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Equality cases for condenser capacity inequalities
under symmetrization

ABSTRACT. It is well known that certain transformations decrease the capac-
ity of a condenser. We prove equality statements for the condenser capacity
inequalities under symmetrization and polarization without connectivity re-
strictions on the condenser and without regularity assumptions on the bound-
ary of the condenser.

1. Introduction. A condenser in R", n > 2, is a pair (D, K), where D
is an open subset of R” and K is a nonempty compact subset of D. Let
ACL?(G) be the set of continuous functions ¢ : G + R on the open set G C
R™, which are absolutely continuous on lines and their partial derivatives
are in L2 (G) (see e.g. [23, pp. 88-89]). The (Newtonian) capacity of (D, K)
is
Cap(D, K) = inf / |Vul?,
u
D\K

where the infimum is taken over all functions u € ACL?(D\ K) with bound-
ary limits 0 on D and 1 on K. The boundary of an open set in R™ is
taken in the topology of the one-point compactification R"™ U {oo} of R™.

Let T': D — R™ be a geometric transformation such that (7(D),T(K))
is a condenser. It is well known that certain transformations decrease the
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capacity of a condenser, that is
(1.1) Cap(T(D), T(K)) < Cap(D, K).

Some examples of transformations such that (1.1) is valid are Steiner and
Spherical symmetrizations and polarization; see [21, 10, 12]. Inequality
(1.1) for various types of symmetrization, in its most general form, was
proved by Sarvas in [21], where one can find references to earlier work of
Hayman, Gehring, Mostow, Anderson and Pfaltzgraff. Inequalities of the
type (1.1) have important applications in potential theory, complex analysis,
and mathematical physics; see [2, 12, 13, 20].

In the present article, we give necessary and sufficient conditions on
(D, K) such that equality occurs in (1.1). We will see that, roughly speak-
ing, equality occurs if and only if the original condenser is already sym-
metric in the sense that T'(D) = D and T'(K) =~ K. Equality statements
have been investigated by several authors under connectivity assumptions
and certain regularity conditions on the boundary of the condenser. A
condenser (D, K) is called admissible if D\ K is regular for the Dirichlet
problem and (D, K) is called connected if D\ K is connected. J. A. Jenkins
[15, 16] proved that, if (D, K) is an admissible and connected condenser
in R?, then equality in (1.1) for circular symmetrization with respect to
a ray [ emanating from the origin is attained if and only if D\ K is cir-
cularly symmetric with respect to some ray I’ emanating from the origin;
see also [19, p. 177]. V. A. Shlyk [22] proved an equality statement for
circular symmetrization of connected condensers, without the admissibil-
ity condition. Equality statements for Schwarz symmetrization have been
proved under regularity (or smoothness) conditions on the boundary of the
condenser; see [2, p. 57|, [12, p. 17], [17, pp. 71-72]. V. N. Dubinin [12]
proved that, if (D, K) is an admissible and connected condenser in R?, then
equality in (1.1) for polarization with respect to a straight line « is attained
if and only if the polarization of (D, K) coincides with (D, K) or it is sym-
metric to the latter with respect to a. Also, in [9], he proved an equality
statement for polarization without the connectivity assumption. D. Bet-
sakos [3, 4] proved equality statements for symmetrization and polarization
inequalities for Green functions, Brownian transition functions, Dirichlet
heat kernels and harmonic measure. A. Cianchi and N. Fusco [8] proved
equality statements in Steiner symmetrization inequalities for Dirichlet-type
integrals under connectedness, boundedness and boundary conditions. Our
purpose is to prove equality statements for condensers in R under Steiner
and Schwarz symmetrizations and polarization, without any connectivity or
regularity assumptions.

We note that inequality (1.1) is true when Newtonian capacity is replaced
by several other capacities, for example the well-known p-capacity, under
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polarization and symmetrization; see V. N. Dubinin [11]. The characteriza-
tion of the equality cases for the general capacities is an open problem.

For the sake of concreteness, we will state and prove symmetrization re-
sults only for Schwarz and 1-dimensional Steiner symmetrization but similar
results hold for other kinds of symmetrization. We give here the definition of
1-dimensional Steiner symmetrization. Let H be an (n —1)-dimensional hy-
perplane in R”. We define the symmetrization Sg(A) of an open or compact
set A C R™ by determining its intersections with every line perpendicular
to H. Let ¥(z) be the line which is perpendicular to H and passes through
the point x € H. Let 2r, be the 1-dimensional Lebesgue measure of the
set X(z) N A. Let (—rz,7z) be the open linear segment on X(x) centered
at « with length 2r, and let [—r,, ;] be the corresponding closed segment.
Then (see Figure 1)

o if 0 <r; <400,
| (=rg,rz), if Ais open,
Su(A) NX(z) := { [—72,72], if Ais compact,
o if r, =0,
o @, if ¥(x) N A is empty,
Su(A)NE(z) = { {z}, if ¥(z)N A is nonempty.
The Steiner symmetrization of a condenser (D, K) with respect to H is

the condenser (Sg(D),Su(K)). We refer to [7, 12, 13, 17, 21] for more
information about symmetrization.

Sy(D)|. H
[

= s

FIGURE 1. An open set D, a compact set K and their
Steiner symmetrizations Sy (D) and Sy (K). The condenser
(Su(D),Sg(K)) is the Steiner symmetrization of the con-
denser (D, K).

We need to introduce some terminology and notation. Every (n — 1)-
dimensional hyperplane in R™ will be simply called plane. If H is a plane,
we denote by IIy(A) the orthogonal projection of a set A C R™ on H. We
denote by Co(E) the logarithmic (n = 2) or Newtonian (n > 3) capacity
of the Borel set E C R™ (see e.g. [1, 14, 18]). If two Borel sets A, B C R"
differ only on a set of zero capacity (namely, Co(A\ B) = Co(B\ A) = 0),
then we say that A, B are nearly everywhere equal and write A= B. By
convention, Cy({oc}) = 0 if n = 2 and Cy({o0}) > 0 if n > 3 in the sense
that {oo} is polar when n = 2 and is non-polar when n > 3; see [14, p. 206].
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A condenser (D, K) will be called normal if for every connected component
Qof D\ K, it is true that

Co(dDNON) >0 and Co(dK NAQ) > 0.

Every normal condenser has positive capacity and every connected con-
denser with positive capacity is normal. The normality condition for a
condenser is natural. If a connected component of D\ K does not satisfy
the above inequalities, then it does not contribute to the capacity; in partic-
ular it can be viewed as a part of K or it can be removed from D, according
to which one of the above inequalities fails, without affecting the capacity
of the condenser. Therefore, normality is a necessary condition for equality
statements.

Our main result is the following equality statement for Steiner sym-
metrization. We do not suppose that D \ K or D is connected and we
do not suppose that the condenser is admissible. It states that equality in
(1.1) for Steiner symmetrization with respect to H is attained if and only
if the orthogonal projections of the connected components of D on H are
disjoint and for every component D; of D there is a plane parallel to H
relative to which D; and K; = D; N K are Steiner symmetric.

Theorem 1. Let (D, K) be a normal condenser, let {D;} be the connected
components of D, K; = K N\ D; and let H be a plane in R™. Then

Cap(Su (D), Su(K)) = Cap(D, K)

if and only if for every i there exists a plane H; parallel to H such that
Sy.(D;) " D;, Sy (K;) = K;

and g (D;) NIy (D;) = @ for every i # j.

Let A C R™ be an open (or compact) set and let m,(A) be the n-
dimensional Lebesgue measure of A. The Schwarz symmetrization of A,
denoted by A*, with respect to a point zy € R™, is the open (or closed) ball
with center at zg such that m,,(A4) = m,(A*). The Schwarz symmetrization
of a condenser (D, K) with respect to z is the condenser (D*, K*). We shall
prove that we have equality in (1.1) for Schwarz symmetrization if and only
if there exists a translation F' such that D* "= F(D) and K* "= F(K).

The proof of Theorem 1 is based on the approach to symmetrization via
polarization. In Section 2 we describe polarization and we prove an equality
statement in inequality (1.1) for polarization. Also we describe the extended
Dirichlet principle which we use to deal with the irregular boundary points.
Theorem 1 is proved in Section 3. In Section 4 we prove the equality state-
ment for Schwarz symmetrization based on the corresponding statement for
Steiner symmetrization.
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2. Equality statement for polarization.

2.1. The extended Dirichlet Principle. First we introduce some more
terminology. If K is a compact subset of R, n > 2, the reduced kernel of
K is the compact set

K={zcK:Cy(KNV) >0, for every open neighborhood V" of z}.

It is known that Cy(K \ K) = 0; see [18, p. 164]. Let G be an open subset of
R™. We shall denote by I(G) the set of irregular boundary points of G for
the Dirichlet problem (see e.g. [1, p. 179]). It is known that C2(I(G)) = 0.
Consider the set

I(G) = {¢ € 0G\ {00} : there exists € > 0 such that Co(B((,¢) \ G) = 0}.
By Wiener’s criterion (see [1, p. 217]), I;(G) C I(G). The reduced kernel of
G is the set G = G U I;(G) C R™. Tt is easy to prove that G is an open set
and G "= G.

Let ¢ be a continuous real valued function on 0G. We consider the set

D(G,¢) = {g € ACL?*(G) : Gg;gc g(x) = ¢(¢) for every ¢ € G\ I(G)}

and we denote by h(G, ¢) the solution of the generalized Dirichlet problem
on G with boundary function ¢. Note that h(G,¢) € D(G, ¢). We shall
need the following extended version of the classical Dirichlet principle.

Theorem 2.1. [6, p. 414] (Extended Dirichlet Principle). Let G be a Gree-
nian open subset of R™, ¢ be a continuous real valued function on the bound-
ary of G and h = h(G,¢). Then

/ VAP < / Vgl?,

for every g € D(G, ¢) and equalzty occurs if and only if g = h

According to the extended Dirichlet principle, we can enlarge the class of
functions in the definition of the condenser capacity. In particular,

2.1 Cap(D,K) = Vh|]? = f Vul?
(21) ap(D,K) = [ |V ol /| uf,
D\K
where 5

[0, ¢edD,

and h = h(D\ K, ¢). The function h will be called the equilibrium potential
of the condenser (D, K). We shall denote D(D \ K, ) by D(D, K).

Remark 2.2. A condenser (D, K) is normal if and only if its equilibrium
potential is non-constant on each connected component of D \ K.

We state here some well-known properties of condenser capacity.
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Proposition 2.3. If (D1, K1) and (D2, K3) are two condensers such that
Dy " Dy and K1 "= Ko, then Cap(D1, K1) = Cap(Ds, K>).

Proposition 2.4. If (D1, K1) and (D2, K2) are two condensers such that
Dy C Dy and Ky C K, then Cap(D1, K1) < Cap(Ds, K»).

Proposition 2.5. If D C R? is an open set such that D "= R2?, then
Cap(D, K) =0 for every compact subset K C D.

2.2. Definition of polarization. Let H be an oriented plane in R™. Let
H* and H~ be the closed half-spaces into which H divides R", with respect
to the given orientation. We denote by Ry (-) the reflection of a point or a
subset of R™ in H.

We proceed to define polarization with respect to H. Let E be any set in
R™. We divide FE into three disjoint sets as follows: The symmetric part of
FE is the set

Sp={x € E: Ry(z) € E},

the upper non-symmetric part of E is the set
Us={x€ENH':Ry(z)¢ E}
and the lower non-symmetric part of E is the set
Ve={rxe€e ENH :Ry(x) ¢ FE}.
Then E = Sp UUg U Vg. The polarization Py (FE) of E with respect to H
is the set (see Figure 2)
Py(FE):=SpUUgURy(Vg).

The polarization of an open (or closed) set is open (or closed). The polar-
ization of a condenser (D, K) with respect to the plane H is the condenser
(Pu(D), Py (K)). For more information about polarization, see [3, 7, 12].

vV |E Py (E)

FIGURE 2. A set E and its polarization Py (FE).

2.3. Polarization and capacity. We will use the fact that a closed set
with zero capacity cannot disconnect a domain:

Lemma 2.6. ([1, p. 125]). Let Q C R™ be a domain and E a relatively
closed subset of Q with Co(E) = 0. Then the set Q\ E is connected.
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We shall also need the following lemma for the identification of two con-
densers.

Lemma 2.7. Let (D1, K1) and (Dy, K2) be two normal condensers and let
h1 and hs be their equilibrium potentials, respectively. Let A be a connected
component of the set (D1\ K1)N(D2\ K2) and let Q1 and Q2 be the connected
components of D1\ K1 and Dy \ Ky that intersect A, respectively. If hy = ho
on an open ball in A, then Q1 "= Q.

Proof. From the identity principle of harmonic functions we obtain that
hi = ha on A. Suppose that Cy(2; \ A) > 0. We shall show that

(2.2) Cy(21 NOA) > 0.
Consider the decomposition

U \A=(QNoA)U QN (R"\ A)).
If Q1 N (R™\ A) = @, then

CQ(Ql N 814) = 02(91 \A) > 0.

If Q1 N(R™\ A) # @, let O be a connected component of R™\ A that intersects
;. Since € is connected and intersects O and R™ \ O, Q1 N 00 # &. Let
€€ Q1N00 and r > 0 such that B(&,r) C Q1. Then B(§,r) \ 0O intersects
Q1 and O, so it is not connected. Since 00 C 0A, it follows from Lemma 2.6

that
CQ(Ql N 614) > CQ(B(f,?“) N 80) > 0.
Hence (2.2) is proved.
Since 0A C (021 UOQs), the set Q1 NIA is a subset of 90y with positive

capacity. From the boundary behavior of ho we obtain that there exists
& € Q1 NOA such that

lim he(z)=0 or lim  ho(x) = 1.

Qa3x—¢) Qa3x—&o

Therefore, since h1 = ho on A, we obtain that
hl (fo) = Aalxlxn—l>fo hl (a;) =0 or hl (60) = Aalin—l>§o hl (.T) =1.

From the extended maximum principle, in either case, we obtain that h;
is constant on A. So, by the identity principle, hy is constant on €2y which
contradicts the fact that (D;, K1) is normal (Remark 2.2). Therefore Ca(€2;\
A)=0and Q; = A. In a similar way we show that C5(f \ A) = 0 and
0 = AE Q. O

Let (D, K) be a condenser and let H be a plane. Inequality (1.1) for
polarization is (see [10] and Figure 3)

(2.3) Cap(Py (D), Pu(K)) < Cap(D, K).



8 D. Betsakos and S. Pouliasis

H N H

® (D, K) (Pu(D), Py(K))

FiGURE 3. The domain D is the interior of the polygon and
the compact set K is the union of the three disks. The con-
denser (Py (D), Py(K)) is the polarization of the condenser
(D, K).

We proceed to state and prove the equality statement for polarization.
For the proof we use polarization of functions which was first introduced by
V. N. Dubinin. Dubinin [9] proved a similar statement with the additional
assumption that the condenser is admissible. Our proof follows the general
scheme of Dubinin’s proof with several differences in technical details arising
from the presence of irregular boundary points.

Theorem 2.8. Let (D, K) be a normal condenser and let H be an oriented
plane in R™. Then

(2.4) Cap(Py (D), Pu(K)) = Cap(D, K)
if and only if there is a one-to-one and onto correspondence between the

connected components Q' of Py (D) \ Py (K) and the connected components
Q of D\ K such that either

Q=0 09 NIPy(K) "= 09N 0K
and oY NOPy(D) "= 90N oD

or
Q" Ry (Q), o NOPy(K) "= Ry (0QNOK)
and oY NPy (D) "= Ry (02N OD).
Proof. Suppose that equality (2.4) holds. Let h be the equilibrium po-
tential of (D, K). We extend the function h on R™ by setting h = 1 on
K and h = 0 on R™\ D. We note that the function Rh(z) = h(Ru(x)),

restricted to Ry (D) \ Ry (K), is the equilibrium potential of the condenser
(Ru(D), Ry (K)). The polarization of h is the function

_f min{h(e), W(R(2)}, =€ H-,
Phiz) = { max{h(z), h( R ()}, =€ H*

It is well known (see e.g. [7, pp. 1768-1769]) that Ph € D(Py (D), Pu(K))

and
/ |VPh|? = / |Vh|?.

Py (D)\ Py (K) D\K
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So

Cap(Py (D), Py(K)) < / |V Ph|?
Py (D)\Py(K)

(
= [ 1vnp

= Cap(D, K)
= Cap(Py(D), Py(K))

and therefore

Cap(Py (D), Py(K)) = / |V Ph|2.
Py (D)\Py (K)

From the extended Dirichlet principle we obtain that Ph is the equilibrium
potential of (Py (D), Py(K)). Since (D, K) is a normal condenser, h is
not constant on any connected component of D \ K. Therefore, from the
definition of Ph and Remark 2.2, we obtain that Ph is not constant on any
connected component of Py (D) \ Py(K) and hence (Py (D), Pg(K)) is a
normal condenser.

We shall show that every connected component of D \ K contains a ball
B such that Ph = h or Ph = Rh on B and every connected component
of Py(D) \ Py(K) contains a ball B’ such that Ph = h or Ph = Rh
on B'. Let Q be a connected component of D\ K and let J be the
union of the boundaries of the condensers (D, K), (Ry(D),Ry(K)) and
(P (D), Py (K)). The functions h, Rh and Ph are continuous on the open
set Q\ J. If h = Rh = Ph on Q) J, the assertion for Q follows. Suppose
that Ph(z) < h(z) for a point z € Q\ J. Then, by the continuity of A,
Ph, we obtain that Ph < h on a ball B(z,e¢) C 2\ J. Therefore Ph = Rh
on B(z,¢€) and the assertion is proved. In a similar way we treat the other
possible cases.

Let € be a connected component of Py (D) \ Py(K). Suppose that
Ph = h on an open ball B C Q. Then, since 0 < h = Ph < 1 on B,
BcC (D\K)UI(D\ K). We may assume that B C D\ K since otherwise
we may replace B by a ball By ¢ B\ I(D \ K). If Q is the connected
component of D\ K that intersects the ball B, from Lemma 2.7 we obtain
that Q@ = /. Also, by Lemma 2.6, Q N € is connected. So, by the
identity principle, h = Ph on QN and from the boundary behavior of the
equilibrium potentials h, Ph, we obtain that 9’ NOPy (K) "= 0QNOK and
OV NOPy(D) "= 90N AD. In a similar way we can show that, if Ph = Rh
on an open ball B C €, then ' "= Ry (Q), 0¥ NOPy(K) "= Ry (00NIK)
and 9 N APy (D) "= Ry (092N D). Let G be a connected component of
D\ K. In a similar way we can show that: (i) if Ph = h on an open ball
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B C G, then there is a connected component G’ of Py (D) \ Py (K) such
that G’ "= Ry (G), 0G'NOPy(K) "= Ry (0GNOK) and 0G' NOPy (D) "=
Ry (0GNOD) and (ii) if Ph = Rh on an open ball B C G, then there is a
connected component G’ of Py (D) \ Py (K) such that G' "= Ry (G), 9G' N
OPy(K) "= Ry (0GNIK) and 0G'NOPy (D) "= Ry (0GNID). Therefore,
the correspondence between the connected components of Py (D) \ Py (K)
and the connected components of D \ K is one-to-one and onto.
Conversely, let Ay denote the union of the connected components Q' of
Py (D) \ Py (K) such that there exists a connected component €2 of D\ K
with Q "= Q/, 0 NPy (K) "= 90N OK and 0 NOPy(D) "= 0QNaD.
Also, let Ao denote the union of the remaining connected components of
Py (D) \ Pyg(K). Then the equilibrium potential of (Pg (D), Py (K)) is the

function
h(x) , x € Ay,

u(z) = { WRi(z), =€ As
and

Cap(Py (D), Py(K)) = / Vu(z)2dz
Py (D)\Py (K)

:/Wu(x)\zdw—i—/wu(:v)]?dx

A1 A2

:/\Vu(x)\zd:r—i— / \Vu(Ry (z))2da

Ay Ru(A2)

—/\Vh(x)\gdx—i—/ |Vh(z)|*dx
Ry (A2)

Ay
_ / Vh(z)dz
D\K
= Cap(D, K). O
Corollary 2.9. Let (D, K) be a connected condenser with positive capacity.
Then equality in (2.4) occurs if and only if either

(2.5) Py(D) " D and Py(K) "= K
(2.6) Py(D) ™= Ry(D) and Py(K) ™= Ry(K).

Remark 2.10. Equality (2.4) does not imply equations (2.5) or (2.6) if the
condenser is not connected. In the example below (see Figure 4), equality
(2.4) holds for the condenser (D, K) and the plane H but Py (D) is nearly
everywhere equal neither to D nor to Ry (D). That happens because the



Equality cases for condenser capacity inequalities... 11

connected components of Py (D) \ Py (K) have different behavior; that is,
some of them are connected components of D\ K while others are connected
components of Ry (D) \ Ry (K).

D D\ K Py(D)\ Py(K)
Ql QQ Gl GQ
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, H
Q3 G3

FIGURE 4. The open set D is the interior of the large square
minus the four horizontal segments. The compact set K is
the union of the boundaries of the two small rectangles. €1,
Qg, Q3 are the connected components of D \ K and G,
G2, G are the connected components of Py (D) \ Py(K).
Equality (2.4) holds, G1 = Qi, G2 = Ry(Q3) and G3 =
Rp(Q2). In the terminology of the proof of Theorem 2.8,
G1 € Ay and Go,G3 € As.

3. Equality statement for Steiner symmetrization.

3.1. Green capacity. Let (D, K) be a condenser. We assume that D is a
Greenian open subset of R” and we denote by Gp(z,y) the Green function
of D. The Green equilibrium energy of K relative to D is defined by

I(K,D) = igf/ Gp(z,y)du(r)du(y),

where the infimum is taken over all unit Borel measures p supported on K.
The Green capacity of K relative to D is the number
1
Cp(K) = ——.
When I(K, D) < +o00, the unique unit Borel measure for which the above
infimum is attained is the Green equilibrium measure and, since Gp is infi-
nite on the diagonal {(z,z) : z € K},

I(K, D) =igf/ B Gp(z,y)dp(z)du(y).

See e.g. [18, p. 174] or [1, p. 134].
It is well known that condenser capacity is proportional to Green capacity
by a positive constant which depends only on the dimension; see e.g. [18].
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It follows from the boundary behavior of the Green function that the
following lemma holds.

Lemma 3.1. Let D be a Greenian domain in R™ and let D' be a subdomain
of D such that Co(D \ D) > 0. Then Gp/(z,y) < Gp(x,y), whenever
z,y € D' and x # y.

3.2. Steiner symmetrization and capacity. Let (D, K) be a condenser
and let H be a plane. Inequality (1.1) for Steiner symmetrization is (see

[21])
(3.1) Cap(Su(D), Sy (K)) < Cap(D, K).
The proof of Theorem 1 is based on the equality statement for polarization.

We note that for any open or compact set A, for any plane H and for any
oriented plane Y parallel to H,

(3.2) St (Py(A) = Su(A).

We shall need several auxiliary lemmas: some strict inequalities for con-
denser capacity and a characterization of Steiner symmetric sets by appro-
priate polarizations.

Lemma 3.2. Let D be a Greenian domain in R™, let D' be a subdomain of
D such that Co(D\ D') > 0 and let K be a compact subset of D' such that
C2(K) > 0. Then

Cap(D, K) < Cap(D', K).
Proof. Since D' C D and Cy(D \ D) > 0, by Lemma 3.1

GD/(-T, y) < GD(xvy)v

for every z,y € D', 2 # y. Since C2(K) > 0, we obtain that I(K, D) < +oo.
Let p and p/ be the Green equilibrium measures of K relative to D and D',
respectively. Then

1(K, D) = / Gp(z, y)d(s x 1), )

Ay

>/ Gp/(z,y)d(p x p)(z,y)
T#Y

2/ Gpr(z,y)d(p x p')(z,y)
T#Y

= I(K,D")

and therefore
Cap(D \ K) < Cap(D’\ K). O
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For the next lemma we need some definitions. For every ¢ € R, we denote
by H. the horizontal plane {(x1,x2,...,2,) : , = c}. A line will be called
vertical if it is perpendicular to Hy. A set A will be called striplike if for
every vertical line X that intersects A, we have X N A = X. A set B will
be called essentially striplike, if B =" A for some striplike set A. Let Q be
an open set in R™. We say that 2 € A; if there exists a horizontal plane
H such that for every vertical line ¥ that intersects 2, the set ¥ N (R™\ Q)
is either empty or a nonempty, bounded, vertical segment, symmetric with
respect to H. We say that 2 € A if for every vertical line ¥ that intersects
Q, the set X N is either the whole line ¥ or an upward half-line. We say
that @ € Aj if for every vertical line ¥ that intersects 2, the set ¥ N
is either the whole line ¥ or a downward half-line. We say that D € G;,
i =1,2,3 if D is not essentially striplike and D "= Q, for some Q € A,,
1 =1, 2,3 respectively.

Lemma 3.3. Let A be a compact subset of R™ or an open subset of R"
such that A € Gy U Gs U Gs. There exists a horizontal plane H such that
S (A) "= A if and only if for every oriented horizontal plane Y,

(3.3) Py(A)™= A or Py(A)™ Ry(A).
If (3.3) holds for every oriented horizontal plane Y, then A is vertically

convex and there exists a horizontal plane H such that Sg(A) = A.

Proof. For the case where A is an open subset of R™ such that A ¢ G U
G2 U Gs, the proof was given in [3, Lemma 2, p. 423|.

Let A be a compact subset of R”. Recall that the reduced kernel A has
been defined in Subsection 2.1. We consider the numbers

M = max{z, : (z1,...,2,) € A},

m = min{z, : (z1,...,2,) € A},
and a = # Suppose that (3.3) holds for every oriented horizontal plane
H., c € R. We denote by H and H_ the closed half-spaces {x, > c} and
{zy, < ¢}, respectively and we assume that H, is upward oriented. From the
hypothesis and the definition of a we obtain that Py _(A) "= A, for every
¢ < a. We will show that A is vertically convex. Let z; = (&1, én—1,a1) €
A such that a; < a, let ag € (ay,a] and let d = % < a. Suppose that
29 = (€1,...,&n 1,a2) € A. Then there exists a ball B(zy,d) such that § < d
and Cy(B(z2,8) N A) = 0. Since z; € A, Cy(B(21,0) N A) > 0. Applying
polarization with respect to H,, we obtain that

Co(Pr,(A)\ A) > Co(Ru,(B(z1,6) N A)) = Ca(B(21,0) N A) > 0.
But Py, (A) =" A, and we derived a contradiction. Therefore, if a; < a

and (&1,...,&n_1,a1) € A, then (&1,...,&,_1,7) € A for every r € (ay,al.
Now consider the horizontal planes H., ¢ € R with the opposite orientation.
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In a similar way we obtain that, if by > a and (£1,...,&,_1,b1) € A, then
(€1,...,&n_1,7) € A for every r € [a,b;). Therefore A is vertically convex.

Next we will show that A is Steiner symmetric with respect to H,. Sup-
pose that there exists a vertical line Y such that

EﬂA:{(Cl,...,Cn,l,r):bl§r§b2}

is a segment which is not symmetric with respect to H,. Let s = and
suppose that s < a. Let s € (s,a) and suppose that Hy is upward oriented.
Then, if B is a ball with center ((i,...,(,—1,b1) and with sufficiently small
radius,

b1+bo
2

Co(Pi, (A)\ A) > Co(Rpy, (BN A)) = Co(BN A) > 0.

But Py, (A) "= A, and we derived a contradiction. In a similar way we
can treat the case s > a. We conclude that, if ¥ is a vertical line that
intersects A, ¥ N A is either a singleton {z} for some z € H, or it is a
segment symmetric with respect to H,. So S, (A) = A. Therefore, since
A™E A, Sy, (A) " A

The opposite direction is obvious. g

We now prove two versions of Theorem 1 under connectivity restrictions
on the condenser. We shall use these results for the proof of Theorem 1.

Lemma 3.4. Let (D, K) be a connected condenser with positive capacity
and let H be a plane in R™. Then

(3-4) Cap(Su (D), Su(K)) = Cap(D, K)
if and only if there exists a plane Y parallel to H such that
Sy(D)™ D and Sy(K)™= K.
Proof. Suppose that (3.4) is valid. Without loss of generality we may

assume that H is a horizontal plane. Let Y be an oriented horizontal plane.
Then, by (2.3), (3.1) and (3.2),
Cap(D, K) > Cap(Py (D), Py (K))

> Cap(Su(Py (D)), Su(Py (K)))

= Cap(Sn(

— Cap(D, K)
and therefore

Cap(D, K) = Cap(Py (D), Py(K)).

By Corollary 2.9, the relations (2.5) or the relations (2.6) are valid for every
oriented horizontal plane Y. By Lemma 3.3, there exists a horizontal plane
II such that Sp(K) "= K. We need to show that Sp(D) = D. Suppose
that D € G; UGy U Gs. Then Sy(D) is a striplike open set such that
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D c Sy(D) and Ca(Su(D)\ D) > 0. Since Sy (D) is striplike and K is
Steiner symmetric with respect to the horizontal plane II,
(3.5) Cap(Su(D), Su(K)) = Cap(Su(D), Su(K)).
By Lemma 3.2, Proposition 2.3 and (3.5)
Cap(D, K) > Cap(Su (D), K)

= Cap(Su(D), Su(K))

= Cap(Su(D), Su(K))

= Cap(D, K),
which is a contradiction. Therefore D ¢ Gy U G U G3 and by Lemma 3.3
we obtain that there exists a horizontal plane I’ such that Sp(D) =" D.
Also, since the relations (2.5) or the relations (2.6) hold for IT and II', we

obtain that II = IT' and the one direction is proved. The other direction is
obvious. 0

Consider a normal condenser (D, K) such that the open set D is con-
nected. In general, D\ K is not connected. Every connected component of
D\ K may be viewed as a “connected subcondenser” of (D, K'). We proceed
to give the precise definition. Let €y be the connected component of D\ K
that intersects the unbounded connected component of R™ \ K. Let €,
i > 1 (the set of indices 7 at most countable) be the remaining connected
components of D\ K. The subcondensers corresponding to €y and €; will
be defined separately. Let @Q;, 7 € J (J a set of indices) be the connected
components of R”\ D. Let

J,‘Z{jEJZQjﬂ@Q,;#@}
and let Jy = U;J; (see Figure 5). We consider the sets
m=xJ(U2)U(U @)
) j€Jdo
K; = Ujey, @j» Do = DU (Uj% Qj> and D; = Q;|JK;. Tt is clear that
(Dy, Ko) and (D;, K;) are normal condensers, Dy \ Ko = Qp and D; \ K; =

Q;. The condensers (Dg, K¢y) and (D;, K;) will be called subcondensers of
(D, K).
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O Qs
Q1 Qo Q2

F1GURE 5. The domain D is the interior of the large rectan-
gle minus the two small rectangles Q1 and (J2. The compact
set K is the union of the boundaries of the two remaining

rectangles. g, 21 and €9 are the connected components of
D\ K.

Lemma 3.5. Let (D, K) be a normal condenser such that D is connected
and let (Do, Ko) and (D;, K;) be the subcondensers of (D, K). Then

Cap(D, K) = Cap(Dy, Ko) + » _ Cap(D;, K;).

Proof. If h is the equilibrium potential of (D, K), then the equilibrium
potential hg of (Dg, Kp) is the restriction of h to €y and the equilibrium
potential of (D;, K;) is the function

hi(z) =1 — h(x), x € Q.
By (2.1),

Cap(D,K) = / |Vh[?
D\K
- / [Vhol* +) / |Vh|?
Do\Ko i DL\Kl
= Cap(Do, Ko) + Y _ Cap(D;, K;). 0
In the proof of the following lemma we apply Lemma 3.4 on the subcon-

densers of (D, K).

Lemma 3.6. Let (D, K) be a normal condenser such that the open set D
18 connected and let H be a plane in R™. Then

(3.6) Cap(Su (D), Su(K)) = Cap(D, K)
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if and only if (D, K) is connected and there exists a plane Y parallel to H
such that
Sy(D) "= D and  Sy(K)= K.

Proof. Suppose that (3.6) holds. Let (Dy, K¢) and (D;, K;) be the subcon-
densers of (D, K). We will show that all the subcondensers of (D, K) are
Steiner symmetric with respect to planes parallel to H. Consider the sets

G = Su (Do) \ (USH ) and L= Sg(Ko) \ <USH )

and note that (G, L) is a normal condenser such that (see Figure 6)

(3.7) Su(G) = Sy(D) and Sp(L) = Sp(K).

[ =
p. LI | G = | SuD) |

) L

FIGURE 6. The domain D is the interior of the polygon mi-
nus the small rectangle inside it. D and G have the same
Steiner symmetrization.

By Lemma 3.5,
Cap(G, L) = Cap(Sy (Do), S (Ko)) + Y Cap(Si(Di), Su (K.)).

Also, by (3.1), Lemma 3.5 and (3.7),
Cap(D, K) = Cap(Do, Ko) + Y _ Cap(D;, K;)

7

> Cap(Su (Do), Su(Ko)) + Z Cap(Su (D;), Su(K;))

= Cap(G, L)
> Cap(Su(G), Su(L))
= Cap(Su (D), Su(K))
= Cap(D, K).
Therefore
Cap(Do, Ko) = Cap(SH(Do), SH(KO))
and

Cap(Di, Kl) = Cap(SH(Di), SH(KZ)),
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for every i. By Lemma 3.4 we obtain that there exist planes Y and {Y;}
parallel to H such that

SY() (D()) =3 DQ and Syo (KQ) = K()
and

Syl. (Dl) n:e Dz and Syl (Kz) n:e Kz
We have shown that all the subcondensers of (D, K) are Steiner symmetric.
We will now show that in fact (D, K) must be connected.

Suppose that D;\ K; = Q; # @, for some [ > 1. Without loss of generality
we may assume that Y; is a horizontal plane. Let
My = max{z, : (x1,...,2,) € K;},
my = min{x, : (v1,...,2,) € K and Mg (21,...,2,) € My (K;)}

and o = ——5—. € apply polarization wi respect 1o € upward oriente
d "t M We apply polarization with t to th d oriented

horizontal plane H; = H,, to get a contradiction. By (2.3), (3.1) and (3.2),
Cap(D, K) > Cap(Pu, (D), Pa,(K))

(
> Cap(Su (P, (D)), Su(Pu,(K)))
= Cap(Su (D), Su(K))
= Cap(D, K).

Therefore
Cap(D, K) = Cap(Py, (D), Pu,(K))
and by Theorem 2.8 we obtain that there exists a connected component Q;

of Py, (D) \ Pg,(K) such that Q; "0, or Q; L Ry, (). But from the
definition of a; we obtain that

Co(Rp, (N Hlf) NK;) >0

and
Co((y N H;" )N Ry, (K)) > 0.
So, neither €; nor Ry, (£;) can be nearly everywhere equal to a connected
component of Py, (D) \ P, (K) and we derived a contradiction. Therefore
D;\ K; = @, i > 1, which means that (D, K) is connected and the assertion
follows by Lemma 3.4.
The opposite direction follows by Lemma 3.4. ]

We need the following lemma to show that, if equality (3.4) holds for a
condenser (D, K) and a plane H, then every line which is vertical to H
intersects at most one connected component of D.

Lemma 3.7. Let (D1, K1) and (D2, K3) be two condensers with positive
capacity such that D1, Dy are connected and D1NDy = @. Suppose that T is
a translation such that T(D1)N Dy # @, T(K1)NDy = @ and T(D1)N K =
.
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Let D=D1UDsy, K=K UKo, D' = T(Dl) UDy and K' = T(Kl) U Ko.
Then

Cap(D', K") < Cap(D, K).
Proof. Since D1 N Dy = &, Dy and D3 are Greenian open sets, Gp = Gp,

on Dy x Dy, Gp = Gp, on Dy x Dy and Gp = 0 on D; x Dy. Since
T(Dl) Cc D' and CQ(D/ \ T(Dl)) > CQ(KQ) > O, by Lemma 3.1

(3.8) Grpy)(z,y) < Gpr(z,9)
whenever x,y € T(D1) and = # y. Similarly,
(3.9) Gp,(7,y) < Gp(z,y)
whenever x,y € Do and x # y. Also

(3‘10) Gp, (xvy) = GT(D1)(T(x)7T(y))7 x,y € Ds.

Let p and p/ be the Green equilibrium measures of K and K’ with respect
to D and D', respectively. Let u} be the restriction of p on T(K;) and
let uh be the restriction of p/ on Ks. Then u/ = p} 4+ ph. Consider the
measure fij = gy o T~! and the measure ji = iy + ph. Then [ is a unit
Borel measure on K. From the definition of the equilibrium measure and
the relations (3.8), (3.9), (3.10) for the Green functions,

I(K’,D')
= / Gpr(z,y)dp'(z)du' (y)
TH#Y
/ Gp (x,y)dpy (x)du} / Gpr(, y)dpy(x)dus(y)
T#y Ty

_|_2/ Gp (z,y)duy (x)dps(y)

/ Gz, y)duy (x)duy (y // Gpr(x, y)dps(w)dps(y)

T#y x#y

/ Grr oy (@, y)dyt, () did (y / G, (2, )iy () dydy ()
TH#Y TF£Y
- / Gor oy (T(x), T(y))diis (2)dyin (y)

zAy

_|_/ Gp, (x,y)duy(x)duh(y)
T#Y



20 D. Betsakos and S. Pouliasis

- [[ eneiim@aine + [[ Gouepam@iis)

Ty TAY
= / Gp(z,y)din (x)diia (y) + / Gp(z,y)dpy(x)dus(y)
TH#Y T#Y

Lo / G (@, y)din (z)dyih (y)

_ / Gp(x,y)dfi(x)dfi(y)
TFY

> / Gp(z,y)du(r)du(y)
THY
= I(K, D)

and therefore
Cap(D', K') < Cap(D, K). O

Proof of Theorem 1. First we show that
(3.11) g (D) N (D) = 2,

whenever i # j. Suppose that Il (D;,) N Ilg(D;) # @ for some iy # j.
Then there exists a translation T'(z) = x+ z, where the vector z is vertical to
H, such that T'(D;,) intersects a connected component Dj; of D, T'(D;,) N
(D\ (Dig UDjy)) = @, T(Kiy) N (D\ Diy) = @ and T(Di,) N (K \ Ki) = 2.
Let
D'=T(D;y,) | J D, K =T(K) |JE,
J#io J#io
and consider the condenser (D', K'). By Lemma 3.5 and Lemma 3.7,
Cap(D’, K/) = Cap(T(DiO) U DjoaT(Kio) U Kjo) + Z Cap(D;, K;)
i#10,J0
< Cap(Dj, U Djy, Kig U Kjjy) + Z Cap(D;, K;)
i#10,J0
= Z Cap(DZ-, Kz)
i
= Cap(D, K).

Also, from the definition of D" and K', Sg(D’) C Sg(D) and Sy (K') =
Sy (K). By Proposition 2.4,

Cap(Su (D), Su(K)) < Cap(Su(D'), Su(K')).
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Therefore
Cap(Su (D), Su(K)) = Cap(D, K)

contradiction. So (3.11) is proved.
It follows from (3.11) that

SH(D):USH(DZ») and SH(K):USH(Ki).

By (3.1) and Lemma 3.5,
Cap(Su(D), Su(K)) = ZCap(SH(D», Su(K;))

< Z Cap(D;, K;)

= Cap(D, K)
= Cap(Su(D), Su(K)).
Therefore
Cap(SH(Di), SH(KZ)) = Cap(Di, Kl)
for every i and the assertion of the theorem follows by Lemma 3.6.
The opposite direction is obvious. D

4. Equality statement for Schwarz symmetrization. Let (D, K) be
a condenser. Inequality (1.1) for Schwarz symmetrization is (see [21] and
Figure 7)

(4.1) Cap(D*, K*) < Cap(D, K).

e

D D*

FIGURE 7. The condenser (D*, K*) is the Schwarz sym-
metrization of the condenser (D, K).

The proof of the equality statement for Schwarz symmetrization with
respect to a point zg € R"™ is based on Theorem 1. We note that for any
open or compact subset F¥ of R and for any plane H,

(4.2) (Su(E))" = E".

We need the following characterization of a ball.
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Lemma 4.1. Let A be a bounded open (or closed) subset of R™. There
exists an open (or closed) ball B such that A= B if and only if for every
plane H there exists a plane H' parallel to H such that Sp:(A) AL

Proof. Suppose that for every plane H there exists a plane H' parallel to H
such that Sy (A) "= A. By Lemma 3.3, A is convex in any direction and for
every plane H there exists a plane H' parallel to H such that Sy (A) = A.
Therefore A is convex and by simple geometric arguments, similar to those
in the proof of the isoperimetric inequality (see e.g. [5, p. 547]), we show
that A is an open (or closed) ball. Since A " A, the one direction of the
lemma follows. The opposite direction is obvious. ]

We proceed to prove the equality statement for Schwarz symmetrization.

Theorem 4.2. Let (D, K) be a normal condenser. Then

(4.3) Cap(D*, K*) = Cap(D, K)
if and only if there exists a translation F' such that
(4.4) D*" = F(D) and K*'= F(K).

Proof. Suppose that equality (4.3) holds. Let {D;} be the connected com-
ponents of D and let H be a plane. By (3.1), (4.1) and (4.2),

)

Cap(D, K) > Cap(Su (D), Su(K))

> Cap((Su (D))", (Su(K))")

~ Cap(D*, K*)

= Cap(D, K)
and therefore

Cap(D, K) = Cap(Su(D), Su(K)).

By Theorem 1, IIgx(D;) Ny (D;) = @ for every i # j. Since H was
arbitrary, D is connected. Also, by Lemma 3.6, for every plane H there
exists a plane H' parallel to H such that
(4.5) Sgp(D)™= D and  Sy(K)= K.

By Lemma 3.3, D and K are convex in any direction and for every plane
H there exists a plane H' parallel to H such that

(4.6) Si/(D) = D.
Therefore D and K are convex sets. vWe will consider two cases:

Case 1: D is unbounded. Then D is convex and unbounded so it has
infinite n-dimensional Lebesgue measure. Since D =" D and a Borel set

of zero capacity in R™ has zero n-dimensional Lebesgue measure, my, (D) =
myp (D) = my,(Sy (D)) = +oo. Hence D* = R". If n = 2, by Proposition 2.5,

Cap(D*, K*) = 0 < Cap(D, K),
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contradiction. Therefore D cannot be unbounded when n = 2. Let n > 3.
We will show that D "= R". Suppose that Cy(D* \ D) > 0. Let E be a
compact subset of D* \ D such that Co(E) > 0 and R™ \ E' is connected.
By (4.1), Lemma 3.2, Proposition 2.4 and the equality (D*)* = D*,

Cap(D*, K*) < Cap(D*, K)
< Cap(D*\ E, K)
= Cap(D, K),

contradiction. So D =" D* = R™. By Lemma 4.1 and (4.5) there exists a
closed ball B(zg,) such that K "= B(zq,r). Let F be the translation such
that F(zg) = z9. Then K* = (B(zo,7))* = F(B(zo,r)) = F(K). Also
D* "= F(D) "= R" and (4.4) is proved in case 1.

Case 2: D is bounded. By Lemma 4.1 and (4.5) there exists an open
ball B(z1,71) and a closed ball B(zg,7) such that D "< B(z1,r) and
K "= B(x3,73). Since for every plane H the plane H' in (4.5) is the same
for D and K, x; = x9. Let F be the translation such that F(z1) = 2.
Since a Borel set of zero capacity in R™ has zero n-dimensional Lebesgue
measure, D* =" F(D), K* "= F(K) and (4.4) is proved in case 2.

The opposite direction is obvious. ]

Remark 4.3. In the case D "= R? equality (4.3) holds trivially since
D* "= D and by Proposition 2.5

Cap(D*, K7) = Cap(D*, K3) = Cap(D, K1) = Cap(D, K») =0

for every compact sets K1, Ko in D.
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