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ABSTRACT. Let A denote the class of analytic functions with the normaliza-
tion f(0) = f(0) — 1 =0 in the open unit disc U = {z : |2| < 1}. Set

z)=z+ Z[l + Ak —=1)]"2" (neNo; A>0; z€U),
k=2
and define f{ , in terms of the Hadamard product

f)rf(z) * ff,u = m

In this paper, we introduce several subclasses of analytic functions defined by
means of the operator Iy , : A — A, given by

IRuf(2) = Ru(2) « f(2)  (f € A n € No; A2 0; 4> 0).

Inclusion properties of these classes and the classes involving the generalized
Libera integral operator are also considered.

(L>0; zeU).

1. Introduction. Let A denote the class of functions of the form:

(1.1) f(z) :z—l—Zakzk,
k=2
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which are analytic in the open unit disc U = {z : |z] < 1}. If f and ¢
are analytic in U, we say that f is subordinate to g, written f < g or
f(2) < g(z), if there exists a Schwarz function w(z), which (by definition)
is analytic in U with w(0) = 0 and |w(z)| < 1 for all z € U, such that
f(z) =g(w(z)), z € U. For 0 <n < 1, we denote by S*(n), K(n) and C the
subclasses of A consisting of all analytic functions which are, respectively,
starlike of order 7, convex of order n and close-to-convex of order n in U
(see, e.g., Srivastava and Owa [11]).

For n € No = NU{0}, where N = {1,2,...}, A > 0 and f given by (1.1),
we consider the generalized Salagean operator defined as follows:

oo
(1.2) Dif(z) =2+ [L+Ak—D]"az" (2 €U).

k=2
The operator DY was introduced and studied by Al-Oboudi [1] which re-
duces to the Saldgean differential operator [10] for A = 1.

Let S be the class of all functions ¢ which are analytic and univalent in

U and for which ¢(U) is convex with ¢(0) = 1 and Re{¢(2)} > 0 (z € U).
The Hadamard product (or convolution) f x g of two analytic functions

F(2) =002y ax?® and g (2) = 3232, biz* is given by
(f*9)(z)= Zakbkzk-
k=0

Making use of the principle of subordination between analytic functions,
we introduce the subclasses S*(n;¢), K(n;¢) and C(n,d; ¢,1) of the class
Afor0<m, d <1land ¢,¢ €S (cf, [3], [5] and [7] ), which are defined by

simo = {rea: 2 (5 -n) <o) e},

1—n

ko) ={reas (14208 ) <o) e v

and

1,8 6,9) :{f €A:ge S me)s b (g(()) - 6) <)

(zeU)}.

We note that, for special choices for the functions ¢ and 1 involved in
these definitions, we can obtain the well-known subclasses of A. For exam-

ple, we have
1+=2 1+2
g2 ) = g* Klng—) =K
S ("’1—z> S*(n), <n,1_z> (n)
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and

C<0,0;1+Z Hz) e

—2z'1—z
Setting

f§(2)22+§:[1+>\(k3—1)]”2k (n € No; A= 0),
k=2

we define the function f)’}’ ., in terms of the Hadamard product by

(13) RE)* () = =

We now introduce the operator I} ut A — A, which is defined here by

(>0, z€U).

Bl ()= R (&) * £(2) = 2+ Y gemifititempans”
k=2

(f€A; ne Nyg; A>0; u>0),

(1.4)

where (0), is the Pochhammer symbol defined, in terms of the Gamma
function [, by

() :W’“f)_{ L (k=0, 9 € C\{0}),
1) 0(0+1)...(0+k—1) (ke N, 6e0).

We note that I{ 5 f(z) = f(z) and I§ , f(2) = zf'(2).
From (1.4), we obtain the following relations:

(1.5) ML () = I8, f(2) = (L= NI () (0> 0)

and

(1.6) 23, f(2)) = I f(2) = (0= DI f(2).
Next, by using the operator I s e introduce the following classes of
analytic functions for ¢, :

Shu(m¢) ={f € A I3, f(2) € 5" (n;9)},
K}, (o) ={f € A: I} ,f(z) € K (1:0)}

and

CY L, 6:0,0) = {feA: I}, f(2) € C(n,0;0,90)} .
We also note that

(1.7) f(z) € K}, (m:0) <= 2f'(2) € 83, (n; 9) .

In particular, we set

" 1+ Az\“ n
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and

1+ Az\“

We note that for A = 1 in the above classes, we obtain the following

classes Sj; (1;¢), K|} (1;¢) and C}i(n,8; ¢, 1)).
In this paper, we investigate several inclusion properties of the classes

SY . (m9), KY , (n;¢) and CY (1, 6; ¢, 1)) associated with the operator I} .
Some applications involving these and other classes of integral operators are
also considered.

2. Inclusion properties involving the operator I;,u' The following
lemmas will be required in our investigation.

Lemma 1 ([4]). Let ¢ be conver univalent in U with ¢(0) = 1 and
Re{ud(z) +v} >0 (u,v e C). If p is analytic in U with p(0) = 1, then

P+ <) (e v)

implies that
p(z) < ¢(z) (z€U)

Lemma 2 ([8]). Let ¢ be conver univalent in U and w be analytic in U
with Re{w(2)} > 0. If p is analytic in U and p(0) = ¢(0), then

p(z) +w(2)2p'(2) < ¢(2) (2 €U)
implies that
p(z) < ¢(2) (z€U).
At first, with the help of Lemma 1, we obtain the following theorem.

Theorem 1. Letn € Ny, A >0, u > 1 and Re{(1—n)p(2)+ % —1+n} > 0.
Then we have

S% 1 (15:9) C SX, (1:0) C SV (1;.0)
(0<n<1l;¢€S8)
Proof. First of all, we will show that
S\t (1:0) © X, (050) -
Let f € 5%, 4 (n; ¢) and put

(2.1) p(z) =
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where p(z) is analytic in U with p(0) = 1. Using the identity (1.6) in (2.1),

we obtain

,u[ ;l,,qulf (Z )
Iy, f(2)

Differentiating (2.2) logarithmically with respect to z and multiplying by z,

we obtain

(2.2) =1 =np(z)+p—1+n.

1 z (I/r\L,qu(Z))
1- n I;zu.;.lf(z)

2p'(2)
(I=mp(z) +pu—1+n

(2.3) —n | =plz)+

(z € U). Applying Lemma 1 to (2.3), we see that p(z) < ¢(z), that is,

To prove the second part, let f € S} | (n; ¢) and put

1 (InJrlf( ))
e =1 I f(z) A

where h is analytic in U with h(0) = 1. Then, by using the arguments similar
to these detailed above with (1.5), it follows that h < ¢ (z € U), which
implies that f € S;“;l (n; ¢). This completes the proof of Theorem 1. O

Theorem 2. Let n € Ng, A >0 and > 1. Then we have
K} (039) € KX, (5.0) € K3 (050)

(0<n<1l;¢€S8).

Proof. Applying (1.7) and Theorem 1, we observe that

f(z) € Kf\l,u.H (1: 9) I§7M+1f(z) € K (n;:9)
(I)\ u+1f( z)) € S (n;9)
I3 11 (2f'(2) € 8™ (0 9)

zf'(z) € S)\,;Hrl (n; 9)
f'( ) €%, (m:9)

(Zf'( )) €5 (n;9)
(I" f(2)) €5 (n:9)
Ifuf( z) € K(n; ¢)
f(z) € K}, (n; 9)

and
f(z) € K}, (n:9) 2f'(2) € 8%, (n; 0)
2f'(z) € 5"“ (7 9)
A f ()) € 5" (n; )
I”“f( ) € K (n;9)

fz) € € Kyt (n; ),

IIIIMII IIMMMM
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which evidently proves the theorem. U
Remark. Taking

14 Az\¢
P(2) <1+Bz> (-1<B<A<1;0<a<l; zel)

in Theorems 1 and 2, we have the following corollary.
Corollary 1. Letn € Ng, A >0 and p > 1. Then we have

% 1 (15 A, B; @) C SV, (n; A, B; o) € SiH(n; A, B; «)
(0<n<1;-1<B<A<1;0<a<1) and

K}, 1 (5 A, B; a) C KL, (; A, B; a) C K (n; A, B; a)
(0<n<1l;-1<B<A<1;0<a<l)

Next, by using Lemma 2, we obtain the following inclusion relation for
the class C;\LM(T], 5; ¢, 1).

Theorem 3. Let n € Ng, A > 0 and p > 1. Then we have

CR 1 (1,6;6,9) C CR (0, 6;6,9) € C3EH(n, 65 ,))
(0<mn,0<1;¢p,0beS).
Proof. We begin by proving that

C;L,;Hrl (777 5; ¢7 ¢> - C/T\L,,u(na 6; ¢7 W

Let f € C’f\iﬂﬂ(n,é;qﬁ, 1). Then, in view of the definition of the class
C% i+1(n, 65 0,10), there exists a function g € ST, (7;¢) such that

/
1 z (I;L,;H—lf(z))
1-96 1Y ,119(2)

-0 | <v(z) (z€U).

Now let

/
1 z (Ij\i’“f(z)> 5
1= I3 ,9(2) ’

where p(z) is analytic in U with p(0) = 1. Using (1.6), we have

(2.4) [(1=0)p(2) + 011X 49(2) + (= VIX . f(2) = pd} i1 f(2)-
Differentiating (2.4) with respect to z and multiplying by z, we obtain
(1= 0)2p"(2) I} ,9(2) + [(1 = 0)p(2) + 82(IX ,9(2))"

(2:5) = p2(If i F(2)) = (= 1) 203, F(2))'
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Since g(z) € S;\L’#H(n; ¢), by Theorem 1, g € S;L’“(n; @). Let

1 z (If\ﬁug(z)y
&) =17 | ez !

Then, using (1.6) once again, we have

I;L,/H-lg(z)
I3 ,9(2)
From (2.5) and (2.6), we obtain

/
(2B )
1-9¢ I3, 119(2)

(2.6) =1 =nq(z) +p—-1+n.

zp'(2)
(I=mqz) +p—1+n

=p(2) +

Since 0 <n <1, p>1and q(z) < ¢(z) (2 € U), we have
Re{(1—-n)q(z) +p—14+n} >0 (ze€U).

Hence, applying Lemma 2, we can show that p(z) < (z), so that f €
C;LJ,L(TL 57 ¢7 w)

For the second part, by using the arguments similar to these detailed
above with (1.5), we obtain

CR . (1,8;0,40) € CY T (1,656, 9)).
This completes the proof of Theorem 3. U

3. Inclusion properties involving the integral operator F.. In this
section, we consider the generalized Libera integral operator F. (see [2], [6]
and [9]) defined by

B R(D=RNE =5 [ewd (feae> -,

2C
0

We first prove the following theorem.

Theorem 4. Let ¢ > 0, n € No, A > 0 and p > 0. If f € S} (n:9)
(0<n<1;¢€S) then we have Fe(f) € S}, (m:¢) (0<n<1;¢€S5)

Proof. Let f € ST (n;¢) and put
!/
(=R @)

(3:2) p(z) = 1= | TEEDGE nl -
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where p(z) is analytic in U with p(0) = 1. From (3.1), we have

(3.3) (I3, Fe () (2)) = (e + DI f(2) — eI} Fe (f) (2)-
Then, by using (3.2) and (3.3), we have

I f(z
(3.4) (c+1) S ) =(1—-n)pz)+c+n.

I F.(f) (2)

Differentiating (3.4) logarithmically with respect to z and multiplying by z,
we obtain

zp'(2) 1 (2BR)
p(2)+(1—77)p(z)+c—|—77_ 1—7 ( I;L,uf(z) n (z €U).
Hence from Lemma 1, we conclude that p(z) < ¢(z) (z € U), which implies
Fe(f) € S% (5 0). .

Next, we derive an inclusion property involving F,, which is given by the
following theorem.

Theorem 5. Let ¢ > 0, A > 0, n € Ng and pn > 0. If f € K} (n;9)
(0<n<1;¢€S), then we have

Fo(f)e K}, (n;¢) (0<n<1; ¢€S5)

Proof. By applying Theorem 4, we have

f(z) €K}, (m¢) Zf’( ) € 5%, (n;¢)
Fe(z f(Z))ESA (1 @)
( (f)(2)) € 5%, (n; )
Fo(f)(= )EKAM(W,@
which proves Theorem 5. O

From Theorems 4 and 5, we have the following corollary.

Corollary 2. Let ¢ > 0, A > 0, n € Ny and pu > 0. If f(z) belongs to
the class SY , (n; A, B;a) (or K}, (n;A,B;a)) (0 < <1 -1 < B<
A<1;0<a< 1) then Fo(f) belongs to the class S, (n; A, B;a) (or
Ky, (mABa) (0<n<1l;-1<B<A<1;0<a<l)

Finally, we prove the following theorem.

Theorem 6. Let ¢ >0, A >0, n€ Ny and p>0. If f € Cf\lyu(n, 5; ¢, )
(0<mn, 6 <1; ¢4 €8), then we have F(f) € CY ,(n,6;0,9) (0 < n,
d<1; 0,0 €8).
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Proof. Let f € C’iu(n, 0; ¢,1). Then, in view of the definition of the class
Cj\ﬁu(n, d; ¢, 1), there exists a function g € SKM (n; ¢) such that

1 (2U3,f(2)
1=6\ 13,902

(3.5) - 5) <¥(2) (z€U).

Thus, we put

L (2(mEne)
1=6 | I, F(9)

where p(z) is analytic in U with p(0) = 1. Since g(z) € S}, (1;¢), we see

from Theorem 4 that F (g) € S}, (n; ¢). Using (3.3), we have

(3.6) [(1=0)p(z) + ]I} . Fe (9) (2) + cIX  Fe (f) (2) = (e + DI}, f(2)-

Differentiating (3.6) with respect to z and multiplying by z, we obtain
213, f(2))

c+1 n#: 1—0)p(z) +8][(1 —=n)q(z) +c+n]+ (1 —6)zp/'(2),

(D = (L O+ = male) + el + (1= 9/

where

Hence, we have

1 z (I;\Z,Mf(z))/
1-9 I3 ,9(2)

zp'(2)
(L=mq(z) +c+n

- | =p2)+

The remaining part of the proof in Theorem 6 is similar to that of The-
orem 3 and so we omit it. U
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