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of certain linear operator
on meromorphic functions

ABSTRACT. Using the methods of differential subordination and superordi-
nation, sufficient conditions are determined on the differential linear operator
of meromorphic functions in the punctured unit disk to obtain, respectively,
the best dominant and the best subordinant. New sandwich-type results are
also obtained.

1. Introduction. Let H(U) be the class of functions analytic in U = {z :
z € C and |z| < 1} and H[a,n] be the subclass of H(U) consisting of
functions of the form f(2) = a + an2"+ ani12"t + ..., with H = H[1,1].
Let f and F' be members of H(U). The function f is said to be subordinate
to F', or F' is said to be superordinate to f, if there exists a function w
analytic in U with w(0) = 0 and |w(z)| < 1 (2 € U), such that f(z) =
F(w(z)). In such a case we write f(z) < F(z). If F is univalent, then
f(z) < F(2) if and only if f(0) = F(0) and f(U) C F(U) (see [5] and [6]).

Denote by @ the set of all functions ¢(z) that are analytic and injective
on U\E(q) where

E(q) = {C €U : ligé(J(Z) = OO},
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and are such that ¢ (¢) # 0 for ¢ € QU\E(q). Further let the subclass of Q
for which ¢(0) = a be denoted by Q(a) and Q(1) = Q1.

In order to prove our results, we shall make use of the following classes
of admissible functions.

Definition 1 ([5, Definition 2.3a, p. 27]). Let Q2 be a set in C, ¢ € @) and
n be a positive integer. The class of admissible functions ¥,,[€2, g] consists
of those functions v : C?> x U — C which satisfy the admissibility condition:

’l/](?", Sat; Z) ¢ Q
whenever r = ¢((), s = qu/(O7

t ¢q" (©)
a{terhom{i O

where z € U, ¢ € OU\E(q) and k > n. We write ¥1[Q, q] as V[, q].

In particular, if
Mz+a
=M—— (M>0 M
o2) = MY (M >0, ol < M),
then q(U) = Uy = {w : |w| < M}, q(0) = a, E(q) =0 and ¢ € Q (a). In
this case, we set ¥, [Q, M,a] = ¥,[Q,¢|, and in the special case when the
set Q = Uy, the class is simply denoted by ¥, [M, al.

Definition 2 ([6, Definition 3, p. 817]). Let Q be a set in C, ¢(z) € H[a,n]
with ¢'(z) #0. T he class of admissible functions W' [Q, q] consists of those
functions 1) : C3 x U — C which satisfy the admissibility condition:

Y(r,s,t;¢) € Q

whenever r = ¢(z), s = Zqﬂgz),

1 1"
%{t+1} < &e{u A (z)},
s m q (2)
where z € U, ¢ € OU and m > n > 1. In particular, we write lIlll[Q,q] as
\I//[Q,q].

In our investigation we need the following lemmas which are proved by
Miller and Mocanu ([5] and [6]).

Lemma 1 ([5, Theorem 2.3b, p. 28]). Let ¢ € ¥,, [, q] with ¢(0) = a. If
the analytic function g(z) = a + anz" + any12" 1 + ... satisfies

U(g(2), 29 (2),2°9 (2);2) €,
then g(z) < q(2).
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Lemma 2 ([6, Theorem 1, p. 818]). Let 1 € W, [Q, q] with q(0) = a. If
4(2) € Q(a) and

U(g(2),29 (), 29 (2); 2)
is univalent in U, then
Q C{(9(2), 29 (2), 2 (2);2) : 2 € U},

implies q(z) < g(2).

Let 3, denote the class of all p-valent functions of the form:

1 - .
(L) f(z) =+ Y wr (peN={1,2,3,...} 2 U =U\{0}).
k=1—p

For two functions f given by (1.1) and g given by
(1.2) D=1i 3 bt

. g - D k 9

k=1-p
the Hadamard product (or convolution) of f and g is defined by
1 o0
(1.3) (Fr9)(z) =+ 7 arbe® = (g% f) (2).
k=1-p

For a function f in the class Zp given by (1.1), we define a linear operator
DY, >0, = >, as follows:

DY f(2)=f(2),

SPHLL (s !
D}, f(2) =Dy (f(2))=(1=A) f(2)+ )\(ZJ;())
:Zip—i_ i [1+)\(k+p)]akzk ()\ZO;pGN),
k=1—p
DL F(2) '
D3,pf (2) = Da (D}, f (2)) = (1= X) Dy, f (=) + N\ - )
:zip—i_ Y L+ A(k+p)az® (A>0; peN),
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and (in general)

8,f (2) =Dy (D3, (2)

’

ZP-HDn—l 5
(14) - NDE ()4 N k¢ )
= 217+ i [1+X(k+p)]" ar2”

k=1-p
(A>0; peN; neNy=NU{0}).
It is easily verified from (1.4) that

(15) Az (DX,f(2) = (@ =N DT (2) = (14 p) DY, f (2)
(A>0; peN; neNp).

We note that:

(i) The operator DY, = Dj was introduced and studied by Aouf and
Hossen [2], Liu and Owa [3], Liu and Srivastava [4], Srivastava and Patel [7];

(ii) The operator DT, = D™ was considered and studied by Uralegaddi
and Somanatha [8].

In the present paper, by making use of the differential subordination
and superordination results of Miller and Mocanu [5, Theorem 2.3b, p. 28]
and [6, Theorem 1, p. 818], certain classes of admissible functions are de-
termined so that subordination as well as superordination implications of
functions associated with the linear operator DY hold. Ali et al. [1] have
considered a similar problem for Liu-Srivastava linear operator on mero-
morphic functions. Additionally, several differential sandwich-type results
are obtained.

2. Subordination results involving the linear operator DY Np Unless
otherwise mentioned, we assume throughout this paper that A > 0, p € N
and n € Ny. The following class of admissible functions is required in our
first result.

Definition 3. Let 2 be aset in C and ¢(z) € @Q1NH. The class of admissible
functions @ p [€2, ] consists of those functions ¢ : C* x U — C which satisfy
the admissibility condition

whenever © = ¢ (¢), v=kAq (C) +q (),
w=2v+u ¢ (<)
S v }Z’“%{” 70 }

where z € U, ( € OU\E (q) and k > 1.
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Theorem 1. Let ¢ € ®p[Q,q]. If f(z) € Zp satisfies

(2.1) {¢ (ZpDip F(2), 2P DYH f(2), P D2 £ (2); z) ze U} cQ,
then
DX, f(2) < q(z).

Proof. Define the analytic function g(z) in U by

(22) 9(z) = "Dy, f(2).
From (1.5) and (2.2), we have
(2.3) DY (2) = g(2) + Azg (2).

Further computations show that

(2.4) DYV f(2) = A22% " (2) + M2+ N) 29 (2) + g(2).

Define the transformations from C3 to C by

(2.5) wu(r,s,t) =71, v(r,s,t) =7+ s, w(r,s,t)=r+A2+N)s+ N\t
Let

(2.6) Y(r,s,t;2) = ¢ (u,v,w;2) =@ (r,r + As, 7+ A (24 N) s + >\2t;z) .

The proof shall make use of Lemma 1. Using equations (2.2)—(2.4), and
from (2.6), we obtain

V(9(2), 29 (2), 2% (2):2)
= 6 (D3, f(2), 2P DS (), P DYE2f(2); 2)
Hence (2.1) becomes

W(g(2), 29 (2), 22g (2); 2) € Q.

The proof is completed, if it can be shown that the admissibility condition
for ¢ € ®p[Q,q] is equivalent to the admissibility condition for ¢ as given
in Definition 1. Note that

t w—2v+u
B R e
s Av—u)’
and hence 1) € ¥ [, ¢]. By Lemma 1,
9(z) < q(z) or 2PDX,f(2) <q(2). O

If Q # C is a simply connected domain, then = h (U) for some confor-
mal mapping h(z) of U onto Q. In this case the class ®p[h(U), q] is written
as ®plh, ql.

The following result is an immediate consequence of Theorem 1.
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Theorem 2. Let ¢ € @plh,q] with q(0) =1. If f(z) € >_, satisfies

(2.8) (zpD 2 f(2), ZPDZ;If(z),zprff(z);z) < h(z),
then
2PDY f(2) < q(2).

Our next result is an extension of Theorem 1 to the case where the be-
havior of ¢(z) on OU is not known.

Corollary 1. Let Q@ C C and let q(z) be univalent in U, ¢(0 . Let

) =
¢ € ®p[Q, q,| for some p € (0,1), where q,(z) = q(pz). If f(z) € Z

6 (D3, (), D (), DR f(2):2) € ©,
then
TDY, () <q(2).
Proof. Theorem 1 yields zPDY}  f(z) < g, (z). The result is now deduced
from g,(z) < q(%). O

Theorem 3. Let h(z) and q(z) be univalent in U, with q(0) = 1 and set
4p(2) = q(pz) and h,(z) = h(pz). Let ¢ : C> x U — C satisfy one of the
following conditions:

(1) ¢ € ®plh,qp), for some p € (0,1), or
(2) there exists po € (0,1) such that ¢ € ®plh,,qp), for all p € (po,1).

If f(z) € 3_, satisfies (2.8), then
DY f(2) < q(z2).

Proof. The proof is similar to the proof of [4, Theorem 2.3d, p. 30] and is
therefore omitted. 0

The next theorem yields the best dominant of the differential subordina-
tion (2.8).
Theorem 4. Let h(z) be univalent in U and ¢ : C3 x U — C. Suppose that
the differential equation
(2.9) B(g(2), 9(2) + Aog (), A222" (2) + A 2+ \) 26 () + 9(2); ) = h (2)

has a solution q(z) with q(0) = 1 and satisfies one of the following condi-
tions:

(1)
(2)
(3)

(2) € Q1 and ¢ € Pplh,ql,
(2) is univalent in U and ¢ € Pplh,q,), for some p € (0,1), o
(2)

[h

R

z) is univalent in U and there exists py € (0,1) such that gb €
D pvqp]; fO’f’ all pE (p07 1)

A
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If f(z) € 3_, satisfies (2.8), then
2D, f(2) <q(2),
and q(z) 1is the best dominant.

Proof. Following the same arguments in [4, Theorem 2.3e, p. 31|, we de-
duce that ¢(z) is a dominant from Theorems 2 and 3. Since ¢(z) satisfies
(2.9), it is also a solution of (2.8) and therefore ¢(z) will be dominated by
all dominants. Hence ¢(z) is the best dominant. O

In the particular case ¢(z) = 14+ Mz, M > 0, and in view of Definition 3,
the class of admissible functions ®p[€2, q], denoted by ®p[2, M], is described
below.

Definition 4. Let Q be a set in C and M > 0. The class of admissible
functions ®p[Q2, M| consists of those functions ¢ : C* x U — C such that

(2.10) ¢(1+Mei9, 1+ (14+Ak) Me® 1+ N2L+[1+ A (24 A) k] Me?; z) ¢ 0

whenever z € U, 0 € R, R (Le‘i(’) > (k—1)kM for all real 6, A >0, pe N
and k > 1.

Corollary 2. Let ¢ € @p[Q, M]. If f(z) € 3_, satisfies

6 (D3, (), D5 (), DR f(2):2) € 2,

then
|2PD% ,f(z) — 1| < M.

In the special case Q = q(U) = {w : |w — 1] < M}, the class ®p[S2, M]
is simply denoted by ®p[M]. Corollary 2 can now be written the following
form:

Corollary 3. Let ¢ € ®p[M]. If f(2) € >_, satisfies
(6 (27 D3, (2), 2D £(2), 2P D2 (2); 2) = 1] < M,

then
27D f(2) — 1] < M .

Corollary 4. If M >0 and f(z) € }_, satisfies
‘zppgfplf(z) - 1] < M,

then
|2PD} ,f(2) —1| < M .

Proof. This follows from Corollary 3 by taking ¢ (u,v,w;z) = v = 1+
(14 \k) Me®. O
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Corollary 5. If M > 0 and f(z) € Zp satisfies

)ZPD;T (2) — 2P D}, f(z)‘ < M,

then
27D f(2) — 1] < M .

Proof. Let ¢ (u,v,w;z) = v —wu and Q = h(U) where h(z) = Mz, M >
0. To use Corollary 2, we need to show that ¢ € ®p[Q, M], that is, the
admissibility condition (2.10) is satisfied. This follows from

6 (1 Me™ 1+ (1 M) M, 14 A2L+ [1+ A 2+ A) K] Me™; 2 )|
= Mk > MA

whenever z € U, 0 e R, A > 0, p € N and k > 1. The required result now
follows from Corollary 2.
Theorem 4 shows that the result is sharp. The differential equation

Azq (z) =AMz
has a univalent solution ¢(z) = 1+ Mz. It follows from Theorem 4 that
q(2) =14 M~z is the best dominant. O

Next, let us note that
DY, f(2) = f(2),
and

2 ,
Di,f(z) = EIE) zf (2) + (1 +p) f(2).

2P
By taking n = 0 and A = 1, Corollary 5 shows that for f € > . if

2 |2f'(2) +pf(2)} < Mz, then 2P f(z) < 1+ M=.
Definition 5. Let Q be a set in C and ¢(z) € Q1 N H. The class of

admissible functions ®p 1 [, ¢] consists of those functions ¢ : C* x U — C
which satisfy the admissibility condition:

whenever u = ¢ (¢), v=¢q({) + )\kiq(/g()o (q(¢) # 0),
vw — 3uv + 2u® Cq” (€)
T Zm{” 7 }

where z € U, ( € OU\E (q) and k > 1.
Theorem 5. Let ¢ € p1[Q,q]. If f(2) € 3, satisfies

Dy f(z) Dit2f(z) D3 f(z)
. ). s , ‘ : Q
(2 11) {¢<D§,pf(z) ’D;;;If(2>’D;Z:;2f(z)’Z 2cUS C ’
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then
Dy (2)
3,7 1
Proof. Define an analytic function g(z) in U by
DT f(2)
(2.12) g(z) = D”mf( e

Defferentiating (2.12) logarithmically with respect to z, we obtain

(213 ) _ (D) = (00,00)
9(2) DY f(z) Dy f(2)

By making use of (1.5) in (2.13), we get

D?;Qf(z) zg' (2)

(2.14) W =g(2)+ A 0

Differentiating (2.14) logarithmically with respect to z, further computa-
tions show that

Dn+3f(z /
Dy 1C) ) (e £ 2 (2)
Dy f(2) 9(2)
(215) ’ zg,(z) zgl(z) ? ZQg”(z)
zg (2) + A g(z) | gz T 9(z)
+ A

Define the transformations from C? to C by
u(r,s,t)=r, v(r,s,t)=r-+ )\;,

S r
t) = A=+ A
w(r,s,t) =r+ r+ ¥

Let
Y (r,s,t;2) = ¢ (u, v, w; 2)

2.17 s+A|7—(
(217) =¢ r,r—i—)\;,r—i-)\;—l—)\ [
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Using equations (2.12), (2.14), (2.15), and from (2.17), it follows that
V(g(2): 29 (2),2°9 (2); 2)
(2.18) y (D;i;l (=) DL2f(2) D;i;i”f(z),Z) |
D}, f(2) " Dy (=) DYE2f(2)]

Hence (2.11) implies

U(9(2), 29 (2),2°g (2);2) € Q.
The proof is completed if it can be shown that the admissibility condition
for ¢ € ®p ;1 [, ¢ is equivalent to the admissibility condition for ) as given
in Definition 1. Note that

t vw — 3uw + 2u?
41 =
s A(v—u)
Hence ¢ € ¥ [Q, g] and by Lemma 1,
D;L+1 (Z)
g(z) <q(z) or %%qz. ]
@) <a(z) o s <ale)

In the case Q # C is a simply connected domain with Q = h (U) for some
conformal mapping h(z) of U onto €, the class ®p 1 [h(U),q] is written as

®p 1 [h,ql.
The following result is an immediate consequence of Theorem 5.

Theorem 6. Let ¢ € @p 1 [h,q] with ¢(0) =1. If f(2) € 3, satisfies
DI DY) DY)
: ’ ) ’ ; h 9
’ ( D3, Dy ) Dy ey )

then _—
DA,p (2)
Dy 1(2)
In the particular case ¢(z) = 1+ Mz, M > 0, the class of admissible
functions ®p 1 [€2, ¢, is simply denoted by ®p ; [€2, M].

Definition 6. Let (2 be a set in C and M > 0. The class of admissible
functions ®p 1 [Q, M] consists of those functions ¢ : C3 x U — C such that

k414 Me'? )\k:+1+Mei9M€w
1+Met 1+Mei
A (MA+e7) [A\Le 4+ kM (1+X+Me?)] — \2M2k? ) ‘0
32

=< q(2).

o 1+Me? 1+ Me" 1+

(2.19)

(M+e=0) (2M 4+ Nk M +e~0+ M2et?)

whenever z € U, § € R, R (Le‘ie) > (k—1)kM for all real ;A > 0 and
k> 1.
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Corollary 6. Let ¢ € @p1[Q, M]. If f(2) € 3, satisfies

DY (z) DY2f(z) DYt ()
. ) ’ B - 5 Q,
¢<Dﬁ,pf<z> Dy D)) ©

then

P -1
Dy f(z)

In the special case Q = ¢ (U) = {w : |w — 1] < M}, the class ®p 1 [Q2, M]
is denoted by ®p 1 [M], and Corollary 6 takes the following form:

n+1
‘DA ) <M (z€U).

Corollary 7. Let ¢ € ®p 1 [M]. If f(2) € >, satisfies

¢<D3‘$1f(2> Dyt2f(2) Dﬁff(z).z) »
Dy, f(2) Dyt () DY? f(2)

< M,

then

-1

A<

Dy f(2)

Corollary 8. Let M > 0. If f(z) € }_, satisfies

DA DYG)| A
DITf(z) Dy f(e) | S 1+ M
then
D7L+1 P
Dy f(2)

Proof. This follows from Corollary 6 by taking ¢ (u,v,w;z) = v — u and
Q= h(U), where h(z) = 1/:%/‘,2, M > 0. To use Corollary 6 we need to
show that ¢ € ®p; [M], i.e., the admissibility condition (2.19) is satisfied.

This follows from

N+ 14 Me'?
oo )] = |1+ 2

_ MMk MM
14+ Me® T 1+ M

Me? — 1 — Mt

for z€ U, 8 € R,A >0 and k£ > 1. Hence the result is easily deduced from
Corollary 6. O
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3. Superordination results of the linear operator D;‘"p. In this sec-
tion we obtain differential superordination for functions associated with the
linear operator Dy . For this purpose the class of admissible functions is
given in the following definition.

Definition 7. Let Q be a set in C and ¢(z) € H with z¢' () # 0. The class
of admissible functions <I>/D [0, q] consists of those functions ¢ : C3 x U — C
which satisfy the admissibility condition:

¢ (u,v,w;¢) € Q

_ 22q (2)+ma(2)

m I

w—2v+u 1 zq" (2)
Z Tl
oy }—m%{” ) }
where z € U, ( € OU, and m > 1.

Theorem 7. Let ¢ € &) [Q,q]. If f(2) € > op 2PDY f(2) € Q1 and

6 (D5, (), 2 DL (2), 2P D2 £ (2); 2
is univalent in U, then
31 Qc {¢ (ZPDQJ, F(2), 2P DY f(2), 2P Dy f(z);z) ze U}

implies

whenever u = ¢ (z), v

q(z) < 2"Dy , f(2).
Proof. Let g(z) be defined by (2.2) and 1 by (2.6). Since ¢ € &}, [, ],
(2.7) and (3.1) yield
0 {v(g(2),2'(2), 2% (2)32) : 2 € U}

From (2.6), we see that the admissibility condition for ¢ € @), [Q,q] is
equivalent to the admissibility condition for ¢ as given in Definition 2.
Hence ¢ € ¥’ [0, ¢], and by Lemma 2,

q(z) < g(z) or q(z) < 2PDX,f(2). m

If Q # Cis a simply connected domain, then 2 = h(U) for some conformal
mapping h(z) of U onto  and the class @7, [h (U) , g] is written as ®, [h, q].

Proceeding similarly as in the previous section, we establish the following
result as an immediate consequence of Theorem 7.

Theorem 8. Let q(z) € H, h(z) be analytic in U and ¢ € ®p [h,q]. If
f(z) € 22, D3, f(2) € Q1 and

0 (D3, £(2). DY F(2). 27 D32 (2):2)
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is univalent in U, then
(32)  h(z) <6 (DR, I(2), DL (2), DY (2); 2)
implies

q(z) < 2"DY ,f(2).

Theorems 7 and 8 can only be used to obtain subordinants of differential
superordination of the form (3.1) or (3.2).

The following theorem proves the existence of the best subordinant of
(3.2) for an appropriate ¢.

Theorem 9. Let h(z) be analytic in U and ¢ : C3 x U — C. Suppose that
the differential equation

3(9(2),A2g (2) + 9 (2), X2°g (2) + A (24 V) 29 (2) + g(2);2) = h(2)
has a solution q(z) € Q1. If ¢ € @7, [h,q], f(z) € > p 2PDY L f(2) € Qu and

6 (D5, (), 2 Dy (), 2P D2 f(2); 2
is univalent in U, then
h(2) < 6 (D5, 0 (2), P Dip (2), P DY (2); 2)
implies
q(2) < 2"DX,f(2)

and q(z) 1is the best subordinant.

Proof. The proof is similar to the proof of Theorem 4 and is therefore
omitted. O

Combining Theorems 2 and 8, we obtain the following sandwich-type
theorem.

Corollary 9. Let hi(z) and qi(z) be analytic functions in U, ha(z) be
univalent function in U, q2(z) € Q1 with ¢1(0) = ¢2(0) = 1 and ¢ €
®p [h2, @] N Cp (R, qu]. If f(2) € 32, 2PDY ,f(2) € HN Q1 and
6 (D3, f(2), 2 DL (), 2P D2 f(2); 2
is univalent in U, then
hi(z) < ¢ <zpD;’7pf(z), zpDzzlf(z), ZPDS\L:EQf(Z); z) < ha(z)

implies
q1(2) < 2PDX ,f(2) < qa(2).
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Definition 8. Let Q be a set in C and ¢(z) € H with 2¢'(z) # 0. The class
of admissible functions <I>/D71 [, q] consists of those functions ¢ : C3xU — C
which satisfy the admissibility condition:

¢ (u,v,w; () € Q
whenever u = q(z), v =¢q(2) + ii?}'((;)) (q(2) #0),
vw — 3uw + 2u? 1 zq" (2)
TR e m%{” ) }

where z € U, ( € 9U and m > 1.

Now we will give the dual result of Theorem 5 for differential superordi-
nation.

/ gy
Theorem 10. Let ¢ € & [Q,q]. If f(2) € Zp, % € Q1 and
? P

(D) DIG) D)
DY, f(2) " DY (=) D2 f(2)
is univalent in U, then

DEELIE) DRIRG) DY)\
33 QC{¢<D;1pf<z>’nglﬂz)’D:;Zf(z)’z ey

implies

DyHf(2)

DY f(2)

Proof. Let g (z) be defined by (2.12) and ¢ by (2.17). Since ¢ € @}, | [2, ],
it follows from (2.18) and (3.3) that

QcC {d) (g(z),zg,(z),fg” (z);z) ZZEU}.

From (2.17), we see that the admissibility condition for ¢ € <I>'D,1 [, q]
is equivalent to the admissibility condition for 1) as given in Definition 2.
Hence 1) € ¥ [0, ¢], and by Lemma 2,

q(z) <

DZ;I (2)
Dy f(2)

If Q # C is a simply connected domain and 2 = h(U) for some confor-
mal mapping h(z) of U onto (2, then the class ®/D71 [h(U),q] is written as
(plD,l [h7 Q]

Proceeding similarly as in the previous section, we establish the following
result as an immediate consequence of Theorem 10.

q(z) < g(z) or q(z) < =
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Theorem 11. Let q(z2) € H, h(z) be analytic in U and ¢ € @ID’I [h,q]. If

DyE ()
f(z) € Zp: D/\;{Z;f(z) € @1 and

¢<D§;1 (2) DyE*f(z) DYE3f(z) )

Dy, f(=) DLiTf(z) Dy 2f(z)

is univalent in U, then

Dyl f(z) Dyi?f(z) DyPPf(2)

‘ b P N P .
(34) = ( Dy, fG) DY () DyERf ()
implies

Dyt f(2)
q(z) < D7)

Combining Theorems 6 and 11, we obtain the following sandwich-type
theorem.

Corollary 10. Let hi(z) and q1(z) be analytic functions in U, ha(z) be
univalent function in U, q(z) € Q1 with ¢1(0) = ¢(0) = 1 and ¢ €

/ Dl f(z
®palhe, @] NPp 4 [, q1]. If f(2) € 2, % € HNQy and

5 D;\LZI (2) D?;Q (2) D§;3 (Z)z
Dy f(z) " DiTf(z) DLEA(e)
is univalent in U, then
DyI f(z) DyE2f(z) D22 f(2)
Dy f(z) " DyEUf(2)" D2 f(2)

hl(z)<¢< ;z><h2(z)

implies
Dyt f(2)
DY, f(2)

Remark. Putting A = 1 in the above results, we obtain the similar results
associated with the operator D).

q(z) <

< Q2 (Z)
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