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Classes of meromorphic multivalent functions
with Montel’s normalization

ABSTRACT. In the paper we define classes of meromorphic multivalent func-
tions with Montel’s normalization. We investigate the coefficients estimates,
distortion properties, the radius of starlikeness, subordination theorems and
partial sums for the defined classes of functions. Some remarks depicting
consequences of the main results are also mentioned.

1. Introduction. Let M denote the class of functions which are analytic
in D = D(1), where

D(r)={ze€C:0<|z| <r},

and let M (p, k) (p,k € N:={1,2,3...}) denote the class of meromorphic
functions f € M of the form

(1) f(z) =a—pz P + i anz" (2 €D; a_p >0).
n=~k

For a meromorphic multivalent function f € M (p, k) the normalization
2P f(2)|,—o =1 is classical. Then we have

(2) f(z)=2"P+ i anz" (2 €D; a_p>0).
n=~k
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One can obtain interesting results by applying normalization related to the
Montel’s normalization (cf. [7]) of the form

(3) zpf (z)‘z:pem = 17

where p is a fixed real number, —1 < p < 1.

We denote by M} (p, k) the classes of functions f € M (p, k) with Mon-
tel’s normalization (3).

Also, by T" (p, k) (n € R) we denote the class of functions f € M (p, k)
of the form

(4) f(z) =a_pz P+ Z lap| e~ FP)1n (2 e D).

n==k

For 7 = 0 we obtain the class T° (p, k) of functions with positive coefficients.
Finally, motivated by Silverman [10], we define the class

(5) T (p,k) = J 7" (0, k),
neR

which is called the class of functions with varying argument of coefficients.
Let a € (0,p), r € (0,1). A function f € M (p, k) is said to be starlike of
order o in D(r) if

(6) Re <z]{(/i§)> < —a (zeD).

We denote by MS) (a) the class of all functions f € M (p,p+ 1), which
are starlike of order o in D.

It is easy to show that for a function f from the class 7 (p, k) the condition
(6) is equivalent to the following

27 (2)
@) )

Let B be a subclass of the class M (p, k). We define the radius of star-
likeness of order « for the class B by

R;/(B) = (sup {r € (0,1] : f is starlike of order a in D(r)}).

+p’ <p—a (z€D(r)).

inf
feB

Let functions f, F' be analytic in &. We say that the function f is subor-
dinate to the function F', and write f(z) < F(z) (or simply f < F), if and

only if there exists a function w analytic in U, |w(z)| < |z| (2 € U), such
that

f(z)=Fw(z)) (z€l).
In particular, if F' is univalent in U, we have the following equivalence

f(2) < F(z) <= [f(0) = F(0) A f(U) C F(U)].
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For functions f,g € M of the form

Z anz" and g(z Z bz (2 €D),

n=—p n=—p

by f*g we denote the Hadamard product (or convolution of f and g), defined
by

(f*xg)(2)= Z anbnz" (2 €D).
n=—p
Let A, B be real parameters, 0 < B <1, -1 < A < B, and let ¢, ¢ €
M (p, k).
By W (p, k; ¢, p; A, B) we denote the class of functions f € M (p, k) such
that

(8) (p*f)(z) #0 (2€D)
and
(pxf)(z) 14 Az

9 =< .
9) (pxf)(z) 14+ Bz
Now, we define the classes of functions with varying argument of coeffi-
cients related to the class W (p, k; ¢, p; A, B). Let us denote
W, (p; k5 0,0 A, B) = M,y (p, k) NW (p, k5 6, A, B)
TW' (p, k; ¢, 0; A, B) :=T" (p, k) "W (p, k; 6,3 A, B)
TW (p, ks §, 05 A, B) = M} (p, k) N TW" (p, k; 6,0 A, B) ,
W, (p, k3 6,0 A, B) =T (p, k) "W, (p, k; ¢, 03 A, B) .

For the presented investigations we assume that ¢, ¢ are functions of the
form

(1) @(x) =2+ anz", G(z)=27" =) B (z€D),
n=~k n==k

where the sequences {ay,}, {#,} are nonnegative real, and «, + 8, > 0
(n="Fk,k+1,...). Moreover, let us put

(11) dp=1+B) B+ (A+1)a, (=kk+1,...).

The family W (p, k; ¢, ¢; A, B) unifies a lot of new and also well-known
classes of meromorphic functions. We list a few of them in the last section.

The object of the present paper is to investigate the coefficients estimates,
distortion properties, the radius of starlikeness, subordination theorems and
partial sums for the defined classes of functions. Some remarks depicting
consequences of the main results are also mentioned.
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2. Coefficients estimates. We first mention a sufficient condition for a
function to belong to the class W (p, k; ¢, ¢; A, B).

Theorem 1. Let {d,} be defined by (11), —1 < A < B < 1. If a function
feM(p,k) of the form (1) satisfies the condition

(12) > dnlan] < (B = A)ayp,

n=~k

then f belongs to the class W (p, k; ¢, p; A, B).

Proof. A function f of the form (1) belongs to the class W (p, k; ¢, p; A, B)
if and only if there exists a function w, |w(z)| < |z| (2 € D), such that

(¢*f)(z) _ 14 Aw(z)

exH)() 1+ Bu(z) ST
or equivalently
2 (6% f)(2) — (9% ) (2)
(13) ‘szw*f) @) A pr () <L GED:

Thus, it is sufficient to prove that

2P (9% f) (2) = 28 (o [) ()| = |B2" (¢ % [) (2) — A" (p* [) (2)]| <O
(z € D). Indeed, letting |z| =7 (0 < r < 1), and using (12), we have

2P (9% [) (2) = 28 (@ [) (2)| = [B2P (¢ % [) () — A" (@ * [) (2)]

=D (Bu+ o) a2 = (B = A)a_y — > (BB + Ac) a2"™*?
n=k n=k
<Y (Bt an)lan| " — (B = A)a—p+ D (BB + Aay) |an| "7
n=~k n=k
< Zdn |an| 7" — (B — A)a_, <0,
n=k
hence f € W (p, k; ¢, p; A, B). O

Theorem 2. Let f € T"(p, k) be a function of the form (4). Then f
belongs to the class TW" (p, k; ¢, ¢; A, B) if and only if the condition (12)
holds true.

Proof. In view of Theorem 1 we need only to show that each function f
from the class TW" (p, k; ¢, ¢; A, B) satisfies the coefficient inequality (12).
Let f € TW" (p,k; ¢, p; A, B). Then by (13) and (1), we have

o0

> (Bn+an) anz" P
n==k

= <1l (z€D).

(B—A)a_p— > (BBn + Aay) anz™t?

n=~k
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Thus, putting z = re (0 < r < 1), and applying (4), we obtain

o0

ST (B + an) |an| TP
(14) et 0o < 1.
(B—A)a—p— > (BBn+ Aay) [an|r™H?
n==k

It is clear that the denominator of the left hand said can not vanish for r €
(0,1). Moreover, it is positive for r = 0, and in consequence for r € (0, 1).
Thus, by (14) we have

D 1+ B) Bu+ (14 A) an] lan| 7P < (B = A) a_y,
n=k
which, upon letting » — 17, readily yields the assertion (12). O

By applying Theorem 2 we can deduce the following result.
Theorem 3. Let f € T"(p, k) be a function of the form (4). Then f
belongs to the class TW] (p, k; ¢, ¢; A, B) if and only if it satisfies (3) and
(15) Z (dn =+ (B - A) pn—i-p) ‘an‘ <B- A,

n=~k

where {dy} is defined by (11).

Proof. For a function f of the form (1) with the normalization (3), we have

o
(16) ap=1-"|anl ™.
n=k
Applying the equality (16) to (12), we obtain the assertions (15). O

By applying Theorem 3 we obtain the following lemma.

Lemma 1. Let {d,} be defined by (11), —1 < p < 1, and let us assume
that there exists an integer ng (no € Ny :=={k,k+1,...}) such that

(17) dny + (B — A) p™P <0,
Then the function
fro(2) = (1+ap™P) 2P +a e~inotpInzno (5 ¢ D)

belongs to the class TW) (p, k; ¢,; A, B) for all positive real numbers a.
Moreover, for all n (n € Ni) such that

(18) dp + (B — A) p"P > 0,
the functions

fa(2) = (1+ap™tP 4+ b2"P) 277 +ae” o FPI 0y pemintPn (2 € D),
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where

B— A (dn + (B~ 4) p'*)a
dn + (B — A) prtp ’
belong to the class TW) (p, k; ¢, ¢; A, B).

b=

By Lemma 1 and Theorem 3, we have the following theorem.

Theorem 4. Let a function f of the form (4) belong to the class
TW3(p, k; 6,05 A, B) and let {dn} be defined by (11). Then all of the coef-

ficients a,, for which
are unbounded. Moreover, if there exists an integer ng (ng € Ni) such that

Ay + (B — A) o047 < 0,

then all of the coefficients of the function f are unbounded. In the remaining
cases

< B-A
~dp+ (B—A)prtr
The result is sharp, the functions f, of the form

_ dpz P+ (B — A)emintR)gn

are the extremal functions.

(zeD; n=kk+1,...)

By putting p = 0 in Theorem 3 and Corollary 4, we have the corollaries
listed below.

Corollary 1. Let f € T"(p,k) be a function of the form (2). Then f
belongs to the class TW{ (p, k; ¢, ¢; A, B) if and only if

(19) > dnlan| < B - A,
n=k

where {d,} is defined by (11).
Corollary 2. If a function f of the form (2) belongs to the class
TW (0, k; ¢, 93 A, B) , then

(n=kk+1,...),
where d,, is defined by (11). The result is sharp. The functions f,, of the
form

B—-A

(21) fan(z) =27+ Te*i(”")”z” (z€D; n=kk+1,...)

are the extremal functions.
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3. Distortion theorems. From Theorem 2 we have the following lemma.

Lemma 2. Let a function f of the form (1) belong to the class
TWH(p,k; ¢, 05 A, B). If the sequence {d,} defined by (11) satisfies the
mequality

(22) 0<dp+(B-A)p""P<d,+(B-A)p"™? (n=kk+1,..),

then
E |a |<
oyt " dk—i-(B—A)pk P’

Moreover, if

d, + (B — A) pF+p < dnt (B — A) pntp

23) 0
(23) 0< k - n

(n=kk+1,...),

then

o0

S < HE=A
n:kn = dy, + (B_A)karp'

Remark 1. The second part of Lemma 2 can be rewritten in terms of
o-neighborhood N, defined by

Ngz{f(z):a_pzp+§:anz"€ﬂ(p,k): in!anlga}
n=k n=k
as the following corollary.
Corollary 3. If the sequence {d,} defined by (11) satisfies (23), then
TW; (p, k; ¢, 93 A, B) C No

where
___ k(B-4)
 dp+ (B~ A) phtr’

0

Theorem 5. Let a function f belong to the class TW) (p, k; ¢, p; A, B) and
let z € D, |z| =r. If the sequence {d,} defined by (11) satisfies (22), then

dgr P+ (B —A) rk

(24) o) < £ < Gy

where

(25) o) =1 ar r=r)
r) = dpr~P+(B—A)rk
s -Ap 7> P)
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Moreover, if (23) holds, then
kBN,
di, + (B — A) pktp

<|f'(z)| < pdyr P 4 (B — A) 7]
B T dp+(B—A)pkr

pa_pr*pfl
(26)

The result is sharp, with the extremal function fy, of the form (21) and
flz) =277

Proof. Suppose that the function f of the form (1) belongs to the class
™) (p, k; ¢, p; A, B). By Lemma 2 we have

o0
<r7P (a_p + Z lan| T"“’)

n=k

[ee] [e.e]
< (143l 3 )
n=k n=~k

<pP (1 + (PP ) Y !cm!) B+ (B A)r

[F(2)] =

o0
a_pz P+ E an?"
n=~k

T dyp+ (B - A)pk+p

n==k
and
|f()] =77 (ap =) lan] 7“"+p>
(27) =k

o
=7y P (1 + Z(pn-i-p - r”“’) ‘an> .
n==k

If r < p, then we obtain |f(z)] > r~P. If r > p, then the sequence
{(p"*tP — r"*P)} is decreasing and negative. Thus, by (27), we obtain

_ > dr_p—i-(B—A)rk
> P(1— k+p _  k+p n | > k
‘f(z)‘—r ( (?" p )E CL)_ dk+(B_A)pk+p7

n=2

and we have the assertion (24). Making use of Lemma 2, in conjunction
with (16), we readily obtain the assertion (26) of Theorem 5. O

Corollary 4. Let a function f belong to the class TW{ (p, k; ¢, ¢; A, B) and
let the sequence {d,} be defined by (11). If

(28) dy <d, (n=kk+1,..),

then

_Ak

(2090 - rSIf(Z)\ér_”JrBTr (el =r <1).
k
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Moreover, if

(30) ndy <kd, m=kk+1,...),
then
e KB=A)
(31) “ k(B —A)
<@ <pr == (= <1).

The result is sharp, with the extremal function fy, of the form (21).
4. The radius of starlikeness.

Theorem 6. The radius of starlikeness of order « for the class
TW" (p7 k; ¢, SOaA7B) s given by

(32)  Ro(TW"(p.k;$, i A, B)) = inf <(n (_pa_) ?%df A) > ",

where d,, is defined by (11). The functions f,, of the form

(33) Tnn(2) =a—p <Z—P + B_Ae—i(ern)nzn)

n

(z€Din==Fkk+1,...;a_, > 0) are the extremal functions.

Proof. A function f € T"(p,k) of the form (1) is starlike of order « in
D(r), 0 < r <1, if and only if it satisfies the condition (7). Since

[e.e] oo
) > (n+planz" > (n+p) lag| 2"
Zf (2:) _ n=~k n=~k
s TP N ’
0P Y anz | asy— - a2

n==k n==k

putting |z| = r, the condition (7) is true if

e.9]
n—au
(34) > e |an| TP < a_y,.
n=k
By Theorem 2, we have

o0

dn
(35) Zk B_A |an| < a—p.
Thus, the condition (34) is true if
_ d,
N % ntp < (n=kk+1,...),

pP—« B -
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that is, if
(36) r< ((n(_pa_)(()%dj/l))w (n=Fkk+1,...).

It follows that each function f € TW" (p,k; ¢, p; A, B) is starlike of order
a in D (1), where

T e

The functions f,, of the form (33) realize the equality in (35), and the
radius r cannot be larger. Thus we have (32). O

By Theorem 6 we have the following result.

Corollary 5. Let the sequence {d,, + (B — A) p"*P}, where {d,} is defined
by (11), be positive. The radius of starlikeness of order o for the class
TW] (0, ks ¢, 5 A, B) is given by

* . . =i (p—Oé)dn %_‘—p
Ry, (TW} (p, k; 6,5 A, B)) = nf ((n_a) (B—A)> '

The functions fy, of the form (21) are the extremal functions.

5. Subordination results. Before stating and proving our subordination
theorems for the class TW" (p, k; ¢, p; A, B) we need the following definition
and lemma:

Definition 1. A sequence {b,} of complex numbers is said to be a subordi-
nating factor sequence if for each function f of the form (1) from the class
S¢ we have

(37) ananz" < f(z) (a1=1).
n=1

Lemma 3 ([14]). A sequence {b,} is a subordinating factor sequence if and
only if

(38) Re{1+22bnz”}>0 (zeU).
n=1
Theorem 7. Let the sequence {d,,}, defined by (11), satisfy the inequality
(22). If g € 8¢ and f € TW" (p, k; ¢, p; A, B), then
(39) [e2PF1f (2)] % 9(2) < g(2)

and

(40) Re [7*1f (2)] > —2i€ (zeD),



Classes of meromorphic multivalent functions... 41

where
dy,
€= .
2a_, (B —A+dy)
If p and k are odd, and n = 0, then the constant factor € cannot be replaced
by a larger number.

(41)

Proof. Let a function f of the form (1) belong to the class
TW' (p, k; ¢, ¢; A, B) and suppose that a function g of the form

g(z) = chz” (c1=1; z€U)
n=1
belongs to the class S¢. Then
[eszf (2)] * g(z) = Z bnenz" (2 € D),
n=1

where
Ea_y if n=1
b, = 0 if 2<n<k+p
EQn4-p+1 if n>k + p.
Thus, by Definition 1 the subordination result (39) holds true if {b,} is the
subordinating factor sequence. By Lemma 2 we have

00 00 d
Re {1 + 22[)“2”} = Re {1 + 26a_p2 + Z _B—/lk—l—dkanzn—‘rp}
n=1

n=~k

r oo
>1—2ea_pr — dy, |an = 1).
>1—2ea_pr (B_A+dk)ap§ lan|  (J2| =7 <1)

Thus, by using Theorem 2 we obtain
— d B-A
Re<1+2 bpz" p >1— — 0.
e{ * nzl : }— B-A+dy, B-A+d

This evidently proves the inequality (38) and hence the subordination result
(39). The inequality (40) follows from (39) by taking

z

g9(z) = —Zz” (zel).
n=1

1—2

Next, we observe that the function fj, of the form (33) belongs to the class
TW' (p, k; ¢, ¢; A, B). If p and k are odd, and n = 0, then

1
+1 —
2P fk,O (z)‘zz_l - _2787

and the constant (41) cannot be replaced by any larger one. 0
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Remark 2. By using (16) in Theorem 7 we obtain the result related to
the class TW} (p, k; ¢, p; A, B). Moreover, by putting p = 0, we have the
following corollary.

Corollary 6. Let the sequence {d,} defined by (11) satisfy the inequality
(22). If g € 8¢ and f € TW{ (p,k; ¢, ; A, B), then conditions (39) and
(40), with

_ dy,

2(B—-A+dy)

hold true. If p and k are odd, and n = 0, then the constant factor € in (42)
cannot be replaced by a larger number.

(42) €

6. Partial sums. Let f be a function of the form (1). Due to Silverman [9]
and Silvia [11] we investigate the partial sums f,, of the function f defined
by

(43) fro1(2) = a_pzP; and fin(2) = a_pz P4y _ anz", (m =k k+1,...)
n==k

In this section we consider partial sums of functions in the class
TW' (p, k; ¢, ¢; A, B) and obtain sharp lower bounds for the ratios of real
part of f to fn,, and f’ to f],.

Theorem 8. Let the sequence {d,} defined by (11) be increasing and
(44) dy > B — A.

If a function f of the form (1) belongs to the class TW" (p, k; ¢, ¢; A, B),
then

(45) I%{f@)}ZI—B_A'(ZGDJn—k—Lh“J

fm(2) dm+1
and
fm(z) dm+1 — I _
(46) Re{f(z)}ZB—A+dm+1 (z€D, m=k—1,k,...).

The bounds are sharp, with the extremal functions fpn,, defined by (33).

Proof. Since

dn—i—l dn
B-A B-A4°

by Theorem 1 we have

1 (n=kk+1,...),

m der . 0 (e’ dn
(47) E;MA+BX%2;JWJ§§;BAWM§aW.
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Let

o
dm+1 Z n+p
anz

(1) o) = pmet fJO (3 DAy T

B—-A fm(z) dm+1 lep+ i anszrp
n=~k
(z € D). Applying (47), we find
it S Jayl
B B-A n
‘ggziJng _ n=mi _ <1 (zeD).
z
g 205 =23 lan] — B S an|
n=2 n=m-+1

Thus, we have

Reg(z) >0 (z€U),
which by (48) readily yields the assertion (45) of Theorem 8. Similarly, if
we take

dm+1 fm(z) deFl
h(z)= (1 — D
) < +B_A>{f(z) B —A+dpt (z€D)
and making use of (47), we can deduce that

d o0
(1+%5) > ol

n=m-+1

S m d ) o0
205 =23 lanl = (5% —1) % laal
n=k n=m+1

<1 (z€D),

which leads us immediately to the assertion (46) of Theorem 8. In order
to see that the function fy,41, of the form (21) gives the results sharp, we
observe that

Jmpin(z) . B-A R
(fmt1m), (2) ! A1 (2=¢"),
(fm—i—l,n)m(

) dm (Z:;@mgﬂg,

fotin(2)  B—A+dni
This completes the proof. O

Theorem 9. Let the sequence {d,} defined by (11) be increasing and
dp > (m+1)(B—A).

If a function f of the form (1) belongs to the class TW" (p, k; ¢, p; A, B),
then

f(2) C(m+1)(B-A)
%{M@}Zl
[ (2) dm+1

m{ﬂ@}zamuﬂBem+%ﬂ

(ze€D, m=k—1,k,...),
dm—i—l

(z€D, m=k—1,k,...).
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The bounds are sharp, with the extremal functions fp,, defined by (33).

Proof. By setting

=5 e (")) e

and

— (m dm+1 f;n(z)_ derl 5
M‘( +1+BA>{f’(z) <m+1><BA>+dm+1} (D),

the proof is analogous to that of Theorem 8, and we omit the details. [

Remark 3. By using (16) in Theorems 8 and 9 we obtain the results related
to the class TW] (p, k; ¢, ¢; A, B).

7. Concluding remarks. We conclude this paper by observing that, in
view of the subordination relation (9), choosing the functions ¢ and ¢, we
can consider new and also well-known classes of functions. In particular,
the class

’ n—1
W™ (p, ki3 A, B) =W (p, k; w_}(j) D@ <le> A, B) :
=0

where n € N, 2" = 1 contains functions f € A(p, k), which satisfy the
condition

- —-p .
o (¢ = f) (al2) 14+ Bz
It is related to the class of starlike functions with respect to n-symmetric

points. Moreover putting n = 1, we obtain the class W! (p, k; ; A, B)
defined by the following condition

sprff(2) 144
ox N PiyBz

In particular, a function f € M belongs to the class

W (p,k; p;a) =W (p, k0320 — 1,1) (0 < a < p)

2(p* f) (2) < _prtaz

if it satisfies the condition

e @)L
Re{ <wf><z>}> (D).

The class W (p, k; p; «) is related to the class of meromorphic multivalent
starlike function of order «. In particular, we have

MSP(a) =W <pap+ 17 P (1 _2)7()4) .
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Let A be a complex parameter. A function f € A(p, k) belongs to the
class

!
Vi (p, k3 A, B) =W (p, ki g (2) + (1 —A) i (Z)az_p;AvB)

if it satisfies the following condition:

P (o £Y (2 z
A (o f) () + (1 -3 TEILE) 22

The considered classes are defined by using the convolution ¢ % f or
equivalently by the linear operator

J@M(pak)%M(pvk)> J@(f):go*f

By choosing the function ¢, we can obtain a lot of important linear op-
erators, and in consequence new and also well-known classes of functions.
We can list here some of these linear operators related to the Salagean op-
erator, the Cho—Kim—Srivastava operator, the Dziok—Raina operator, the
Hohlov operator, the Dziok—Srivastava operator, the Carlson—Shaffer oper-
ator, the Ruscheweyh derivative operator, the generalized Bernardi-Libera—
Livingston operator, the fractional derivative operator, and so on (see, for
the precise relationships [6]).

If we apply the results presented in this paper to the classes discussed
above, we can obtain several additional results. Some of these results were
obtained in earlier works, see for example [1, 2, 4, 5, 8, 12, 13].
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