 (1t =1,2,...,n) belong to LP space on the unit circle
with respect to the Lebesgue measure on the circle.

Definition 2. A function ¢ on OR is said to be a Holder continuous function
of order « if po fi_1 (1=1,2,...,n) are Holder continuous functions of order
« on the unit circle. For w € D, we denote by A}, (w) the set of all functions
¢ on R such that po f ! € A’E|Z|:1}(w) (i=1,2,...,n).

Definition 3. Let ¥p be an abelian differential on a neighborhood OR with
a pole at P € C;. For a continuous function ¢ on dR, we define the principal
value P. V. [, . o¥p at P by

S [ eV posupe st
i Cj |z|=1

Definitions 1 and 2 do not depend on the choice of U; and f; while Defi-
nition 3 may depend on them.

Here, we note the following on the boundary values of HP-functions.
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Proposition 1. Let R be a compact bordered Riemann surface. Then, every
f € HP(R) (1 < p < o0) has non-tangential limits almost everywhere on
OR and the boundary function belongs to LP(OR).

From the proposition, the set of non-tangential boundary functions of
HP(R), which we denote by HP(R)|sr, is regarded as a subspace of LP(OR).
M. Heins clarifies the relationship between H?(R) and LP(OR). To describe
the result, we consider Green’s function g(-, pg) of R with pole at py € R. Tt
is a positive harmonic function on R\ {pg} with logarithmic singularity at
po and vanishes identically on OR. Hence, it is extended to the double R of
R by g(p,po) = —g(m(p), po) for p € R\ R, and wy, := —dg(-, po) —i*dg(-, po)
defines an abelian differential of the third kind on R, where *1) stands for
the conjugate differential of a differential 1. The abelian differential w,, has
the simple poles at pyp and py := 7(po), where the residues are 1 and —1,
respectively. We denote by & the devisor of wp, in R. Then, Heins ([10])
shows the following;:

Proposition 2. Forp € (1,00), the decomposition

(2.2) LP(OR) = H?(R)|or + HE(R)|or + M(6")[or

holds, where HE(R) is the space of holomorphic functions in HP(R) which

vanish at Py and M (5~1) is the space of meromorphic functions on R whose
devisors are multiple of 5~ 1.

3. Proof of Theorem 1. Let zy be a point in C\ I" and {y € I" a point
with §(z0) = |z0 — (o|- We take an interval I(zg,(p) whose end points are
2o and {p. Then, for any z € I(z0,(o), |z — (o| = d(z). Namely, (p is the
nearest point of I' from z.

Since
oy~ L[ 90— ¢(G)
Fe) =g /r (€ —2)? @

we have

Since ¢ = ((s) is differentiable, there exists 6 > 0 such that for each ¢ €
[0, d] there exists a point (; € T" such that arg((; — 2z9) — arg((o — 20) =t
and the segment I; between 2y and (; intersects only at (; with I'. It suffices
to show that (1.6) is valid in a neighborhood of I'. Hence, we may assume
that there exists a constant £9 > 0 such that §,0(z9) > €p.
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Then, for z € Iy C I(zp,(y) we have

(n) nl [ e(Q) — ¢(C)|
P < 5 [ EE

(3.1) _ n!/F !@(C)—s@((o)l‘dCH n! /F\F \@(C)—@(Co)lw

2y G 2 ¢ =2+
= Al(z) + AQ(Z),

where I's 3 (p is the subarc of I" between (_s and (5.

Now, we consider the behavior of |F(")(z)| as Iy 3 z — (. We may
assume that |z — zo| > 6(20)/2.

Since the point z lies in a neighborhood of I', by taking a sufficiently
small ¢ > 0 if necessary, we suppose that

|d¢:| < 2dt,

on F(g.
There is a point z; on I; with |z, — 29| = d(z0) < |( — 20| for each
t € [-9,0]. Thus, we have

n! [ [e(¢) — ¢(Co)
Ai(z) < 27T/r(5 WWQ

1% o(G) — (Co)l

7r/5 ‘zt_Z’nJrl dt

An! /6 w(|¢ — Col) gt

76(20)" 1 J 5 (1 — 2r cost + r2)(n+1)/2

<

<

where 7 = |z — 20|0(29) " € (3,1). Noting that

2
1—2rcost 412> (1—7)%+ 74T§ ;
7r
we have
An! J w(|t])
A < dt.
S gyt |, (T e

Setting C,. = m2(1 — r)?/4r and t = /C, tan 0, we have
Anl 0 w([t)
B(z) = dt
(=) 278 (zo)" 1 /_5 {(1 = )2 + 4r(t/m)2} (0 +1)/2

_ Ar?nl /‘S w(|t]) it
N 47’5(20)”+1 -5 {t2 + Cr}(n—I—l)/Q
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An?n) Br -
= 4T5(20)n+1(\/@)n /_,BT cos 6 w(‘\/atanﬁ‘)de

Ar?n! Br
<
- 2r5(zo)n+1(\/@)n/0 w(|v/Cy tan 6])do,

where 8, = arctan\/% € (0,7/2). Asz — ¢y, r — 1,C, — 0 and 5, — 7/2.
We take z € Iy sufficiently close to {y so that C,. < 1.
When 6 € (0,%], tanf € (0,1]. Hence, |[/C,tanf| < +/C, and

w(]v/Crtanb]) < w(y/C,). Thus, we have

w/4 m/4
/ w(‘\/C,«taHHDdQS/ w(\/CT)dG
0 0
- %w(\/ Cr)u
and
3.2 L™ L 1/Cr ane)d z Ve
. = r < —— r).
CE I v AR et U e
A
For any o € (0,1), we put A =1—0 € (0,1) and ~, = arctan (\1@) .
We may assume that v, < . When 0 € (7, ,], tanf € (1, CT_)‘/z} and we
have
w(\/Cr tan 9) < w(\/ C',})‘>.
Therefore,
Yr
/ w(\/CTtanﬁ)dH < Zw<\/c71—/\)’
w/4
and

(3.3) (\/%)n A:;w(‘\/atané?‘)dG < 4(\/%7")710.10/034‘)

Finally, we consider the case where 6 € (v, /S;]. Since arctanz =
¥ _L_dt, we have

0 1+t2
3/VCr dx SIVCr g \/7/\
Br— = 7>\271§ 7)\*23141 C,
(Vo) (ver) = ¢

where the constant A; > 0 depends only on r, and Ay — 1 asr — 1. On

the other hand,
< 1 >A<tan0<< 0 >
vC.) WG )

w(\/CTTtane) < w(9d).

and
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Therefore, we conclude

! ﬁrw an Al\/aw
(3.4) WAL A (|v/C, tand|)do < WAL ().

Combining (3.2), (3.3) and (3.4), we have

B(2) (\/’%n {w(\/@) +w<@> + @w(&}

for some constant As depending only on 7. Since 0 < 1 — A < 1, we have

w(VCF ) > w(v/Cr) as Cp — 0. By the definition of D, \/C} < w(v/Cy).

Hence,
B < (V)

where the constant A3 > 0 depends only on r < 1 and 6 > 0, and it is
bounded if r is sufficiently close to 1 and ¢ is sufficiently small.
Noting that §(z0) > &, 1 —7 = (8(20) — |2 — 20])0(20) ™! = §(2)5(20) ! and

IN

2 2
T1-r?<c < %(1 — )2,

we obtain, for 0 =1 — X € (0,1),

A . A3A10g8_1ﬂ'/ log 2
() < B() € 5wl o)) < B
by the doubling property of w. Here, A is the constant of the doubling
property of w.
Since ¢ > ¢, it is not hard to see that As(z) is bounded by some constant
M > 0 as z — (p. Hence, we have

w(4(2)7),

sy < 4

|Ax(2)| < M = < S

S w(6()%)

if §(z) > 0 is sufficiently small. Therefore, we conclude that there exists a
constant As > 0 such that

[F0)(2)|5(2)" < Asw(8(2)7).
Since the constant As is independent of o, we have
(3.5) [F0)(2)|5(2)" < Asw(8(2)).-

By using the differentiability, we see that we can take ¢ > 0 sufficiently
small so that there exists a neighborhood U of T" such that for any z € U\T,
there exist points zg, (p satisfying the above conditions. Thus, we verify that
there (3.5) holds for any z € C\ I near T
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Remark 2. By using a similar argument, we extend the Hardy—Littlewood
theorem on the unit disk which gives an estimate of the derivatives of holo-
morphic functions on the disk and continuous on the closed disk ([12]). Re-
cently, H. Aikawa ([1]) estimates the norms of gradient vectors of harmonic
functions on certain domains in R".

4. Proof of Corollary 1. At first, we shall show that the principal value
of the integral exists. Let ¢ = ((s) be the arc-length parametrization of T
with ¢(0) = (p. Since ((s) is differentiable, there exists a constant A > 0
such that

A7 s| < [¢(s) — Col < Al

holds near ¢t = 0. From the doubling condition of w and (2.1), we have

[p(C(s)) = @(Co)| < Aw(]s]),

near s = 0. Hence, it follows from (1.7) that the principal value
PV. [ ¢(C)d¢/ (¢ — Co) exists.

Next, we consider the existence of the boundary value F((p) of F(z).
For each (y € ', we may take a point z9 € D so that d(z9) = |20 — (o|. Let
I(29, o) denote the interval between zy and (o and take two points z, 2’ on
I(20,¢o) so that 6(z) > 6(2') > 0. It follows from Theorem 1 that for any

o€ (0,1)
/IZ F'(2)dz
< [ 1Fe

4(2) o
< A/ wt?) g (s =%
6(2/) t
1

5(2)1/0
< — / ws) ds.
g 5(21)1/0 S
From (1.7), we verify that lim,_,¢, F(2) exists along I(zo,(o) and the con-
vergence is uniform. Hence, the boundary function is continuous and it
guarantees the existence of Fy({p). By the same proof, we can show the
existence of F_((p).

Finally, we show (1.3) and (1.4). In fact, a standard argument gives the
proof from the existence of Fy and F_ (cf. [6]). We shall give the proof for
convenience of the reader.

For 6 > 0, we put I'(6) = {|z — {o| <0} NI and

() = 2;i/Fsﬂ(C)C—_sz(Co)

F(z) - F())| =

dg,
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for z € D4. Then,

@(z)—l,P.V/F‘de

211
) ¢(¢) — ¢(Co)
A T
_2=C 9(Q) —¥(G)
= omi LV /r(a) (€= C)(¢—2)
z — (o ©(¢) — ¢(Co)
- /r\r(&) (

dg

ori -2

= Il(Z) + IQ(Z).
We have already seen that the boundary value F ((p) exists. Therefore,
we may assume that z € Dy approach to (y along I(z,(p). It is not hard

to see that there exists a constant A > 0 such that for and z € I(zg, (o) for
any ¢ € I'(d), an inequality

2 = ¢l = Alz = Gol

holds. Hence, we have

|z — (ol l0(C) — (<o)l
L)l s =57 P'V'/m) C— -
|

Apv.
= o re) (¢ —<)l
A w(|¢ = Col)
—P.V. —2 2 1d(].
o /m) c—co) %!

Thus, for arbitrary small £ > 0 it follows from (1.7) that |I1(z)| <eif 6 >0
is sufficiently small.
On the other hand, lim,_,¢, I2(2) = 0 and we have

; _1 p(¢) — #(Co)

IN

Noting that

1 1 1
—PV. d¢ = =
2mi /F ¢—<o ¢ 2’

we obtain

Fe(@) = (@) = 5PV [ e Jote)

and it shows (1.3) as desired. The proof of (1.4) is the same.



76 H. Shiga

5. Proof of Corollary 2. Let (;,(2 be on I'. Then, it follows from The-
orem 1 that

[F(Q) — FLe(G2)| = F'(z)dz

/1(21 )+ v+ (22,62)

caf SOG4y
I(21,61)+y+1(22,62) (2)

where z; € Dy (j = 1,2) are in a neighborhood fo (; and v C Dy is a
smooth arc connecting z; and zo. We may take (; and (» sufficiently close
to each other so that the length of v is less than A[(; — (2| and

(5.1) A715(21) < 6(2) < Ad(21)

for any z € 4. We may also take z; so that the length of I(z;, ;) is §(z;)
(j = 1,2). Then, we have

w(d(z)) B 5(2) w(t) -
/I(zj,cj) 6(z) ’d'z'_/o T dt (1=1,2).

As for the integral along 7, from (5.1) and the doubling property of w, we
obtain
[0 g g [ SO O
5 0(2) 5 0(21) 0(21)
Therefore, by taking d(z1) = |(1 — (2|, we obtain

[F4(G1) = Fi(G2)| < AZu (|G — G2l),
and the proof is completed.

6. Examples. In this section, we shall give examples for our theorems.

Example 1. We have seen that ws(t) = min{|logt|™, A} (a > 0) belongs
to D. Therefore, from Theorem 1 we have
[FM(2)6(2)"] < Allog8(2)| ™,
for ¢ € Af(wa).
We also see that

é
t
/ @a )dt < 00
0 t
for small § > 0 if and only if & > 1. Hence, from Corollary 1, if a > 1, then

p.v./ 2 4t € Ar(wa_y).
I

Now, we consider Zygmund’s estimate ZJ_given by (1.8). For w = wq
(o > 1), it is not hard to see that

t/tto “al$) 1o < o ).

52 -
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Example 2. Put @, (t) = min{|logt|~!|log|logt||~¥, A} (o > 0). Then,
we see that &, € D. Hence, for ¢ € Af(0q), Theorem 1 gives

[F™(2)8(2)"] < Allog8(2)| " log | log 3(=)||

5 ~
/ wa(t)dt < 00
0 t

if and only if o > 1. Therefore, we see that if a > 1, then

@ * 11—
P.V./FC_‘dCEAF(Hog]logtH ).

It is easily seen that

More generally, we may consider @y, (t) = HZ;% @7 ) 7@) (o > 0),
where f1(t) = |logt| and fr41(t) = fn(fi1(t)). Then, @, o € D.
By putting z = f,,(s), we get

t A~ 0
/ wn’a(s)ds:/ "%z,
0 § fa(t)

for sufficiently small ¢ > 0. Therefore, we obtain that if ¢ € Af(@y,q) for
a > 1, then
(<)

S/ * 11—«
P.V./FC d¢ € AF (fn(0)'7) .

On the other hand, if we consider Zygmund’s estimate (1.8), we have to
estimate the integral

to fn(t)
t/ wmo;(s) ds = t/ %daz
¢S Falto) fn (2)

as t — 0. At least for the author, it is much harder than the above one.

7. Proof of Theorem 2. First, we consider the behavior of sequences of
abelian differentials on closed Riemann surfaces.

Let X be a closed Riemann surface of genus g and {P; ,,}5° 1, {Pan o2,
be distinct sequences on X converging to a point Fy. We assume that both
Py, and P, are contained in a parametric disk U of FPy. Let ( : U —
{I¢| < 1} be a local coordinate on U with ((Fy) = 0. Put by, = ((Pin)
and by, == ((Pay).

We consider abelian differentials w,, (n =0,1,2,...) on X satisfying the
following conditions.

(1) The differentials w, (n = 1,2, ...) are holomorphic on X\{ P} ,,, P2}
and wyg is holomorphic on X;
(2) Foreach j (1 =1,2,...,9),

(7.1) aj(n) = /Aiwn — /Aj wo = a; (n— 00),
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where {A;, B; }?zl is a canonical homology basis of X defined as in

§2;
(3) Let
l1n 00
c1, k()¢ =brn) Y err(n)(C —bin)* ¢ dC
k=1 k=0
and

l2,n

> o k()¢ =ban) F 4D can(n)(C —ban)* p d¢
k=1 k=0

be Laurent expansions of w, at P, and P ,, respectively. Then,
lin =lan =1 for some | € N and lim,, o0 ¢j—(n) (j = 1,2) exist
for each k (k=1,2,...,l1,), which satisfy

(7.2) nh_}ngo c1—k(n) = —nh_>Holo co2,—k(n).

Under those conditions, we have the following.

Lemma 1. Let Q be a point in X \ Uy~ 1{Pin, Pon} U{Po} and z a local

coordinate at Q with z(Q) = 0. If wy and wy, which are holomorphic at @,
have expansions:

wy = Z am(Q)zMdz,  w, = Z amn(Q)z"dz
m=0 m=0

with respect to z at Q, then limy, o0 amn(Q) = an(Q) (m = 0,1,2,...).
Furthermore, the convergence is locally uniform in X \ J;" 1 {Pin, Pon} U

{Po}-

Proof. By considering w,, — wp, we may assume that a; = 0 for j €
{1,2,...¢} and a,, = 0 for any m € NU {0}.

Let 1, be an abelian differential holomorphic on X \ {@} with pole of
order m + 2 at ) which has the expansion:

1 .
(7.3) Vm = {zm” + (holomorphlc)} dz

with respect to the local coordinate z. For the abelian integral ¥,,(P) =
Jp¥m on X\ Uj_; A; U Bj, we have

g
21 Z respV,,wn, = Z [/A wm/B Wn, _/B dJm/A Wn,
= A i i i

pPeX

9

= —;aj(n)/Bj UV

from the bilinear relation (cf. [5]).
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The poles of ¥,,w, are Py, P, and Q. As for @, from (7.3) we obtain
the residue at Q:

resQ ¥ wy, = m;—l—lam’n(Q)'

Since V¥, is holomorphic at P; , and P ,, it has expansions:

ZBJ, bjn)"

at bjn (j =1,2). Thus,

I'eSPjyn\I/m(vL)n = ZC], 5] k— 1( ) (.7 = 17 2)7

and we get
1 ! l
1o Q)+ 1 k(n)Brr—1(n) + > ca_k(n)Bap-1(n)
k=1 k=1
mza] ) [,
We have

lim B x(n) = lim Boi(n) (j=0,1,...,0—1).
n—oo n—oo
Therefore, from (7.2) we obtain
lim ap, (@) =0.
n—o0
The uniform convergence is also easily shown. O
Now, we proceed to prove Theorem 2.
Proof of (1). Let ¢ bein L'(OR). Tt is known that the normalized abelian

differential wp, p is holomorphic on X'\ {Py} for P (cf. [5] IIL. 3). Thus,

F(P) =& [or ¢wp, p is holomorphic on R\ ORU {Py}. Furthermore, it
follows from Lemma 1 that Wp, p uniformly converges to zero on JR as

P — Py. We conclude that F(P) is holomorphic on R\ dR.

Proof of (2). The proof is done by localization. Let @ € C; and U; an
annular domain in R as in §2. Then, U; == U; U C; Un(U;) is an annular
nelghborhood of C; in R, where m: R — R is the anti-conformal involution
of R. We may assume that By ¢ U;. There exists a conformal mapping
f:U = A, ={0<r<|z< ri 1} such that f(C;) = {|2| = 1}, f(Q) =
and f(8U; N R) = {|z| = r;}. Then, a differential

Op =wp po 2 — ———=d=
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is holomorphic in A,,. Hence, there exists a holomorphic function hp on A,,
such that 0p = hp(z)dz. Because of the uniform convergence of Wp, p O !
on 0A,, as P — @, holomorphic functions hp converges to hg uniformly
on 0A,,. Therefore, from the maximum principle, hp converges to hg uni-
formly on {|z| = 1} = f(C;) and we have

lim oo flop :/ wo fl0p.
P=Q J|z|=1 2|1 Q

Noting that

[ eefT®) o -1
/Ci@wpmp—/'Z:l =~ F(P) dZ—l—/M:l%O I 0p,

we verify that the behavior of F'(P) as P — @ € C; is determined by that of
the Cauchy integral of ¢o f~1 on the unit circle. This implies the conclusion
of (2).

Proof of (3). The proof of the non-tangential limits is done by the local-
ization as in (2) since the statement is true when R is the unit disk (cf.

[4])-
Now, we show the second statement of (3) holds. Since ¢ € LP(OR)
(p > 1), from Proposition 2 we have

(7.4) o=fi+fo+tm

on R, where f; € HP(R), fo» € HY(R) and m € M(67'). (If p = oo,
we may take any finite number greater than 1 as p in (7.4).) Then, from
Cauchy’s integral formula for HP(R), we have

1
i R — P
271i /E)RfleO7P fl( )7
for P € R. Since F := foomisin HP(R \ R) and F» = f5 on OR, we have

1

— | fawp p=—Fa(Py) = —fa(Py) = 0.
ami o 2P0 2(Fo) = —fa(Fo)
Let Q7" ... QZ’“ be the polar divisor of m in R and

nj

dii  ~— .
m(z) = 2 +y dhd (j=12,....k)
=1 =0

the Laurent expansion of m at (); with respect to a local coordinate z; of
Q; with 2z;(Q;) = 0. For P # Q;, we put

o
l
wp,p = D aii(P)Zdz;
=0
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near ();. Then, we obtain

1

k 1y
omi Jop PP T m(P)+ 3 djiaj-14(P),

j=11=1

(7.5)
if P#Q; (j=1,2,...,k). Therefore, we obtain

kE nj
F(P)= fi(P)+m(P)+ ) > djia; 1,(P),

j=11=1

if Pe R\ U§:1 Q. Hence, it follows from Lemma 1 that the non-tangential

limit F;(Q) of F' from R exists for almost all @ on OR. By the same
argument, F_ exists almost everywhere on dR.
On the other hand, for P € R and P’ € n(R),

(16)  F(P)=FP) = () + BEP) + 5 [ morp.

because wpr p = wp p—wp p- By the same argument as in (7.5), we obtain

k ny
1 E :2 : /
% ok mwpr p = m(P) + debj_l,l(P, P ),

j=11=1

where wprp = 3120 bj(P; P,)Zé‘dzj at Q; (j = 1,2,...,k). Since
bji(P,P") — 0 as P, P — @, we have

lim

— mw =m .
PP'—Q 2Tt JoR FLp (@)

Therefore, from (7.6), we verify
F+ —F_ = 2

almost everywhere on R and the proof is completed.
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