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ABSTRACT. We study g-analogues of three Appell polynomials, the H-poly-
nomials, the Apostol-Bernoulli and Apostol-Euler polynomials, whereby two
new g¢-difference operators and the NOVA ¢-addition play key roles. The def-
initions of the new polynomials are by the generating function; like in our
book, two forms, NWA and JHC are always given together with tables, sym-
metry relations and recurrence formulas. It is shown that the complementary
argument theorems can be extended to the new polynomials as well as to
some related polynomials. In order to find a certain formula, we introduce a
g-logarithm. We conclude with a brief discussion of multiple g-Appell poly-
nomials.

1. Introduction. The aim of this paper is to describe how the g-umbral
calculus extends in a natural way to produce g-analogues of conversion the-
orems and polynomial expansions for the following Appell polynomials: H-
polynomials, Apostol-Bernoulli and Apostol-Euler from the recent articles
on this theme, as well as multiple variable extensions. To this aim, we use
certain g-difference operators known from the book [3], and some new oper-
ators containing a factor A from the previous work of Luo and Srivastava [8],
[9], [10] on Apostol-Bernoulli polynomials. The g-Appell polynomials have
been used before in [4], where their basic definition was given together with
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several matrix applications. The g—umbral method [3], influenced by Jor-
dan [5] and Nerlund [12], forms the basis for the terminology and umbral
method, which enables convenient g-analogues of the formulas for Appell
polynomials; our formulas resemble the Appell polynomial formulas in a re-
markable way. A certain g-Taylor formula plays a key role in many proofs.

This paper is organized as follows: In this section we give the general
definitions. In each section, we then give the specific definitions and special
values which we use there. In Section 2, we introduce two dual polynomials
together with recursion formulas, symmetry relations and complementary
argument theorem.

Let A € R and let E4(z) denote the g-exponential function. In Sections 3
and 4 in the spirit of Apostol, Luo and Srivastava, we introduce and discuss
two dual forms of the generalized ¢-Apostol-Bernoulli polynomials, together
with the many applications that were mentioned earlier. In Sections 5 and 6,
we continue the discussion with two dual forms of the generalized ¢g-Apostol—
Euler polynomials Two of their generating functions are given below:

" o = tV‘BI(\?\zVA,)\,V,q(:C)
@ TR T A D v W
and

2" o = tysrl(\?\;VA,)\,wq(x)
@ ROV D 7 W

This is followed by formulas which contain both kinds of these polynomials.
Many of the formulas are proved by simple manipulations of the generating
functions. In Section 7 we show that the many expansion formulas accord-
ing to Ngrlund can also be formulated for our polynomials. In Section 7 we
extend the previous considerations to a more general form, named multi-
plicative ¢-Appell polynomials. More on this will come in a future paper.
We now come to Section 9; in order to find g-analogues of the corresponding
formulas for the generating functions, we, formally, introduce a logarithm
for the g-exponential function. The calculations are valid for so-called g-real
numbers. In Section 10, we briefly discuss multiple g-Appell polynomials.

We now start with the definitions, compare with the book [3]. Some of
the notation is well known and will be skipped.

Definition 1. Let the Gauss ¢-binomial coefficient be defined by

n _ {n}q! _
(3) (k>q :m,k—&l,,n
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Let a and b be any elements with commutative multiplication. Then the
NWA ¢-addition is given by

n

(4) (a@eb) =" (Z) bk n=0,1,2,....
q

k=0
The JHC g-addition is the function

- b
(5) (aBH,b)" = Z <:>q q(g) bra"F =g <—a;q>n, n=0,1,2,....

k=0
If 0 < |g| < 1and |z| < |1 —q|™!, the g-exponential function is defined by

z) = L 2P
() Bal) = 2 Ty

The ¢-derivative is defined by
[-fan) it g e C\{1}, o #0;

1—q)z
@ D))= L) ifg=1
4 (0) if 2 = 0.
Definition 2. Let the NWA ¢-shift operator be given by
(8) E(®g)(2") = (z ®q 1)".
Definition 3. The related JHC g¢-shift operator is given by
(9) E(Hy)(z") = (z B, 1)".

Let I denote the identity operator. The Apostol NWA ¢-difference operator
is given by

(10) ANwA g = AE(q) — L.
The Apostol NWA ¢-mean value operator is given by
AE(®y) +1
(11) VWAL = (Qq)-
The Apostol JHC ¢-difference operator is given by
(12) Ajguc.ag = AE(Hg) — L.
The Apostol JHC g-mean value operator is given by
AE(H,) +1
(13) VJHC”A’q = (2(1)

Definition 4. For every power series f,(t), the g-Appell polynomials or @,
polynomials of degree v and order n have the following generating function:

v

(14) Fa(O)Eq(at) =) o ") ().
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For z = 0 we get the (I)z(j,lq) number of degree v and order n.

Definition 5. For f,(t) of the form h(t)", we call the g-Appell polynomial
O, in (14) multiplicative.

Theorem 1.1. We have the two q-Taylor formulas

n - v n
(15) #{e @) =3 () #0 o0
q

k=0
n - v k n
(16) o =3 (1) el w0t
k=0 q

2. The H polynomials. First, we repeat some of the definitions of certain
related ¢-Appell polynomials for later use. These polynomials are more
general forms of the polynomials we wish to study.

Definition 6. The generating function for 5%) (x) is

(1) N #340 (x)
17 —————E.(2t) = —
an CROESVA D D v
Definition 7. The generating function for ’yqu) (x) is given by
n x Ly (n)
t"g(t) Yrg (7)
18 ————FE,(xt) = —
18) & - o = 2,

(n)

Definition 8. The generating function for n, 4 (z) is given by

2n anq
(19) &) + D’ Z

Definition 9. The generating function for H(n)( ) is given by

(20) > Z A
(B, () + ) U
We now come to the generating function of the polynomials we want to
study in this section (for ¢ = 1): The H polynomials are defined in [14, p.
532 (37)].

2t > t*H, (z)
21 o= iy
(21) et + 1° VZO v!

The odd H numbers are zero and the even H numbers are expressable in
terms of Bernoulli numbers as

(22) Hy, = 2(1 — 22")By,.
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Definition 10. The generating function for HI(\?&,AM q(x) is a special case
of (19):
(n)
(20" > P HRwa g (%)
(23) —————E,(at) = —— |t| < 27
CROESVREA D D v w il
Definition 11. The generating function for H((]T}LI)CM g (z) is a special case of
(20):
(n)
(20" = " Hipc,, o(7)
(24) ———E,(zt) = ——==— |t| < 2.
() + 2

The polynomials in (23) and (24) are g-analogues of the generalized H
polynomials. We now turn to these g-analogues.

Theorem 2.1. We have

(25) VawaaHiga v (@) = (3 01 o (@),

(26) Hxwaog =0, Hywaig =1, (Hywag @q 1) +Hyxwagg = 0,k > 1.
-1
(27) VincaHe,, o (@) = (Ve 1 (@),

(28) Hyncog =0, Hincig =1, (Hmcy By 1) +Hmcp, =0,k > 1.

The following table lists some of the first Hxwa ., numbers.

n=2 n=3 n=4
(-1—g27' | (1=¢*)27% | —(1+¢)*(1L+¢*)(1 -3¢+ ¢*)27°

n=>5
(14 @)1+ q)(1 — 4g + ¢*){3}4{5}427*

We need not calculate the Hjpc,,, , numbers, since we have the following
symmetry relations:

Theorem 2.2.
For v even, Hnwa v,g = Hinc g

29
(29) For v uneven, Hxwa v,g = —Hjucv,g, v > 1.

For the convenience of the reader, we make a short repetition:

Definition 12. The Ward ¢-Bernoulli numbers [17, p. 265, 16.4], are given
by

(30) BNWA7n7q = Bl(\:Il\))VA,TL,q.
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The following table lists some of the first Ward g¢-Bernoulli numbers.
n=0 n=1 n=2 n=3
L1 [0+ [ 30 (0 - 9)e’(20) " ({43~
n=4
¢'(1- ¢ —2¢° — ¢* + ¢°)({2}3{3}4{5})) "

The following three formulas express ' in terms of ¢-Appell polynomials.

Lemma 2.3.

1 " /n+1
1 e B
(31) x mril, kZ:o ( i )q NWA k,q(7)
(see [3, 4.149, p. 121]).
, 1 " (v
(32) e’ =g [FNWA,u,q(x) + <k> FNWA,k,q(x)]
k=0 q

(see [3, 4.206, p. 130] ).

v 1 - v+1
(33) Tr = m HNWA y+17q + ;} < > NWA7k+17q(x)] .
Proof. For the last formula, use formula (25). g

Theorem 2.4 (A g-analogue of [13, p. 489]). Let <D,(,q)(:v) be a q-Appell
polynomial. Then the following three addition formulas apply:

(I)l(/th)(l‘@qy)
(34) O PR <y> <j+1> )
= | @, (y) | BNwa kq(T).
2|2 o), Ue )2 !

(35)

k
k
X FNWA,k,q(w)JrZ( ) Fxwa jq(2)
— \j
j=0 a
1<~ (v 1
oM (z@gy) =5 < ) o) (W)
q 2 =0 k' q 4 {k + 1}q
(36)

Mk
X | Hywa k+1,4(2) +Z (j N 1> HNwa j+1,¢(2)
=0 q
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Proof. Use formulas (31)—(33) and (15). O

The following complementary argument theorems extend the ones given
in [3, p. 153].

Theorem 2.5. A g-analogue of the Raabe—Bernoulli complementary argu-
ment theorem [11, p. 128, (1)]:

(37) B () = (—1)"BEa o (g ©4 ).

Theorem 2.6. A g-analogue of the Fuler complementary argument theorem
by Milne—Thomson [11, p. 145, (1)]:

(38) Fii (@) = (1) F{ua o (T ©q 7).
These two formulas can be generalized to

Theorem 2.7 (A g-analogue of the Raabe—Bernoulli complementary argu-
ment theorem [11, p. 128, (1)]). Assume that g(t) in (17) and (18) are equal
and even functions. Then

(39) Y (@) = (=1)" 8L (g ©4 ).

Theorem 2.8 (A g-analogue of the Euler complementary argument theorem
by Milne-Thomson [11, p. 145, (1)]). Assume that g(t) in (19) and (20) are
equal and even functions. Then

(40) 07 (z) = (1)) (Mg S ).

Theorem 2.9. A special case of (40), and a g-analogue of [14, p. 532]:
(41) Y0 (1) = (1) HGop g (g S4 2).

Proof. Use the generating function. O

Corollary 2.10. A g-analogue of a generalization of [14, p. 532].

n v+nyr(n n—1
(42) (@) + (S0 o (-2) = 2 ka1 (7).
Proof. Use the generating function and (25), (41). O

3. The NWA ¢g-Apostol-Bernoulli polynomials. Throughout, we as-
sume that A # 0. The b polynomials are more general forms of the NWA
g-Apostol-Bernoulli polynomials, which we will study in this section.

Definition 13. The polynomials bgfl),’q(a;) are defined by

t"g(t) B g ()
BE, (1)~ 70 = 2 (g

v=0

0 Y (n)

(43)

The generating function for Bywa ,.4(2) is a special case of (44):
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Definition 14. The generalized NWA ¢-Apostol-Bernoulli polynomials
Bl(\?\BVA,A,u,q(@ are defined by

7 L o g Ztuggv)v“”q( 7) It +log A| < 27
YN O ) e~ S 7 W '

Assume that A # 1. The poles in the denominator of (44) are the roots
of E,(t) = A7!, which implies that in some cases the limit A — 1 is not

straightforward and needs some further consideration.
We have

(45) ANWA, 4,qb Al,q( z) = {r}bY, Av— 1q( z) =D bg\nuql)( )-

This leads to the following recurrence for the NWA ¢-Apostol-Bernoulli
numbers:

(46)  Baxwanrog =0, A(Brwarg Bg 1" — Bawa kg = 01k, k> 0.
The following table lists some of the first Bnwa x ., numbers.

v=0|lv=1 v=2 v=3
. 1| Mi+q [ M1+2){3),
1-A| (1=)\2 (A—1)3
v=4 v=>5
M2}, (14 ¢*) (14 20g +20¢% + A2¢3) | AN{5},
B (1—\)* (A—1)°

where
(A7) A=1430+40Z + X+ 03B +q) + 2P (1 + 3¢+ 4¢% + 3¢4%).
Theorem 3.1 (A generalization of 3, 4.242]). If ], n =n,

Bl(\?\BVA Akg(T1 Bg - Bg Ts)

N k : )
S ) fann

mi+...+ms= q5=1

(48)

where we assume that n; operates on x;.

Corollary 3.2 (A g-analogue of [8, p. 300 (49)]).

n (v 1
@) B harna@ = X (7) BoibaswaBrassalo)
k=0 q

Corollary 3.3. A g-analogue of [9, p. 634, (28), (29)]:
n—1)
Bl(\IWA,)\,y,q<x)
(50) 1

v+1
v+1\ Lo (n)
= A B R
{v+1}, kz_:o < k >q NWA A kg () NWA A vt1,4(T)
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A generalization of [3, 4.149].

v+1
» 1 v+1
(51) ¥ = e )\E ( k: )qBNWA,A,k,q(l‘)—BNWA,A,uH,q(UC)
k=0

4. The JHC ¢g-Apostol-Bernoulli polynomials. The ¢ polynomials
are more general forms of the JHC ¢-Apostol-Bernoulli polynomials, which
we will study in this section.

Definition 15. The polynomials cg\”) () are defined by

tng(t) #ell) ,(x)
o (B (1) ~ 1) Z Whl

Definition 16. The generalized JHC g¢-Apostol-Bernoulli polynomials
BSTIL{)C Awq(@) are defined by

oo 4v (")
t" Z "B iHo A wq(T)
E — ;A VG 1 2 .
We have
(54) Aguc.ageys (@) = {v}gels ) (@) = Dl (@),

The defining relation of the JHC ¢-Apostol-Bernoulli numbers is given by
the umbral recurrence

(55) Bincaog = 0, MBracag By 1) — Brucarg = d1g, k> 0.

We need not calculate the Bjyc,y,,q numbers, since we have the following
symmetry relations:

Theorem 4.1. Assume that g(t) in (43) and (52) are equal and even func-
tions. Then

(56) brvg = (=1)"cr-1,4, v > 0.
In particular,
(57) BNWAAvg = (—1)V3JHC,A*1,v,qv v>0.

Theorem 4.2. Assume that g(t) in (43) and (52) are equal and even func-
tions. Then

(58) S, g(@) = (“D)A"BYY) (7, 04 ).

A Lug

This implies a g-analogue of the complementary argument theorem [9,
p. 633, (19)].

Theorem 4.3.
(59) Bt o) = () N BEA 5y (Tg O 7).
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Theorem 4.4 (Compare with [3, 4.242]). If >, n = n,

BSTIL{)C,A,k,q(xl By -+ Bg Ts)

k T )
- Z (ml,...7ms> HBJHJCv’\vmjvq(mj)’

m1++ms:k‘

(60)

where we assume that n; operates on x;.

Corollary 4.5 (Another g-analogue of [8, p. 300 (49)]).

n - 14 n—1
(61) BSH)C,/\,V,q(QC) => (k> BgHC,))\,u—k,q'BJHcyA7k7q(x)'
k=0 q

Corollary 4.6 (Another g-analogue of [9, p. 634, (28), (29)]).

(n—1)
BJHC,)\,y,q(x)

(62) - {r+1}, k=0 k qq JHC A v+1—kg\
_ B(”) .

JHC,,\,V+1,q(9U)

Theorem 4.7 (A g-analogue of [6, p. §]).

v » . o
5 () Bl o
q

(63) =0

1 v— v n n

- )\7 Z(_l) ' (l{) Bl(V\aVA)‘vkaq(x)Bu(]I{)C,)\_l,l/fk,q (y)
k=0 q
Proof. We have that
i ()"

= E E.(—

(AE,(t) — 1)» o(@t) OB, (—) — 1) q(=yt)
(64) q

) o IAE, (1) \"
=E,((z ©4y)t) (\E(t) — 1" <)\Eq(t) - 1) ’

which implies that

1B 2 (T Sq ) & (7qt)"
> oy 2

=0 {vid! —0 {l}4!
(65) (n) (n)
_ 1 i tVBNWA,,\,u,q(fB) i (_t)mBJHC,)\—l,m,q(y)
AT = {v}q! m—0 {m}!

Formula (63) now follows on equating the coefficients of ¢”.
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5. The NWA g-Apostol-Euler polynomials. We start with some rep-
etition from [3]:

Definition 17. The generating function for the first g-Euler polynomials

of degree v and order n, Fl(\?\avA 5 q(x) is given by

2"E,(

(66) W Z{ T NWAuq( ), [t| <.
The following table lists some of the first g-Euler numbers Fxwa n q-
n=0|n=1 n =2 n=3
1| =271 1272(-14q) | 273(-1+2¢+2¢> — ¢°)
n=4

27 g - D){3},/(¢* —4g + 1)

The e polynomials are more general forms of the NWA g-Apostol-Euler
polynomials, which we will study in this section.

Definition 18. The e polynomials are defined by

2"g<t> < el (x)
(67) (B, (1) + B

Definition 19. The generalized NWA ¢-Apostol-Euler polynomials
?1(\?\;% Awq(@) are defined by

oo 4van)
2" T NwWa A w,q ()
—E — >\ Vs4 1 )
(68) SCROESIL J(21) 2) o [t +log | < 7

Assume that A # —1. The poles in the denominator of (68) are the roots
of Eg(t) = —A~L.

Theorem 5.1. We have

(69) VNWA,A,qeg\T’iq(x) = ef\i:;)(g;),

This leads to the following recurrence:

(70)  Fnwanog =2—X AFnwarg g 1F + Fxwakg =0,k > 1.

The following table lists some of the first FNwa xn,q numbers.

n=0] n=1 n=2 n=23
2 —2 20— N) | —2(\2 +¢® — 2Mg — 2)\¢?)
T+X | (A+N2] (1423 (A+1)4

We observe that the limits for A — 1 are the first ¢g-Euler numbers.
The following two formulas are generalizations of [3, 4.202] and [3, 4.206].
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Theorem 5.2 (A g-analogue of [9, p. 635, (31), (32)]).

n—1 n
(71) 51(\IWA),A,V o [)‘ Z < ) NWA Akg(T) + ?I(VJVA,)\,V,q(x)] :
1 “ (v
(72) ¥ = 3 [)\Z (k) INwA Nk q(x) + EFNWA,)\,u,q(l')] .
k=0 q

Theorem 5.3. A g-analogue of 9, p. 636, (43)] and a generalization of |3,
p. 152]:

Bg@vzx Awg(T DY)

- 0 Ko - (n
B Z( > [Bl(\TWAAk,q(y) { }qﬁl(\fw}k))\k 14 )] TINWA N v—kq(T).

Proof. We will use the ¢-Taylor formula (15) twice, and then like in [9],
the factor A disappears.

Bl(\?\gVA,)\,V,q (ZL‘ Dq y)

by(15,72) 1 (v (n)
= 9 Z (k) qBNWA,)\,k,q(y)

k=0

i < )q:’fNWA,A,j,q(«T)

1< (1
=32 (k Biwa g (1) INWA N~k ()
k=

Py L= v—3j n
+3 Z < > TNWANj,g(T) Z ( i ) Bl(mam,,\,k,q(y)
1 q q

k=0

FNWA A vk, (T)

O

by(15) 1 v "
- 22<k 31(\1\3VA,A,k,q(y)"fNWA,A,u_k,q(x)

by(45)

q
7Y g (y By 1)F (@) RHS
] NWA)\U ]q y q NWA,)\,],(] x *
0 q

1=
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Theorem 5.4 (Another g-analogue of [9, p. 636, (43)]).

v (5)
n v n q + 1
BSI{)C,A,u,q(w By y) = Z (k> BgH)C,)\,k,q(y) ( B
(75) k=0 q
k n
+4q ¢ ){ }qBSHcl,\k lq( )} StNWA,/\,ufk,q(iﬂ)-

Proof. We will use the ¢-Taylor formula (16) twice, and then like in [9],
the factor A disappears.

BSQC,A,U,q(x EE‘] y)

by(16,72) 1 = (V\  (5) . (n
) Z <k> qq<2)(B‘(]H)C’A:kvq(y)

FNWA N v—k,q(T)

k=0
v—k u_
+ AZ ) ?NWA,A,j,q(x)]
=0 q
2 q THOM NWA A v—k,q(T
(76) T2 o k q
3 S (v J (5) g™
T2 FNWA N 0(@ )Z o)1 JHC M Eg(Y)
J
j= q Pt .
by(16) 1 e [V M (n
- 52 (k) q(2)351{)0,A,k,q(y)?NWA,,\,V_k,q(x)
k=0 q
Ay (v " by (54)
T3 <j )P‘(]H)C’M—jﬁq(y By 1)TNwarq(r) =" RHS.
=0

Theorem 5.5 (A g-analogue of the addition theorem [6, p. 10]).

Bl(\;l\;VA,)\Q,V,q(m g y)

(77) )" &= Y\ o m _
~ o q§ S (k) Bl(\T\BVA,/\,k,q(2qx)3:1(\1\3VA7/\,u—k,q(2qy)'
( Q) k=0 q

Proof. We find that

2n Q t n B -
(78) 2 <A2Eq(2qqt) - 1) Ey((24 &4 249)1)

t s 2" -
~ (o) B e O
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which implies that

on Z (24t)" Bgaya 2.4 (@ Sq )

(iq)n v=0 {V}Q'
(79) (n) (n)
_ i tVBNWA A\ q(2 z) i tm‘(fNWA \m q(2qy)
=0 {V}q! m=0 {m}q
Formula (77) now follows on equating the coefficients of t¥. O

6. The JHC g-Apostol-Euler polynomials. The f polynomials are
more general forms of the JHC g-Apostol-Euler polynomials, which we will
study in this section.

Definition 20. The f polynomials ff\nz q(x) are defined by
[e.9] v )
Mg (t t f v,
(VB (1) + 1 i

Definition 21. The generalized JHC ¢-Apostol-Euler polynomials
T\t auq(@) are defined by

0 pran)
2" t S:JHC)\V (z)
(81) ————F,(2t) = e |t +log A| < 7.
(E: () + 1" D I
Theorem 6.1. We have
n n—1
(82) VJHC,A,qf&73,q( ) = fg\qu)( ),

This leads to the following recurrence:
(83)  Fumcoaog=2-A AMTFrncag By D* + Foncakg =0,k > 1.

Theorem 6.2. A generalization of [3, 4.224] and another g-analogue of 9,
p. 635, (31)]:

n—1 n
(84) H:L(]HCg\l/q [AZ< > JHC)\V kq( )+?§PI)C,A,V7Q('T)

Theorem 6.3. A symmetry relation for q-Apostol-FEuler numbers.

(85) (_1)V?JHC,A*1,V,q = _?NWA,)\J/,Q'
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Proof. The following computation with generating functions shows the

way:

i (=t)"Fsncp—tmg _ 2 _2XE,(t)

—~ {v}g! AEi(=t)+1  AEg(t) +1
(86) I

t” 3:NWA \U,q )
=\ .
Z {v}q!

Equating the coefficients of t” and using (70) gives (85). O

Theorem 6.4. Assume that g(t) in (67) and (80) are equal and even func-
tions. Then
(87) £, (2) = (1)l

A lug )\,u,q(ﬁq Sq l’)

This implies a g-analogue of the complementary argument theorem [9,
p. 634, (20)].
Theorem 6.5.
(88) ?Egl)c A1 uq( ) = (_1)VAn?1£Tn\2\7A,A,V,q(ﬁq @q l‘)

Theorem 6.6 (A g-analogue of [6, p. 8]).

- v 2n — \y—
> () gl o)
q

(89) =0

1 vV— v n n

- )\nkz(l) k<k>q?l(\1\2vA,)\7k,q( >3’§H)CA kW)
=0
Proof. We have that
2m on

o o Bl E,(—yt

O, (1) + 1) T () 1 e
(90) q

i on 2AE,(t) \"
= Eq((l’ Oq y)t) ()\Eq(t) + 1)” (/\Eq(t + 1) ’

which implies that

0o 4vai(2n) oo s
Z " FNWA g (T O ¥) Z (7gt)!

(1) =0 {v}q! —0 {l}4!
1 > t’/?l(\?\BVA,)\,V,q(x) > ( )m3~§}1)0 A~ Im q(y)
T ; {v}! mZZO {m}!

Formula (89) now follows on equating the coefficients of ¢”. 0
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7. More on g-Apostol-Bernoulli and Euler polynomials. It turns
out, by simple umbral manipulation that many of the formulas in [3, Section
4.3] are also valid for ¢g-Apostol-Bernoulli and Euler polynomials, and these
equations which we now present will also be new for the case ¢ = 1. We
first define these polynomials of negative order.

Definition 22. The generalized NWA ¢-Apostol-Bernoulli polynomials of
negative order —n are given by

(—n) _ {V} ! n v+n
(92) Brwarvg(®) = W Z}q!ANWA s

The generalized NWA ¢-Apostol-Euler polynomials of negative order —n
are given by

(93) 9:1(\1_\77\1711,&1/,(1('%) = VQTWA,A,qu'
Theorem 7.1. A generalization of [3, 4.249]:
(99 Brwarwa(® Bav) = (BRwh q(7) S0 Baba o (1))"

and the same for NWA q-Apostol-Euler polynomials
A special case is the following formula:

(95) B g (& B 1) = (B g () g 9)"
and the same for NWA q-Apostol-Euler polynomials.

Theorem 7.2. A generalization of [3, 4.251, 4.252]:
If n,p € Z then

n—+ - n) (p) v
(96) BI(\TWQ),A,u,q = (Bl(\IWA,)\,q By ‘BI\IIJWA,A,q) ;
and the same for NWA q-Apostol-Fuler numbers.
Theorem 7.3. A generalization of [3, 4.253]:

(97) (2 g 9)" = (Biiang(®) @y Bitwarg(¥))"

A generalization of [3, 4.254]:

(98) (B4 )" = (Faiang@) Ba Fang(¥)"-

Proof. Put p = —n in (94). O

In particular for y = 0, we obtain

(99) 2 = (Biwang Ba Biwag (@)

(100) 2 = (Fiwang Pa Fiwang(@)”
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This can be restated in the form
v (=n)

v NWA,\,s, s n
(101) v = Zi{s}q' IDB A (©):
s=0

v ?(*n)
(102) 2 =Y TNV gln ().
2 sl A

We conclude that the NWA ¢-Apostol-Bernoulli and NWA ¢-Apostol-Euler
polynomials satisfy linear g-difference equations with constant coefficients.

The following theorem is useful for the computation of NWA ¢-Apostol—
Bernoulli and NWA ¢-Apostol-Euler polynomials of positive order. This
is because the polynomials of negative order are of simpler nature and can
easily be computed. When the Bl(\f_\;i,)\,s,q etc. are known, (103) can be used
to compute the BI(\}QVA,X,S,(]'

Theorem 7.4. A generalization of [3, 4.259]:

(103) 3 (1), P8hnr R = o

A generalization 0]”_[3, 4.260]:

(101 > (1) s ithnea = o

Proof. Put z =y ; 0 in (97) and (98). O

Theorem 7.5 (A generalization of [3, 4.261]). Under the assumption that
f(x) is analytic with q-Taylor expansion

o
(105) fla) =) Dif0)r

v=0 { }
we can express powers of Anwaug and VNwa,a,q operating on f(x) as
powers of Dy as follows. These series converge when the absolute value of
x 18 small enough:

> Bl(\fiwn/)k)\u (l‘)
(106) IT\LTWAAqf(x) = DZ‘F”f(O)%’
A, VZZO {v}!
(=)
T
(107) Viwangf (@ ZDV M'

{v}q!
Proof. Use formulas (45) and (54). O
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Putting f(x) = Eq(«t) we obtain the generating function of the NWA ¢-
Apostol-Bernoulli and NWA ¢-Apostol-Euler polynomials of negative order:

AE, (t .
(108) (q(tl Z{ } | NWI)X/\yq(x)
ANE, (¢
(109) ((1(2)n Z{ T NWA)\uq(x)
Theorem 7.6 (A generalization of [3, 4.268]).
(110) ZW RwaagDEf(y) = DI f(z @q y).
k=0 &

Proof. Replace f(z) by f(x @qy) in (45):

AF(BGhang(@) Bqy Bg 1) — F(BEna(2) g y)
= Dy f (Bl x4 (@) B4 9).

Use the umbral formula [3, 4.21] to get

(111)

- Bl(\%VAAkq(w) k - Bl(\?V_Vfl\)’f ¢(®) k+1
(112) >~ T SvwaadDef () = > g e S
k=0 T k=0 v

Apply the operator A?@\}A Aq with respect to y to both sides and use (106):

= Bk (?)
Z T{q RwaaqDaf(y)
k=0
(113) s qm(n-1) p(=nt1)
B Z BNWA A k’,q Z Dk+l+nf NWA7)\,l,q(y)
(k1! = ur
Finally use [3, 4.21] , [3, 4.34], (97) to rewrite the righthand side. O

Corollary 7.7 (A generalization of [3, 4.272]). Let p(x) be a polynomial of
degree v. A solution f(x) of the q-difference equation

(114) AﬁWA,A,qf(@U) = DZSD(QU)
is given by
" Brwakg(?)
(115) fleegy) =) —’qD’;@(y)-

27 k),
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Proof. The LHS of (115) can be written as go(Bl(\ﬂgvA 2q(Z) Bq y), because
if we apply ANWAW to both sides we get
(116) AKTWA,A,qf(x Dqy) = DZ,M(x S0

= Mo, ,02(Biwa g () S ).

O
Theorem 7.8 (A generalization of [3, 4.275]).
.- Srl(\?\BVAAk (z)
(117) Z {k} |q NWA.Aquf( ) f(l' @q y)
k=0 T

Proof. Replace f(x) by f(z ®qy) in (69):
1 0 n
5 (M@ B0y @4 1) + FTanrg@) 1))

n—1
= f(3r1(\IWA)A 4(T) Sqy).
Use the umbral formula [3, 4.21] to get

(118)

. INwa k(@) . TNwanka(®)
(119) Z — v Vnwaa Dy f(y) = Z —a1 Paf):
{k}q! {k}q!
k=0 k=0
Apply the operator VﬁﬁflA,A,q with respect to y to both sides and use (107):
o0 (n)
FTNwakq(T)
> {T,q fwaaDsf ()
k=0 '
(120) gl ~ (—n+1)
Ty & 1!
Finally use [3, 4.21], 3, 4.34], (98) to rewrite the righthand side. O

Corollary 7.9 (A generalization of [3, 4.279]). Let ¢(x) be a polynomial of
degree v. A solution f(x) of the q-difference equation

(121) Viwaaqf(2) = ¢(x)
is given by
v 9:(”)
(122) flz@gy) = kZ_o Wnﬁ;m»

Proof. The LHS of (122) can be written as go(?l(\?\gvA)\’q(x) @y y), because
if we apply V{wa 4 gz 1O both sides we get

(123)  Viwaaof (@ D y) = 0(@ g ) = Viwa @ (Fimnrg(®) Dgv)-
0
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8. Multiplicative g-Appell polynomials. In this section we very briefly
discuss multiplicative g-Appell polynomials with f,,(¢) equal to h(t)". It
turns out, by simple umbral manipulation that many of the formulas in [3,
Section 4.3] are also valid for multiplicative g-Appell polynomials, and these
equations will be presented in another article. Throughout, we denote the

multiplicative g-Appell polynomials by ® g\/[)y 4(@).

Definition 23. Under the assumption that the function h(t)™ can be ex-
pressed analytically in R[[t]], and for f,(¢) of the form A(t)", we call the
g-Appell polynomial ®, in (14) multiplicative.

(124) Z Muq x), n € Z.

Then we have

Theorem 8.1. If > ;n=n, neN,

n k T ()
(125) N (@18 By = 3] k(ml,...,ms) [T 25, o).

mi+...+ms=
where we assume that n; operates on x;.
Proof. Compare with [3, 4.242]: In umbral notation we have, like in the
classical case:
(126) (21 Dq ... Dg Ts D TgY)* ~ (21 Bg WY ) By - - - By (T5 Dy sy )",

where 7/, ...,~” are distinct umbrae, each equivalent to . O

9. The g-logarithm. We wish to investigate the existence of a real inverse
for Eq(x).

Theorem 9.1. The function Ey(z), —0o <z < (1 —q)~! has an inverse.

Proof. It suffices to show that the logarithmic derivative of E,(x) is > 0.
However, this follows from

oo

1_
=0

O

Definition 24. The g-logarithm log,(x) is the inverse function of E,(x),
—co<z<(l—¢) L 0<qg<l.
Theorem 9.2. The g-logarithm log,(x) has the following properties (x and
y have small real values, n € N):

(1) Its domain is Ry =]0,00[, and its range is | — oo, (1 — q)71[.

(2) It is strictly increasing.
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(3) logy(z) Bq log,(y) = log,(zy).
(4) log,(z) ©qlog,(7) By - - - B¢ log,(z) = log,(2").

Theorem 9.3 (A g-analogue of [8, p. 293 (13)]).
(log, (1))

(_ZIqu(A))ZFI(\%VAJH'”’Q(@ {k}q!
k=0 .

(128) I, (@) =E

1
q
Proof. We equate the generating functions in the following way:

o0 tl/gj&lq( )

Z {v}g!

v=0
27l
=Ei(—x1 A E t 1 A
é( T qu( )) (E (t @q Iqu()\))+1)n q(x( @q qu( )))
t (t By logq()\))k
(129) % —logy (A Z NWA g {k},!
By (-1 f:F z o
=E;(—zlog,(
q I NWA k’q m}q'{m}q
(log,(A))*
= El(_xlogq( Z Z NWA Jk+m,q ZL‘) {Z} T
q m=0 q fe— q-

0

10. Appendix: multiple g-Appell polynomials. Of course there are
many ways to define multiple g-Appell polynomials; in this paper we con-
centrate on one of the simplest approaches in the spirit of Lee.

Definition 25 (A g-analogue of [7, p. 2135]). For every power series

thtl
130 f(t1,t2)
( ) 17 2 klzoakl{k}q'{l}q',

with f(0,0) # 0, the multiple g-Appell polynomials ®y,;.,(x) of degree k,l
have the following generating function:

tht,
(131) f(t1,t2)Eq(z(ty ©g t2)) MZO o 0! Dy 1.q().

Theorem 10.1 (A g-analogue of [7, p. 2135]). Let {®y1,4(2)}35—o be a mul-
tiple q-Appell polynomial. Then we have equivalently:

(1) {q)k,l;q(x)}z?lzo is a set of multiple q-Appell polynomials.
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(2) There exists a sequence { Py 14175 with ®o0,q # 0 such that

k l
(132) DOy 1q(2 Z Z (kj) ( ) ‘I)k_k17l_ll7qul+l1.

k1=011=
(3) Let
k1+l1 k l
) (I)k’l’o"ﬁq ZOZZO <k1> < ) Pty 1-11,gT o q” o,
1

Then for each ni + no > 1, we have

(134) D@ iiq(2) = {k}qPr-1,:0,1:0(2) + {1} Phi-150(2)-
(4) There exists a sequence { Py 1.4 }75_ with ®o0.,q # 0 such that
P tiq(2)

(135) kol ( > (){k‘—I—l—kl—ll}q! e
= E E P _Dfitl, +l.
=00 h (ke + 1}, 1,110y

Proof. (1)=(2). This follows since each ¢; and ¢» provides a generating
function for a g-Appell polynomial.
(2)=-(3). By the identity

{k1 + ka}q (k ) (:2)
(136) — ), (lﬁ B i)q (Zi)q + {nalq (Zi)q (Zz ~ i)q

kl 217k2217

we have
l

k
D le Z {kl + ll}q( > < 1) @k_kl’l_ll’qul‘Fll*l
k1=011=0 q
by(136) o k—1\ (1
y: l1 k -
Z Z (q { }q <:IC1 . 1>q<l1>q
B\ (1-1 )
(137) +{l}q <I<: ) <l 1) )‘I)kk1,ll1,qul+ll '
1 q 1 — q
k—1 1
k—1 l
P> ( ki1 ) (h) Ph1—ry d-11,g2" "
0 q q
k 1-1 k 11
2 2 (m) < L ) Doy g2 = RHS.
= q q
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The last statement follows after performing the g-derivation and changing
summation indices. 0

11. Discussion. We have discussed six new types of ¢g-Appell polynomials,
and a multiple form, but the trend is clear; there are many advantages with
this general kind of function. This theory is very flexible and ready for gen-
eralizations. In another paper we will prove that the ¢-Appell polynomials
(and the Appell polynomials as well) form a commutative ring. We hope
that this article will advertise g-Appell polynomials, which are not very
well known; as a coincidence we mention that Paul Appell (1855-1930) was
mathematics teacher of Marie Curie in Paris, they became a very successful
team.
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