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Boehmians of type S and
their Fourier transforms

ABSTRACT. Function spaces of type S are introduced and investigated in the
literature. They are also applied to study the Cauchy problem. In this paper
we shall extend the concept of these spaces to the context of Boehmian spaces
and study the Fourier transform theory on these spaces. These spaces enable
us to combine the theory of Fourier transform on these function spaces as well
as their dual spaces.

1. Introduction. In [3], function spaces of type S are introduced and the
properties of their Fourier transforms are investigated (see also [4], [5]).
They are also applied to study the Cauchy problem. These spaces are
constructed imposing conditions on the behavior of functions and on the
growth of their derivatives at infinity as the order of the derivative increases
(as is done in the case of generalized functions (see for example [9])). We
shall first recall that the space Sg (a > 0, 8 > 0) consists of all infinitely
differentiable functions ¢(z) (—oco < x < 00) satisfying the inequalities

2k ()| < CAb IR,

where the constants A, B, C depend on the function ¢. It is also known
that for sufficiently small values of @ and 3 this space degenerates into the
single function ¢(x) = 0. Hence in order to consider nontrivial spaces we
shall be interested in choosing « and [ sufficiently large. Further spaces
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Sy, S8, (here .7 denotes the usual space of rapidly decreasing functions)
which can be described independently can be related to the space Sg . For
an interesting relationship between these spaces and examples we refer the
reader to [3], [4] and [5]. It should be noted that for 8 < 1, functions in S°
are already analytic in unbounded regions of the complex plane and hence
cannot contain functions of bounded support. However for § > 1 it is known
(see [3]) that the space Sg contains infinitely differentiable functions with
compact support. Thus by virtue of the inequality Sg C Sg for a > 0, we
can safely assume that S8 (8 > 1) certainly contains infinitely differentiable
functions with compact support. This fact will be crucial for our construc-
tion of the Boehmian space. Incidentally the Boehmian space we construct

contains also a copy of the dual of S5 (8 > 1) (which is denoted as (55)’)
and hence a study of Fourier transforms of elements of our Boehmian space

generalizes the theory of Fourier transform on (55)’ which is undertaken in
[3].

We shall assume the construction of Boehmian spaces and their properties
(see [6], [7], [8]). In Section 2, we shall develop the preliminaries. In Section
2, we shall construct the Boehmian spaces. In Section 4, we shall define the
Fourier transform and investigate its properties.

2. Preliminaries. In the following we shall define the required function
spaces and obtain some properties. Fix «, 8 > 0.

Definition 2.1. A function f : R — C is said to be in the family G if it
satisfies the following conditions:

(i) f is an infinitely differentiable function.

(i) [F®(@)] < copen™ foralln e N, z € R, k=0,1,2,....

The topology on G is given by the following countable separating family
of semi-norms

Poi(f)= sup [f@(@)|el) n=123... k=01,2,....
z€R, ¢<k

It is easy to show that G is a Fréchet space.

Definition 2.2. A function ¢ : R — C is said to be in SE if
(i) ¢ is an infinitely differentiable function.
(ii) ‘xkgp(q)(x)‘ < CAFBIkFeq®8 (k. =0,1,2,..., ¢ =0,1,2,...) where
A, B and C are constants depending on .
Here we assume that k*® =1 for k = 0 and ¢%° =1 for ¢ = 0.
From [3] it follows that the space S5 defined above is a countable union
of Fréchet spaces which are denoted by Sg:f where A,B = 1,2,.... We
also recall the following theorem from [1] and [2].

Theorem 2.3. If o + 3 > 1, then the following are equivalent:
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(1) ¢ € S5

(2) sup \go(x)|e(h‘x|1/a) <00 and sup \g?:(t)|e(k|t‘1/ﬁ) < oo for some h, k > 0.
z€R teR

Definition 2.4. A function ¢ : R — C is said to be in the space T, p,
(n,m € N) if it satisfies the following conditions:
(i) ¢ is infinitely differentiable.

() [[ollnm = sup ()]l =) wl17?) < o
zER

+sup @ (t)]el
teR

Here

ﬂﬂ:/ﬂmfmw (t € R).
R

It is also clear that if n < n' and m < m/, then T}, ,, C T, and that if
the sequence {py} is such that ¢ — ¢ as k — oo in T}, p, then ¢ — ¢ as
k — oo in T}y 4,y For this reason it is possible to define the countable union
space containing all the spaces T}, ,,, where n, m vary over the set of natural
numbers. In view of Theorem 2.3 and Definition 2.4 above, it easily follows

that this countable union space is identical with Sg.

Definition 2.5. (1) A sequence of functions {¢,} in S5 is said to converge
to a function ¢ € S5, if there exist n’ and m/ in N such that all ¢, and ¢ are
in Ty and ¢p, — @ in Tpy 1y as n — 00. This means that ||@n —@||n/ m —
0 asn— oo.

(2) By a continuous linear functional on the countable union space Sh =

U Thm, we mean a linear functional on Sg which is continuous on eve-
n,m
ry space T} ,,. The set of all continuous linear functionals on the above

countable union space will be denoted by (Sg)/.

Note 2.6. The above definitions are analogous to the definitions of a con-
tinuous linear functional and the dual (55)’ of the countable union space
S5 described in [3).

Using the equivalence of sup-norm and L?-norm on the space Sg:f and
Landau type inequalities, one can prove (this involves detailed computations
which are routine and hence are omitted) the following.

(i) Given natural numbers n, m and ¢ € T}, ,, we can find A, B such
that ||¢lls, < C|l@|lnm for every 6,p € (0,1] where ||¢ls, refers to the
semi-norms defined on Sg:f as given in [3].

(ii) Given A,B (A,B =1,2,3,...) and ¢ € Sg’f, we can find n and m
such that [[¢]|nm < C'||¢lls,, for every §,p € (0, 1].7

In view of the above observations the following remarks are obvious.
(i) The dual of S5 as described in [3] is identical with the dual of S5 as
given in our Definition 2.5.
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(ii) The countable union of the spaces T5, ,, (which is Sh ) is also complete.

However, there is a vital difference between the countable union space
described here and the one given in [3]. On the one hand, the spaces Sg:f
given in [3] are Fréchet spaces whereas on the other, we have chosen the
spaces 1T}, , as merely normed spaces.

Lemma 2.7. FEvery function in G can be regarded as a continuous linear
functional on Sg, i.e. each element of G can be considered as a reqular
element of the dual space (Sg)/.

Proof. Let f € G. We show that f can be considered as a continuous linear
functional on T}, ,, for each n,m € N as follows:

ﬂ@:/me@Mx<wenm»
R

Using canonical estimates, it is an easy exercise to show that f defines a
continuous linear functional on 7}, ,,. We leave the details. ]

For the construction of our Boehmian space, we need functions with com-
pact support, inside 55 . But this will happen when g > 1. (Note that when
8>1, Sg contains functions of bounded support (see [3]) and Sg - 55, for

any a > 0). For this reason, hereafter we shall consider spaces S8 only for
B > 1 unless explicitly specified otherwise.

Definition 2.8. A function ¢ : R — C is said to be in the space S if ¢ is
in 2N S’g.

It is easy to verify that if ¢ € S, then ¢ € T}, ,, N G for each n € N and
some m € N.

Definition 2.9. Let f € G and ¢ € S. The convolution of f and ¢ is
defined as

U*@@ﬁ—/f@—wwﬂﬁ (z €R).
R

Clearly the integral in the above definition exists and hence f * ¢ is well-
-defined. Further the qth derivative of f % ¢ exists and is defined by

(f +0)D(z) = (f9 x o) ().

Definition 2.10. Let u € (Sg)/ and p € S. We define the convolution
product of u and ¢ in the canonical way by

(uxp)(r) =u(rp) (zeR)
where ¢(t) = p(—t) and (1,¢)(t) = @(x —t).
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Note that if ¢ € T}, ,,, then for any x € R, 7,¢ is in Ty ,,, with n’ > nk
where

(1) k:{Q(il) for a < 1

1 for a > 1.
In particular, if p € S, then for any x € R, 7,0 € S.

Lemma 2.11. Let f € G, p € S. Then f*x ¢ € G and if further f € S,
then fxoe S and fxp=px*f.

Proof. Follows easily using simple computations. We leave the details. [J
Theorem 2.12. Let u € (Sg)/, pweS. Thenuxp € G.

Proof. Since p € S, ¢ is in Ty, , for some n1,m; € N. (Note that ¢ is in
Ty m, for all ny € N). Choose n’ > n1k and m’ > m; with k as in (1) so
that 7,0 € Ty py for all x € R.

Indeed, using standard arguments and computations we can easily prove
the following:
(i) If 2, = x as n — oo, then (|74, @ — T2 @||n/ m’ — 0 as n — oo.
(ii) uw * ¢ is infinitely differentiable.
(iii) | (u * )@ (@)| < cngent™ (nEN, ¢=0,1,2,... and z € R).
Using the above steps, we see that u * ¢ € G, completing the proof. O

3. Construction of Boehmians. The general construction of Boehmians
is given in detail in the literature (see [6], [7], [8]). We shall briefly recall this
construction for the sake of completeness. Let G be an additive commutative
semi group, S C G and * : G x § — G satisfy
(i) If p,9p € S, then px 1 € S and p x1p = * .
(ii) If f € G and @, € S, then (f*x ) x1p = f* (p*1)).
(iii) If f,g € G and p € S, then (f+g)*xp = f*xp+ g* .
Let A be the class of all sequences (¢y,) in S (called delta sequences) satis-
fying
(i) If f,g € G, (pn) € A and [ * ¢, = g * ¢, for all n, then f = g.
(i) Tf (#n), (¥n) € A, then (pn * 1hn) € A,
Let o/ denote the collection of all pairs of sequences ((fy), (¢n)) where
fn € G (n € N) and (p,) € A satisfying the following property

fn % ©m = fm * @y for all n,m € N.

Each element of < is called a quotient. Define a relation ~ (which can be
easily verified as an equivalence relation) on o/ by

((fn), (SDn)) ~ ((gn)a Wn)) = fo*Um=gm*eon YVn,meN
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Let B(G,A) = o/ / ~, the set of all equivalence classes in /. Elements of
B(G,A) are called Boehmians and a typical element containing ((f,,), (¢n))

is denoted by M—ﬂ
Now we construct the Boehmian space B(G, A), where G and S are as in
Section 2. The convolution product defines a map

*x:GxS—>G

having the required properties (easy to verify).
Let A be the class of all sequences (d,,) in S satisfying the conditions:

) / Su(z)dz =1 (n€N)
R
(3) /\5n(az)|daz <M (neN)
R

(4) lim (e(%ml/a) — 1) |0, (z)|dz = 0, for each m € N and € > 0.

n—00
|z[>e

We now show that the class A satisfies the following required properties of
“Delta sequences”.

Lemma 3.1. Let (p,,) € A. For each fized m € N and € > 0, the condition

tim [ () 1) o () = 0

n—00
|z[>e

s equivalent to

tim [ (G~ 1) ()l = 0.

n—oo
R
Proof. Let n > 0 and fix m € N. It suffices to prove that
tim [ ()~ 1) g a)dz = 0

n—00
|z|>e

— im [ (G 1) g (@) de = 0.

n—oo
R
Assume
ILm (e(%ml/a) - 1) lon(z)|de =0 (Ve>0).
|z]>e
Choose § > 0 such that
et o
e <37 whenever |z| < ¢
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where M is as in (3). Now

/ (™) 1) [pn(a)lda

R

_ / (G — 1) fpn(a)lde + / (G — 1) fipn () da

|z|<d |z|>6
n.,n
< — — =
2 T =7
for sufficiently large n. This completes the proof. O

Theorem 3.2. If f € G and (¢,,) € A, then fxp, — f asn — o0 in G.

Proof. We have to prove that P, ,(f * ¢, — f) — 0 as n — oo for each
m € Nand p = 0,1,2,.... Fix m,p and a constant K > 0. Choose
a compact set H such that for z &€ H,
A
‘ 1K’
where m/ > mk (with k as in (1)). Using the uniform continuity of f(@

(g =0,1,...) on a compact set larger than H, say H;, we can get a § > 0
such that whenever |y| < ¢ and = € H;, we have

FD (@ —y) - fD()| <

Fix this § > 0. For |z| > §, we have

€
AM"

1/«

(5) ewl* 1< (eilﬂl/a - 1)

where C' = +I6\1/a’ which can be easily verified.
l—em

‘We now consider

Paslf =)< s w7 [170 —y) = 19| jpu)ldy
z€R, ¢<p 2

=  sup e%\xll/a / ‘f(q)(x_y) _ f(q)(x)‘ lon (y)|dy
R

z€H1,q<p

—1yg1/a
s TR [0 ) = 0@ g )ldy
xgH1,q<p R

:Il +127

say. Hence

(6) Pm,p(f*épn_f)fll‘FIZ
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Now the integral I; can be split as a sum of two integrals, say J; and Js,
where

_1g[l/a
h= s et [0 ) - @) e )ldy
z€H1,q<p
ly| <o
and

—1|,(1/a
Jy= sup el / ‘f('”(fﬂ—y)—f(Q)(fU)MSOn(y)\dy-
x€H1,q<p yi>s
Y|z

Using the uniform continuity of f(? on H;, we have

€
n< gy [ leawldy <
ly|<é

IS e)

Note that for any integer m’,
fO@—y) = fD@)| < |fD@ - y)| + |12
@ < O (e =)

< Co (eﬁ(ml/wy\l/ﬂ) n eﬁml/a) ,

Take m’ > mk (with k as in (1)) in equation (7) and use this estimate and
(5) in Jy to get

1 _ 1 e Lyt
J2 § sup e(m’ m)|z‘l / Cm/7q (emlly‘l + 1) |(10n(y)|dy

r€H1,q<p
ly|>6
L fy[t/e
< CCpry | (7" 1) lpul)ldy
ly|>6
<€
4
for sufficiently large n. Thus
(8) I -0 as n— oo

It is now easy to see that

11 1/ S PR Ve
B sup cGrmmel [ o, (e ) loawldy
rZH1,q<p R

with m’ > mk. By a standard argument we can now show that
9) In—0 as n— 0.
The theorem follows from (6), (8) and (9). O
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Theorem 3.3. Let f,g € G and (vy) € A. If fx@, = gx@p for alln € N,
then f =g in G.

Proof. Follows from Theorem 3.2. O

Theorem 3.4. Let (pn,), (1n) be any two sequences in A. Then (@, * ¥y,
s also a sequence in A.

Proof. Using Fubini’s theorem (wherever necessary), the properties of the
class A, Lemma 3.1 and some standard arguments, the result follows. We
leave the details. O

Theorem 3.3 and Theorem 3.4 together prove that the class A can be
used as “Delta sequences” for the construction of our Boehmian space. The
resulting Boehmian space will be denoted as B(G, A).

Definition 3.5. Let G/ = (ng)/ and S’ = S where S denotes the set of all
Fourier transforms of elements of S = 2N S5. The map G’ x S to G is
taken as the canonical product defined as follows:
(u)(¢) = u(d) (¢ €55, ue G andyp € 5').
Let R
N = A={(gn): (pn) € A}.
Instead of equipping (5‘5)’ with the canonical weak* convergence, we shall
define a different notion of convergence as follows.

Definition 3.6. A sequence {u,} in (Sg)/ converges to u € (Sg)/, if for
every m, k € N there exists a sequence {c, m } With ¢, mir — 0 as n — oo
such that for all 1 € T}, C S5,

|(un — ) ()] < nm il [ k-

Hereafter convergence in (Sg)/ means the above convergence only, unless
stated otherwise.
Theorem 3.7. u, — u asn — 0o in (55)’ if and only if Uy, — 4 asn — o0
. /
m (Sg‘) .
Proof. The result follows from the definition of convergence and the facts

~ ~ / n

that @) = u(@) (u € (S5)', @ € 53) and [[Yllpg = [¥llgp (¥ € SE). O
Theorem 3.8. If f,, = 0 asn — oo in G, then f, = 0 asn — oo in (55)’.
Proof. Since f,, = 0 asn — oo in G, Py 4(fn) — 0 as n — oo for all

m € N, ¢ =0,1,2,.... For any ¢ € Ty C Sg, choose m > n’ and
consider

Fn(0)] < / Fnl@) ()
R
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A simple computation shows that

‘fn((p” < Cn||§0||n’,m’a
where
cn = Ppno(fn) /e(;l_nl’)xll/ada: —0 as n— oo.
R

This shows that f, — 0 as n — oo in (Sg)/. This proves the theorem. [

Theorem 3.9. Let u, — 0 as n — oo in (Sg)/ and p € S then up* @ — 0
asn — oo in G.

Proof. Since u,, — 0 as n — oo, for any ¢ € T}, v there exists a sequence
{en} (depending on n’ and m') with ¢, — 0 as n — oo such that

[un(¥)| < enl [ m-
We fix m and ¢ and consider the semi-norm P, ,. ¢ € S (¢ € T, for
all 7 and some s) implies that 7, (go(Q))v €S (¢ =0,1,2,... and for each
fixed = € R) and hence 7, (QD(Q))VE T, ¢ where 7’ > max{r,m} and s’ > s.
Consider

- =11/«
Prg(un* @)= sup |u, (Tx ((p(p)) ) em |l
z€R, p<q
< sup e |1 (0®) em Izt
z€R, p<q gt
< ¢y sup (= )l sup [|®
z€R p<q 7'y
S Clcn ||(70 7,8
(with k as in (1)) where ||(¢@)7[| , , < Cpll¢llrs and
C' = sup (=)l sup C), < oo.
z€R p<q

Hence

P g(un * ) < C/Cn‘|90H7",s-
Asn — o0, ¢, — 0 implies that Py, 4(u,*¢) — 0 as n — oco. This completes
the proof of our theorem. O

Theorem 3.10. Let u € (Sg‘)l and (¢n) € A'. Then ug, — u as n — o0
in (59)".

Proof. Fix m,k € N. Let ¢ € T,y C Sg. As u € (Sg‘)/, there is a
positive constant C' such that

()] < Cl[][m p



Boehmians of type S and their Fourier transforms 37

for all ¢ € T, 5. A simple computation shows that

|(u@n — u) ()| < Cllént) — Pllpg,

where p > km/ and ¢ > kk’ with k as in (1).
Consider
g lz|'/?

[@ntp=hllp,g = sup [(@nt)(2) =t (x)[er

+sup | (o + ) () — (1) |ea 1"

teR
Choosing p and ¢ sufficiently large we have

. N,
HSOnT/J - 1/]”107(1 < C/nHme/vkl + d;L (w) ‘ P .q ’
where
1_ 1 1/8
C'/n = sup |@n(z) — 1|€(” m/>\z|
z€R
and

- A1/
d, =K / (Bn(w)llylen " dy
R

with mk < ¢,k as in (1) and K, a constant. Using simple computations we
can prove that the sequences {c},} and {d,} tend to zero as n — oc. Using
the continuity of differentiation, we can get that

|@Y||, <9, ., < CMllw

P'.q
Thus, we have
|@nt) = Yllpg < call¥llm ps

where ¢, = C'd], + ¢/, — 0 as n — oco. This completes the proof of our
theorem. 0

The following theorems can be easily verified. We leave the details.

Theorem 3.11. Let vi,v2 € G’ and (0,) € A'. If vioy, = veoy, for all n,
then v1 = v9 in G'.

Theorem 3.12. If (ay), (b,) € A/, then (ayb,) € A’.

Using G’ and A’ as G and A we can now construct a Boehmian space in
a canonical way. This Boehmian space will be denoted by B(G', A’). We
shall now obtain some properties of sequences in G and G’.

Theorem 3.13. Let f, = f asn — o0 in G and p € S. Then foxp — fxp
asn — oo in G.

Proof. Since f,, - fasn — oo in G, forany m € Nand ¢ =0,1,2,...
Ppofn—f)—0 as n— oo

Fix m € N and ¢ € NU{0}. As ¢ € S, choose r and m’ so that m’ > mk
and m' > rk (with k as in (1)) and ¢ € T} 5.



38 R. Bhuvaneswari and V. Karunakaran

Consider
1/
Prgl(fu— )% 9) < sup / L o e
xER p<q
< Sup /‘ ‘|SD xr — )|e m|l’|1/ae 1/‘y|1/a6_#|y‘l/ady
Z’ER p<q

k1 1/« k1l
< sup el By ) / ol — gl dy
xe

(substituting t = x —

< Py q(fn /]cp ]em|t|/dt

< P o = DIl / Gar= DI gy,

R

k1 1/a
HgOHr,s/e(m’ il dt

R
is finite and P,y 4(fn — f) — 0 as n — oo we have

Since

Prg(fanxo—fxp) =0 as n— oo
This completes the proof. 0

Theorem 3.14. Let f,, — f asn — o0 in G and (p,) € A. Then frpxp, —
fasn — o0 inG.

Proof. Since f,, = fasn — oo in G, for any m € Nand ¢ =0,1,2,...
Ppo(fn—f)—0 as n— oo.

Also
(fnxon) = f=((fn—=F)*xen)+(f*on—f)
By Theorem 3.2, f x ¢, — f asn — oo in G. To prove the required result
it is enough to prove that (f, — f) * ¢, — 0 asn — oo in G.
Fix m and ¢ and choose m’ > mk (k is a constant as in (1)). Consider

Prg((fn — f) ¥ ¢n) = sup ‘((fn — f)(P) ” SOn) (a:)‘ e —La|

z€R, p<q

1/

< s w0 - 0 @) lnldy

A simple computation shows that
Prng((fn = f) ¥ ¢n) < M,Pm’,q(fn - f);
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where

M’ = sup el =)l / [en () e " dy < oo
zeR
zeR

(since (¢n) € A). Ppy o(fn — f) = 0 as n — oo implies that
Pro((fu—f)*xpn) =0 as n— oo.
This completes the proof. O

Theorem 3.15. Let v, — v asn — oo in G’ and € S'. Then vyp — vy
asn — oo in G'.

Proof. Follows easily from the Theorems 3.7, 3.8 and 3.9. g

Theorem 3.16. Let v, — v as n — oo in G' and (p,) € A'. Then
UnPn —> v as n — oo in G'.

Proof. Since v, — v as n — oo in G, for any ¢ € T,,/ ,» C S§, there exists
constants ¢, depending on m’ and n’ with ¢, — 0 as n — oo such that

(10) [(vn = ) (D) < cnl|ollm -

As v € G, there exists a constant C such that

(11) lv(®)] < C|‘¢||m’,n’ (p e Tm’,n’)-

Now

(12) [(Un@n —0)(@)] < [(vn — 0)(End)| + [0(¢nd — ).

As in the proof of Theorem 3.10, we have
@06 — dllgp < Cll@llmn Where ¢}, — 0 as n — oo

and hence
16ndllgp < (cn+ DDl -
Thus from (10), (11) and (12), we have
|(vnn = 0)(@)| < dn||@|lmr
where d,, = ¢, (c],+ 1)+ C¢,, — 0 as n — oo. This completes the proof. [

Definition 3.17. A sequence of Boehmians {X,} in B(G,A) is said to

d-converge to a Boehmian X € B(G,A) denoted by X, LA X, if there
exists a delta sequence (0;) € A such that X, % 0 and X * i are in G for
k=1,2,... and

in G asn — oo, foreach k =1,2,3,....

Theorem 3.18. The mapping T1 : (Sg), — B(G,A) defined by Th(u) =
[%] where (o) € A is any delta sequence, is a continuous imbedding of
(S5)" in B(G, A).
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Proof. If u € (Sg)/ and (¢,) € A, then by Theorem 2.12, f,, = u*xp, € G,
for all n. Using the associativity of convolutions we can prove that

Jn * ©m = fm * ©n, (m,REN).

Hence [i—:} € B(G,A). We first show that T} is one-one.
If [%} = [%] in B(G,A), then
(u*@p)*om = (Vxpy)*e, InG (m,neN).
(U @m)*on =Wk o) *p, InG (m,neN).

By Theorem 3.3, we get u * @, = v* @, in G for all m € N. Taking Fourier
transform on both sides, we get that

Oml = @m0 in (Sg‘)/ (m e N).

Applying Theorem 3.11 we get & = 0 in (ng)/ and hence u = v in (Sg)/.
This proves that 77 is one-one.
To prove that T3 is continuous, let us assume that u,, — 0 as m — oo

in (Sﬁ)’. Corresponding to each w,, € (Sg)/, consider X,, = [%] c

B(G,A). We now prove that X, % 0asm — ooin B(G,A). Take (pr) € A
and consider X, * ¢ = up, * pr € G for kK € N. Since u,, — 0 as m — oo
in (S’g)/. Applying Theorem 3.9 we get that

U, * 0, — 0

in G as m — oo (k € N). This shows that X, % 0asm— oo in B(G,A).
This completes the proof of our theorem. O

Theorem 3.19. The mapping Ty : G’ <: (Sg‘)/> — B(G',A") defined by
Tr(v) = [%} where (¢n) € A’ is any delta sequence, is a continuous
imbedding of G' in B(G', A).

Proof. Since v € G' and (¢,) € A', vg, € G for all n € N. Simple
computation shows that

(Ug&n)@m = (’U@m)@n in G/ (’I?’L, n ec N)

Hence [%} € B(G',A’). As above in the proof of Theorem 3.18, using

Theorems 3.11, 3.15 and 3.16, we can show that 75 is a continuous one-one
imbedding of G’ in B(G', A’). O
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4. Fourier Transform. Let X = [f"] € B(G,A). Since f, € G, fn e G
forn =1,2,3,.... As (¢n) € A, (¢n) € A’ Also ((fn), (pn)) is a quotient
in B(G,A) implies that
fm *on = fu*om, (m,néeN).
Taking Fourier transform on both sides, we have
fnn = fapm 0 G (mneN).
This proves that (( fn), (¢n)) is a quotient in B(G', A”). We can therefore

define the Fourier transform of X (denoted as X) by X = [ } € B(G',A).
It is also easy to see that this is well-defined.

Definition 4.1. Let X = [s%} Y = [%} € B(G,A) and ¢ € S. Define

(i) X +Y = [fﬁ#} € B(G,A).
(i) aX = [af”] € B(G,A) (aeC).
(i) X [f:;—zw} € B(G, A).
(iv) X [%} e B(G', ).
(v) aX = [af"] e B(G',A') (a€C).
(vi) % [W"} € B!, AY).

The following properties follow easily from the definitions.

Theorem 4.2. The Fourier transform T : B(G,A) — B(G', A") defined by
T(X) = X is a bijective, bi-continuous mapping with the following proper-
ties.
() (X+Y)=X+Y (X,Y €B(G,A)).

(i) (aX) =aX (a€C).

(1i1) (X *x¢) =¢vX (¥ €8S).
Proof. Let us first prove that 7" is one-one. If L%] = [f’p—”} e B(G',A).
Then o

fnwm = gm@n in G, (m,n S N)
and taking the Fourier transform, we get
fo*m =gm*en in (S5) (m,mneN).
Thus
fo*Um*on=gm*en*xp, in G (m,neN).

4]- 22 ene

©n Pn * Pn n

Hence
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This proves that T' is one-one.
T is onto: Let Y = [g—ﬂ € B(G',A’). Since g, € G', there exists f, €
(Sg)/ such that g, = fn (n € N). As (pn) € A, fnxp, € G forn eN

and hence X = [%] € B(G,A) such that X =Y. This proves that T

is onto.
T is continuous: Let X, % X asn— ocoin B(G,A). Then there exists
a delta sequence (dx) € A such that X, * dx, X %9 € G (n,k € N) and

Xp*0p > X*0p as n—oo in G (k=1,2,3,...).
By Theorem 3.8,
X, %0, - X*0, as mn— oo in (Sg), (k=1,2,3,...).
By Lemma 2.7 and Theorem 3.7 and by the property (7ii) of T' (which can be
casily verified), we have X0, = (X, % 63), X0 = (X % 0;) € G’ (n,k € N)
and
(Xp#0p) = (X %6) as n—oo in G (k€N)
or that
X0 — X0, as n— oo in G (k € N).
Thus X, 2 X as n — oo in B(G',A"). Hence T is continuous.
T-1 is continuous: Let X,, > X as n — oo in B(G', A’) where X,,, X €

B(G,A). Then there exists a delta sequence (é;) € A’ such that Xnép, Xép €
G’ (n,k € N) such that

Xpée — Xé as n—oo in G (k € N).
By Theorem 3.7 and by the property (iii) of T', we have
(X *ep), (X xe) € (55)’
and
Xp,xep, — X *e, as n— o0 in (Sg)/ (k e N).
By Theorem 3.9, we have
Xpxepxep > X*xepxe, as n—oo in G (keN).

Thus there exists a delta sequence (e * €;) € A such that

Xy xep e, X xepxep €G  (n,k €N)

and
Xp*epxep —> Xxepxe, as n—oo in G (keN).

Hence X,, > X as n — oo in B(G,A).
The remaining properties follow easily from the definitions. We prefer to
omit the details. This completes the proof. ]
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