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On the adjacent eccentric distance sum of graphs

ABSTRACT. In this paper we show bounds for the adjacent eccentric distance
sum of graphs in terms of Wiener index, maximum degree and minimum
degree. We extend some earlier results of Hua and Yu [Bounds for the Adjacent
Eccentric Distance Sum, International Mathematical Forum, Vol. 7 (2002) no.
26, 1289-1294].

The adjacent eccentric distance sum index of the graph G is defined as

§SU(G) _ Z E(U)D(U)

A o)

where (v) is the eccentricity of the vertex v, deg(v) is the degree of the vertex
vand D(v) =3, cy (g d(u,v) is the sum of all distances from the vertex v.

1. Introduction. In this paper we will consider simple connected graphs.
Let us start with a few definitions and notations. Let G = (V(G), E(G)) be
a simple connected graph. For two vertex disjoint graphs G and F by GUF
we denote the vertex disjoint union of G and F' and by G + F we denote
the join of the graphs. Moreover, by 2G, we denote the graph GUG. If H
is a subgraph of GG, then by G — H we denote the graph obtained from G by
deleting all edges of H. By G we denote the complement of the graph G.
For a vertex v € V(G), by deg(v) we denote the degree of v in G. By the
symbol 6(G) (resp. A(G)) we denote the minimum degree (resp. maximum
degree) over all vertices of G. A graph G is r-regular if all vertices of G
have degree r. A graph G is (A(G), r)-regular if all vertices of G have degree

2010 Mathematics Subject Classification. Primary 05C12; Secondary 05C40, 05C90.
Key words and phrases. Adjacent eccentric distance sum, diameter, distance, eccen-
tricity, graph, Wiener index.



2 H. Bielak and K. Wolska

in the set {r, A(G)} with integer r, r # A(G). For vertices u,v € V(G)
we define a distance d(u,v) as the length of the shortest path between u
and v. What is more, D(v) denotes the sum of all distances from the
vertex v. The eccentricity £(v) of a vertex v is the maximum from the
distances between v and all other vertices. The minimum eccentricity over
all vertices is denoted by rad(G) and called the radius of the graph G, while
the maximum eccentricity is denoted by diam(G) and called the diameter
of the graph G. Let K, be a complete graph and P, a path on n vertices.

Let S; be the set of vertices of the eccentricity ¢ in the graph G and let
n; = |Si|, where 1 < i < diam(G). Let

5ean(G) = min{deg(y)|ly € V(G)\(S1 US2)}, S;#0 fori>2
2 L, S; =0 for i > 2
Avas(G) = max{deg(y)|ly € V(G)\(S1 U S2)}, S;# 0 fori>2
2T AW), S; =0 for i > 2

and

A(G), Sy = 0.

For other notation and terminology not defined here, the reader is referred
to [1].

The Wiener index — the oldest topological index and probably the most
used one is defined as a sum of the distances between all pairs of vertices in
a graph G:

Ac—s(G) = {max{deg(y)|y € Sy}, Sy #(

W@ = > duv)=5 > D).
{uw}CV(G) VeV (G)
The adjacent eccentric distance sum index (shortly AEDS) has been in-
troduced some time ago as follows

ol e(v)D(v)
3 <G>—v€;® Tos(0)

The index is studied in [7] (see also references) for some molecular graphs
and in [4] some relations to Wiener index are presented. Some mathematical
properties of other molecular topological indices and their application for
predicting biological and physical properties have been investigated in [2]
—[8]. In this paper we give additional properties of the adjacent eccentric
distance sum index for simple connected graphs.

2. Bounds for adjacent eccentric distance sum index. Hongho Hua
and Guihai Yu [4] presented and proved a few theorems. Motivated by this
we were trying to find a more general bounds for the adjacent eccentric
distance sum index, but let us now focus on the theorems.
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Theorem 2.1 (Hua and Yu [4]). Let G be a connected graph on n vertices.
Then

2n(n —ny)

SvU >
&G > n + n_9

with equality holding if and only if G ~ K, — "5 K2, n—ny is even, where
K, — kK> is a graph obtained from K, by deleting k independent edges for
0<k< (3]

The next theorem presents us the inequality holding for the adjacent
eccentric distance sum index and total eccentricity.

Theorem 2.2 (Hua and Yu [4]). Let G be a connected graph on n > 3
vertices. Then

£°(G) = ¢(G)
with equality holding if and only if G ~ K,.

The next theorem we want to present is simply connected with the Wiener
index.

Theorem 2.3 (Hua and Yu [4]). Let G be a connected graph on n > 3
vertices with the minimum degree 5. Then

2(n —0)

£(G) < =

W (G)

with equality holding if and only if G ~ K, or G ~ K,, — K> for even n.
Let us now consider the first extended result of the Theorem 2.1.
Theorem 2.4. Let G be a connected graph on n vertices. Then

4n2(n — 1)
n—2

6 -2
£ (G) > ny —2ng + +3(n_n1_n2)<2+n _n )

-3 5e>2 (G)
Moreover,

gsv(G)2n1—2n2—|—422€(:nQ(_C$)_3(n_n1_n2) (1_A2€7’i2—(61;)>

Proof. Let S1 = {v1,v2,...,v,,} be the set of vertices with eccentricity
equal to 1 and Sy = {uy,ua,...,up,} the set of vertices with eccentricity
equal to 2. Let for y € V(G), N;(y) be the set of vertices at the distance i
from the vertex y, where 1 <i < e(y).
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By the definition we have:

n(@) = 3200 | $RelDlu) 5 <D

deg(v;) deg(u;) V(ONE1US2) deg(y

D
Z - (y)

yeV(G)\(S1US2)

=m QZ deg(u;) 3

_n1+2zdeg u;) + 2(n — deg(u;) — 1)

deg(u;)
1 e(y)
+3 D > i |Ni(y)]
deg(y) <
yGV(G)\(S1USZ) i=1
deg(u;) + 2n — 2
> 2
=T ; deg(ui)
d 2N —1-d —IN.
+3 Z eg(y) + 2| z(y)l+?;(en( ) eg(y) — |N2(y)|)
VEV(@NSLS2) B
(2.1) —p, —2n2+4zdeg ™
—INy(y)| +3(n — 1) — 2d
43 3 |Na2(y)| d(:( )) eg(y)
YEV(G\(51US>) B
4(n -1
2n1—2n2+u—6(n—n1—n2)
n—2
—1)(n-mng — N.
n 9(n )fln_ 3n1 na) 5 3 Idez((y))l
yeV(@\(S1USy) T BV
4no(n — 1
2n1—2n2+i(_Q)+6(n—n1—n2)+n_3(n—n1—n2)
1
—3(n—2) Z dez ()
yeV(GN\(51USs) oW
4 —1
S ny — omy 4 20— 1)
n—2
6 n—2
—ng — 2 - .
+3(n —mn1 —n2) < + ——3 5€>2(G)>

The last two inequalities hold by |Na(y)| < n — 2 — deg(y) and by the
definition of d.~2(G). Thus we get the result.
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Moreover, we can apply A.—2(G) and A.2(G) in the lines 7-8 of the
inequality (2.1) to count the following relation:

N dny(n —1) 2n —1
13 (G)Zn1—2n2+m_3(n_nl—n2) <1_A6>2(G)).

The proof is done. O

We will now try to find a graph for which the equality holds.

Notice that if ny # 0, then n—n1 —ny = 0 and we have the result of The-
orem 2.1 by the first inequality of Theorem 2.4, and the second inequality
of Theorem 2.4 leads to the following second extension of Theorem 2.1.

Proposition 2.5. Let G be a connected graph on n vertices with ny # 0.
Let A(G) be the mazimum vertex degree in G and §(G) be the minimum
vertex degree in G. Then

4n—1)(n —nq)
Ac—2(G)
The equality holds for all A(G)-regular graphs G with the diameter 2 and

for all (6(G),n—1)-regular graphs G, where §(G) < n—1. In particular the
equality s satisfied for G = Ky, + Cp—pn, with ny > 1.

£9(G) > 3ny — 2n +

Moreover, we get the following new result.
Proposition 2.6. Let n; =0 and let
¢(G) = min{n — 1 —deg(y) — [Na2(y)| : y € V(G)\(51U S2)}.
Then

£(G) > w — 2ny — 3(n — ng) <1 _ M) .

n—2 Ae>2(G)
Moreover,
. dna(n —1) o — 3 —m ~2(n—1)+¢(G)
()2 PGy ~ama o) (1- 2T,

The equality holds for an infinite family of graphs with diam(G) = 3.

Proof. The first inequality holds immediately by Theorem 2.4. The second
inequality holds by applying the definition of ¢(G) in the lines 7-8 of the
inequality (2.1). The equality holds for G = Ko — By—14-1 = Bi—14-1,
where ¢ > 2 and B;_1 ;1 is the tree (double star) of order 2¢ with exactly
two adjacent vertices of degree ¢ (see Figure 1). In this case rad(G) =
2, diam(G) =3, ¢(G) =1 and |S3| = 2. Similarly the graph obtained from
K\g, ¢ by joining new vertices y; for 1 < i < |S3| with t-—sets of vertices of
K5, pairwise disjoint satisfies the equality. O
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FIGURE 1. The graph B;_1;—1 with ¢ > 1.

Now we present the first extension of Theorem 2.3.

Theorem 2.7. Let G be a connected graph onn > 3 vertices with minimum
degree § = §(G). Let My be the set of vertices with the minimum degree.

Then
. n—o0 n
§M(G) < 2——W(G) - ST eV(ZG;\Ml D(v).
FEquivalently
. 2(n—0—-1) n
&(G) < WW(G) + (Mvg\:ﬁ D(v).
Proof.
SU D(U
¢ e g(v)
(n— ( ) D(v)
<
vEVZ(G) ( )

< Z (n—498)D(v) N Z (n—38—1)D(v)

veMy veV(G)\ My 0+1

_ =00+l ey (o010 D(v
vg\;l ( ) (5+ 1)5 UEV(ZG;\Ml ( )
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nd—62—5+n
Z D(v) + 50 +1) Z D(v)

veV (G)\ M

ndtn 02§
85+ 1)

TG+ 1) >, bW

veV (G)\ My
n—2a n

=2——W(G) - G UEV(XG;\Ml D(v)

=T W+ 55T > D(v).

veEM,

Moreover, we get the following result.

Proposition 2.8. The equality in Theorem 2.7 holds for an infinite family
of graphs.

Proof. Notice that G = 2K + K,,—2 has §(G) = n — 2. Thus £°Y(G)
%W(G) — n. So we get the upper bound.

O

Now we present the next extension of Theorem 2.3.

Theorem 2.9. Let G be a connected graph onn > 3 vertices with minimum
degree § = 0(G). Let 09, O3 be the second (third) minimum degree, respec-
tively. Let My be the set of vertices with degree equal to the minimum degree
and let Mo be the set of vertices with degree equal to the second minimum
degree. Then

ev(@) < 2" wiay)+ M0 57 pgy

062
vE Mo
veEV(G)\(M1UM?)
FEquivalently
2(n — o 09 — 0,
£(Q) < (71522)[/1/((;) + (02 — ) Z D(v)

0203 VEV(G)\(M1UMs)

TL((S — (52)
-5 > D(v).

veEM,
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(2.2)

veV(G)\(M1UM2)

-0

n —

0

n —

Z D(v) +

veMy

03

UGV(G)\(M1UM2)

0)d203
55253 Z

veEM;

(Tl — (53)552
00203

J

D(v

D

(n — deg(v))D(v)

deg(v)

% pw)

— 02)003
55253 Z =

vEMo>

D(v)

€V(G)\(M1UMz)

QW (G) +

(6 —d3)
00203

7152

n —

=2

5
(6

J

’I”L(Sg ((5 — 52)

00203

> D)

vEMo

D

D(v)

VeV (G)\ (M1 UMs)

W(G) +

n(d — d3)
Y

n —

=2

o
(6

d

w(a)

n(é— (52) Z D(’U)

> D(v)

’UGV(G)\(MlLJMz)

n(d — d2)
+—§$ﬁf§:1xm

+"53)<2W(G)— 3 D(v)>

veEM{UMo
2(n—9)é 2n(0 —
:W(G)< (n653)3+ n

003

(6

v)

903

SO B)S b

veEMiUMa>

003

2(n — d3)

03

W(G) +

0203

n(ds — d2)

53)> 5 52 S D)

S D) - ™

vEMa

vEMo

5 — 83)

003

> D(v).

veMy
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Moreover, by the lines 10-11 of the formula (2.2) we get the equivalent
relation:

2(n — & 0 — 0,
er(@) < My M) sy
02 0203
veV (G)\(M1UMa3)

n(é — d2)
_TQ > D(v).

veM,
]

Proposition 2.10. The equality in Theorem 2.9 holds for an infinite family
of graphs.

Proof. Notice that we get the upper bound for all graphs isomorphic to
K,, +2Kj;. O

By Theorem 2.9 we have the following result.
Proposition 2.11. If V(G)\(My U My) = () then

2(n—9¢ n(d — o
ev(a) < 2w - T2 5 )

or equivalently

(@) <20

W(G) + ”(56;252) > D(v).

vE Mo

In future study we will characterize extremal graphs with respect to the
adjacent eccentric distance sum index among all n-vertex graphs from some
families of connected graphs.

REFERENCES

[1] Bondy, J. A., Murty, U. S. R., Graph Theory with Applications, Macmillan London
and Elsevier, New York, 1976.

[2] Gupta, S., Singh, M., Madan, A. K., Application of graph theory: Relations of eccen-
tric connectivity index and Wiener’s index with anti-inflammatory activity, J. Math.
Anal. Appl. 266 (2002), 259-268.

[3] Gupta, S., Singh, M., Madan, A. K., Fccentric distance sum: A novel graph invariant
for predicting biological and physical properties, J. Math. Anal. Appl. 275 (2002),
386-401.

[4] Hua, H., Yu, G., Bounds for the Adjacent Eccentric Distance Sum, Int. Math. Forum,
7, no. 26 (2002), 1289-1294.

[5] Lié, A., Eccentic connectivity index, Gutman, 1., Furtula, B., (Eds.) Novel Molecular
Structure Descriptors — Theory and Applications II, Math. Chem. Monogr., vol. 9,
University of Kragujevac, 2010.

[6] Li¢é, A., Yu, G., Feng, L., On eccentric distance sum of graphs, J. Math. Anal. Appl.
381 (2011), 590-600.



10 H. Bielak and K. Wolska

[7] Sardana, S., Madan, A. K., Predicting anti-HIV activity of TIBO derivatives: a
computational approach using a novel topological descriptor, J. Mol. Model 8 (2000),
258-265.

[8] Yu, G., Feng, L., Ili¢, A., On the eccentric distance sum of trees and unicyclic graphs,
J. Math. Anal. Appl. 375 (2011), 99-107.

Halina Bielak Katarzyna Wolska

Institute of Mathematics Institute of Mathematics

Maria Curie-Sktodowska University Maria Curie-Sktodowska University

20-031 Lublin 20-031 Lublin

Poland Poland

e-mail: hbiel@hektor.umcs.lublin.pl e-mail: katarzyna.anna.wolska@gmail.com

Received March 10, 2014




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 2.00000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.00000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /ENU (Versita Adobe Distiller Settings for Adobe Acrobat v6)
    /POL (Versita Adobe Distiller Settings for Adobe Acrobat v6)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


