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Horizontal lift of symmetric connections
to the bundle of volume forms V

Abstract. In this paper we present the horizontal lift of a symmetric affine
connection with respect to another affine connection to the bundle of volume
forms V and give formulas for its curvature tensor, Ricci tensor and the scalar
curvature. Next, we give some properties of the horizontally lifted vector
fields and certain infinitesimal transformations. At the end, we consider some
substructures of a F (3, 1)-structure on V.

1. Introduction. Throughout the paper we assume that i, k, . . . = 1, 2, 3,
. . . , n and α, β, . . . = 0, 1, 2, . . . , n. Moreover, the Einstein summation con-
vention will be used with respect to these systems of indices.

Let M be an orientable n-dimensional manifold, V be the bundle of vol-
ume forms over M and let π : V → M be a projection of the bundle. We
consider two local charts (U, xi) and (U ′, xi

′
) on M , U ∩ U ′ 6= ∅ and the

volume form ω ∈ V. Assume that form ω is given by

ω = v(x)dxi ∧ . . . ∧ dxn,
in the local chart (U, xi), where v > 0 is a smooth function and

ω = v′(x′)dxi
′ ∧ . . . ∧ dxn′

in the chart (U, xi
′
). Let functions xi

′
= xi

′
(x) be orientation-preserving

transition functions on manifold M . Then the transition functions on V are
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given by the following formulas

v′ = Ī · v, xi
′

= xi
′
(x),

where Ī = det
(
∂xi

′

∂xj

)
is the Jacobian of the map xi

′
= xi

′
(x). Following

Dhooghe ([3]), we introduce a new coordinate system (x0, x1, . . . , xn) on
V, where x0 = ln v. Then the transition functions in the terms of these
coordinate system are

x0′ = x0(x) + ln Ī(x)

xi
′

= xi
′
(x).

Let J̄ (x) = ln Ī(x) and J (x′) = ln I(x′). Since I · Ī = 1, we have

∂J
∂xi′

= − ∂J̄
∂xj

∂xj

∂xi′

and
∂J̄
∂xi

= − ∂J
∂xj′

∂xj
′

∂xi
.

Then the Jacobi matrix of the transition functions on V has the following
form 1

∂J̄
∂xi

0
∂xj

′

∂xi

 .
For the further purposes we quote some theorems describing the properties
of geometrical objects on the bundle of volume forms.

Theorem 1.1 ([3]). Let ∇ = (Γkij) be a symmetric connection and v = vi ∂
∂xi

be a vector field on a manifold M . Then

v̄ = −viΓkik
∂

∂x0
+ vi

∂

∂xi

is globally defined vector field on V, which is called the horizontal lift of v.

Theorem 1.2 ([9]). Let ∇ = (Γkij) be a symmetric connection and g = (gij)

be a tensor of type (0, 2) on a manifold M . Then

ḡ =

[
1 Γkik

Γkik gij + ΓkikΓ
t
jt

]
is globally defined (0, 2)-tensor on V, which is called the horizontal lift of g.

Theorem 1.3 ([9]). Let ∇ = (Γkij) be a symmetric connection and g be
a Riemannian metric on a manifold M . Then ḡ is a Riemannian metric
on V and

(ḡ)−1 =

[
1 + gijΓkikΓ

t
jt −gijΓkik

−gijΓkik gij

]
.
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2. The horizontal lift of a symmetric connection. Curvatures of
a horizontally lifted connection. At the beginning, we present a theo-
rem on a horizontal lift of a symmetric connection with respect to another
connection to the bundle of volume forms V. Next, we give formulas for its
curvature tensor, the Ricci tensor and the scalar curvature. In the sequel
we will use the following conventions

Γkij|m =
∂Γkij
∂xm

,

Γk[ik|j] =
1

2

(
Γkik|j − Γkjk|i

)
,

Γk[ik|jm] =
1

2

(
Γkik|jm − Γkmk|ij

)
,

gjk|i =
∂gjk
∂xi

.

Theorem 2.1. Let ∇ = (Γkij) be a symmetric connection and ∇1 = (Φk
ij)

be a connection on M . Then an operator ∇̄1 whose nonzero coefficients are
given by

∇̄1i

∂

∂xj
= ∇̄1j

∂

∂xi
=
(

Γtit|j − Φr
ijΓ

t
rt

) ∂

∂x0
+ Φk

ij

∂

∂xk

is a linear connection on V, which will be called the horizontal lift of the
connection ∇1 with respect to the connection ∇.

Proof. We are going to check that the coefficients (Φ̄γ
αβ) of the connection

∇̄1 satisfy the transformation rule of the connection. This transformation
rule for the zero coefficients of the connection ∇̄1 follows from simple cal-
culations. For the nonzero coefficients we have

Φ̄k′
i′j′ =

∂xα

∂xi′
∂xβ

∂xj′
∂xk

′

∂xγ
Φ̄γ
αβ +

∂xk
′

∂xα
∂2xα

∂xi′∂xj′

=
∂xi

∂xi′
∂xj

∂xj′
∂xk

′

∂xk
Φ̄k
ij +

∂xk
′

∂xk
∂2xk

∂xi′∂xj′
= Φk′

i′j′ .

In the next part of the proof we use the following equality

∂2x0′

∂xi∂xj
=

∂

∂xi

(
∂J
∂xj

)
=

∂

∂xj

(
∂J
∂xi

)
.

We receive from above identity

∂2xd

∂xa′∂xr′
∂2xr

′

∂xj∂xd
∂xa

′

∂xi
=

∂2xd

∂xa′∂xr′
∂2xr

′

∂xi∂xd
∂xa

′

∂xj
.
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For the coefficients (Φ̄0′
i′j′) we have

Φ̄0′
i′j′ =

∂xα

∂xi′
∂xβ

∂xj′
∂x0′

∂xγ
Φ̄γ
αβ +

∂x0′

∂xα
∂2xα

∂xi′∂xj′

=
∂xa

∂xi′
∂xb

∂xj′
Φ̄0
ab +

∂xa

∂xi′
∂xb

∂xj′
∂J
∂xp

Φ̄p
ab +

∂2x0

∂xi′∂xj′
+
∂J
∂xp

∂2xp

∂xi′∂xj′

=
∂xa

∂xi′
∂xb

∂xj′

[
Γtat|b − Φr

abΓ
t
rt

]
+
∂xa

∂xi′
∂xb

∂xj′
∂J
∂xp

Φp
ab

+
∂2x0

∂xi′∂xj′
+
∂J̄
∂xp

∂2xp

∂xi′∂xj′

=
∂xa

∂xi′
∂xb

∂xj′
∂

∂xb

[
∂xc

′

∂xa
Γt

′
c′t′ +

∂J̄
∂xa

]

− ∂xa

∂xi′
∂xb

∂xj′

[
∂xd

′

∂xa
∂xe

′

∂xb
∂xr

∂xf ′
Φf ′

d′e′ +
∂xr

∂xe′
∂2xe

′

∂xa∂xb

]
·

[
∂xc

′

∂xr
Γt

′
c′t′ +

∂J̄
∂xr

]

+
∂xa

∂xi′
∂xb

∂xj′
∂J̄
∂xp

[
∂xd

′

∂xa
∂xe

′

∂xb
∂xp

∂xf ′
Φf ′

d′e′ +
∂xp

∂xe′
∂2xe

′

∂xa∂xb

]

+
∂2x0

∂xi∂xj
+
∂J̄
∂xp

∂2xp

∂xi′∂xj′

=
∂2xc

′

∂xa∂xb
∂xa

∂xi′
∂xb

∂xj′
Γt

′
c′t′ + Γt

′

i′t′|j +
∂2J̄
∂xa∂xb

∂xa

∂xi′
∂xb

∂xj′
− Φc′

i′j′Γ
t′
c′t′

+
∂J
∂xf ′

Φf ′

i′j′ −
∂2xc

′

∂xa∂xb
∂xa

∂xi′
∂xb

∂xj′
Γt

′
c′t′ +

∂J
∂xe′

∂2xe
′

∂xa∂xb
∂xa

∂xi′
∂xb

∂xj′

− ∂J
∂xf ′

Φf ′

i′j′ −
∂J
∂xe′

∂2xe
′

∂xa∂xb
∂xa

∂xi′
∂xb

∂xj′
+

∂2J
∂xi′∂xj′

+
∂J̄
∂xp

∂2xp

∂xi′∂xj′

= Γt
′

i′t′|j′ − Φc′
i′j′Γ

t′
c′t′ +

∂2J̄
∂xa∂xb

∂xa

∂xi′
∂xb

∂xj′
+

∂2J
∂xi′∂xj′

+
∂J̄
∂xp

∂2xp

∂xi′∂xj′
.

Now, we have

∂2J̄
∂xa∂xb

∂xa

∂xi′
∂xb

∂xj′
=

∂2xe

∂xp′∂xi′
∂2xp

′

∂xe∂xb
∂xb

∂xj′
+

∂3xp
′

∂xe∂xb∂xa
∂xe

∂xp′
∂xa

∂xi′
∂xb

∂xj′

and

∂3xp
′

∂xe∂xa∂xb
∂xe

∂xp′
∂xa

∂xi′
∂xb

∂xj′
= −2

∂2xp
′

∂xe∂xb
∂2xe

∂xp′∂xi′
∂xb

∂xj′
− ∂3xe

∂xp′∂xi′∂xj′
∂xp

′

∂xe

− ∂J
∂xr′

∂2xr
′

∂xa∂xb
∂xa

∂xi′
∂xb

∂xj′
,

∂2J
∂xi′∂xj′

=
∂2xe

′

∂xa∂xb
∂xb

∂xi′
∂2xa

∂xe′∂xj′
+

∂3xa

∂xe′∂xj′∂xi′
∂xe

′

∂xa
.
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Moreover,

0 =
∂

∂xb

[
∂xr

′

∂xa
∂xa

∂xi′

]
=

∂2xr
′

∂xa∂xb
∂xa

∂xi′
+
∂xr

′

∂xa
∂2xa

∂xi′∂xp′
∂xp

′

∂xb

and hence

− ∂J
∂xr′

∂2xr
′

∂xa∂xb
∂xa

∂xi′
∂xb

∂xj′
=

∂J
∂xr′

∂xr
′

∂xa
∂x2xa

∂xi′∂xp′
∂xp

′

∂xb
∂xb

∂xj′

− ∂J
∂xr′

∂2xr
′

∂xa∂xb
∂xa

∂xi′
∂xb

∂xj′

= − ∂J̄
∂xa

∂2xa

∂xi′∂xj′
.

Using the above formulas, we get

Φ̄0′
i′j′ = Γt

′

i′t′|j′ − Φc′
i′j′Γ

t′
c′t′ +

∂2xe

∂xp′∂xi′
∂2xp

′

∂xe∂xb
∂xb

∂xj′
− 2

∂2xp
′

∂xe∂xb
∂2xe

∂xp′∂xi′
∂xb

∂xj′

− ∂3xe

∂xp′∂xi′∂xj′
∂xp

′

∂xe
− ∂J
∂xr′

∂2xr
′

∂xa∂xb
∂xa

∂xi′
∂xb

∂xj′
+

∂2xe
′

∂xa∂xb
∂xb

∂xi′
∂2xa

∂xe′∂xj′

+
∂3xa

∂xe′∂xi′∂xj′
∂xe

′

∂xa
+
∂J̄
∂xp

∂2xp

∂xi′∂xj′

= Γt
′

i′t′|j′ − Φc′
i′j′Γ

t′
c′t′ −

∂J
∂xr′

∂2xr
′

∂xa∂xb
∂xa

∂xi′
∂xb

∂xj′
+
∂J̄
∂xp

∂2xp

∂xi′∂xj′

= Γt
′

i′t′|j′ − Φc′
i′j′Γ

t′
c′t′ −

∂J
∂xr′

∂x2xr
′

∂xa∂xb
∂xa

∂xi′
∂xb

∂xj′
+
∂J̄
∂xp

∂2xp

∂xi′∂xj′

= Γt
′

i′t′|j′ − Φc′
i′j′Γ

t′
c′t′ −

∂J̄
∂xp

∂2xp

∂xi′∂xj′
+
∂J̄
∂xp

∂2xp

∂xi′∂xj′

= Γt
′

i′t′|j′ − Φc′
i′j′Γ

t′
c′t′ . �

Now, we give formulas for coefficients of a curvature tensor, a Ricci tensor
and a scalar curvature for the horizontally lifted connection ∇̄1. Let R be
the curvature tensor of a connection ∇ on a manifold M . The coefficients
(Rsijk) of R are expressed in terms of the connection ∇ = (Γkij) by the
formula ([1])

Rsikj = ΓlikΓ
s
jl − ΓljkΓ

s
il + Γsik|j − Γsjk|i.

Theorem 2.2. Let (R̄γαβ) be the coefficients of the curvature tensor R̄ of the
horizontal lift of the connection ∇1 = (Φk

ij) with respect to the symmetric
connection ∇ = (Γkij). Then nonzero coefficients of the tensor R̄ are given
by the following formulas

R̄sikj = Rsikj ,

R̄0
ikj = −ΓtrtR

r
ikj + 2Φd

ikΓ
t
[jt|d] + 2Φd

jkΓ
t
[dt|i] + 2Γt[it|kj],

where R = (Rsijk) is the curvature tensor of the connection ∇1 on M .
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Proof. From the definition of the curvature tensor we have

R̄τβγδ = Φ̄α
βγΦ̄τ

δα − Φ̄α
δγΦ̄τ

βα + Φ̄τ
βγ|δ − Φ̄τ

δγ|β.

The statements

R̄β000 = R̄βi00 = R̄β0k0 = R̄β00j = R̄β0kj = R̄βi0j = R̄βik0 = 0

and
R̄sikj = Rsikj

follows from the definition of the curvature tensor, Theorem 2.1 and simple
calculations. Next, we have

R̄0
ikj = Φ̄α

ikΦ̄
0
jα − Φ̄α

jkΦ̄
0
iα + Φ̄0

ik|j − Φ̄0
jk|i

= Φd
ik

(
Γtjt|d − Φr

jdΓ
t
rt

)
− Φd

jk

(
Γtit|d − Φr

idΓ
t
rt

)
+

∂

∂xj

(
Γtit|k − Φr

ikΓ
t
rt

)
− ∂

∂xi

(
Γtjt|k − Φd

jkΓ
r
rt

)
= −Γtrt

(
Φd
ikΦ

r
jd − Φd

jkΦ
r
id + Φr

ik|j − Φd
jk|i

)
+ Φd

ik

(
Γtjt|d − Γtdt|j

)
+ Φd

jk

(
Γtdt|i − Γtit|d

)
+ Γtit|kj − Γtjt|ki

= −ΓtrtR
r
ikj + 2Φd

ikΓ
t
[jt|d] + 2Φd

jkΓ
t
[dt|i] + 2Γt[it|kj]. �

We recall that the linear connection ∇ is locally volume preserving at
p ∈ M , if there exists a neighbourhood U of p in M and a volume form
ω ∈ U such that ∇ω = 0 ([4]). The integrability conditions for existence of
such a local volume forms in local coordinates (U, xi) on a neighbourhood
of p ∈M are given by

Γkik|j = Γkjk|i,

where (Γkij) are the coefficients of the connection ∇ ([13]). The connection is
called globally volume preserving, if such a volume form exists on M . More-
over, it is well known that the Riemannian connection on the Riemannian
manifold M is locally volume preserving.

Corollary 2.1. Let ∇ be a Riemannian connection on a Riemannian man-
ifold (M, g) and ∇1 be a connection on the manifold M . Then the nonzero
coefficients of the curvature tensor R̄ =

(
R̄δαβγ

)
of the horizontally lifted

connection ∇̄1 with respect to the connection ∇ = (Γkij) are given by

R̄sikj = Rsikj ,

R̄0
ikj = −ΓtrtR

r
ikj ,

where R = (Rsijk) is the curvature tensor of the connection ∇1 on M .

For a Ricci tensor and a scalar curvature of the horizontally lifted con-
nection we have the following theorems.



Horizontal lift of symmetric connections... 51

Theorem 2.3. Let ∇ be a symmetric connection, ∇1 be a connection on
the manifold M and (R̄αβ) be the coefficients of a Ricci tensor R̄ of the
horizontally lifted connection ∇̄1 with respect to connection ∇. Then the
nonzero coefficients of R̄ are given by the formulas

R̄ik = Rik,

where (Rik) are the coefficients of Ricci tensor R of the connection ∇1 on
the manifold M .

Theorem 2.4. Let g be a Riemannian metric on the manifold M and let
ḡ be a horizontally lifted Riemannian metric on V. If K̄ is a scalar curva-
ture of the horizontally lifted connection ∇̄1 with respect to the symmetric
connection ∇, then

K̄ =
n− 1

n+ 1
K,

where K is a scalar curvature of the connection ∇ on M .

Proof. From the definition of the scalar curvature, Theorem 2.3 and for-
mula for (ḡαβ) we have

K̄ =
1

n(n+ 1)
R̄αβ ḡ

αβ =
1

n(n+ 1)
Rikg

ik =
n− 1

n+ 1
K. �

Let π be a non-singular tensor field of type (1, 1) on the manifold M .
Rompała in [12] described some properties of π-conjugate connection with
respect to a given connection. Now, we prove that if we have a π-conjugate
connection ∇2 with respect to a connection ∇1 on the manifold M , then
the horizontally lifted connection ∇̄2 is π̄-conjugate with respect to the
horizontally lifted connection ∇̄1 on V, where π̄ is the horizontal lift of π.

Definition 2.1. Let ∇ = (Γkij) be the linear connection and let π be a non-
singular tensor field of the type (0, 2) on M . The connection ∇∗ = (Giks)
which is given by

Giks = πpi∇kπps + Γiks

is said to be a π-conjugate connection with respect to the connection ∇.

For the horizontally lifted connections ∇̄1 and ∇̄2 with respect to the
connection ∇ and the horizontally lifted tensor field π̄ of type (0, 2) we have
the following theorem.

Theorem 2.5. Let ∇2 be a π-conjugate connection with respect to a connec-
tion ∇1 on manifold M . Let ∇̄1 and ∇̄2 be horizontally lifted connections
with respect to a connection ∇ on V. Then ∇̄2 is a π̄-conjugate connection
with respect to a horizontally lifted connection ∇̄1, where π̄ is horizontal lift
of π with respect to a connection ∇.
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Proof. We are going to show the nonzero coefficients (Ḡγαβ) of the connec-
tion ∇̄2 are given by the formulas

Ḡkij = Gkij ,

Ḡ0
ij = Γtit|j −G

r
ijΓ

t
rt.

From Definition 2.2 and definition of the covariant derivative of a tensor
field of type (0, 2) we have

Ḡτγ% = π̄βτ (π̄β%|γ − Φ̄α
βγ π̄α% − Φ̄α

%γ π̄βα) + Φ̄τ
γ%,

where (Φ̄γ
αβ) are the coefficients of the connection ∇̄1 and π̄ = (π̄αβ). For

the nonzero coefficients we get

π̄β0(π̄βs|k − Φ̄α
βkπ̄αs − Φ̄α

skπ̄βα) + Φ̄0
ks

= −πdbΓvbv
[
πds|k − Φr

dkπrs − Φr
skπdr

]
+ Γtkt|s − Φr

ksΓ
u
ru

= Γtkt|s − ΓvbvG
b
ks = Ḡ0

ks,

π̄βi(π̄βs|k − Φ̄α
βkπ̄αs − Φ̄α

skπ̄βα) + Φ̄i
ks

= π̄0i(Γtst|k − Γtst|k − Φr
skΓ

u
ru − Φr

skΓ
t
rt)

+ πdi
[
πds|k + Γtdt|kΓ

u
su + ΓtdtΓ

u
su|k − Γtdt|kΓ

u
su + Φr

dkΓ
t
rtΓ

u
su

−Φr
dk(πrs + ΓtrtΓ

u
su)− Γtst|kΓ

u
du + Φr

skΓ
t
rtΓ

u
du − Φr

sk(πdr + ΓtdtΓ
u
ru)
]

+ Φi
ks

= πdi(πds|k − Φr
dkπrs − Φr

skπdr) + Φi
ks = Giks = Ḡiks. �

3. Some properties of a horizontally lifted vector field. Dhooghe in
[3] described the horizontal lift of a vector field to the bundle of volume forms
V. In this chapter we give some properties of such horizontally lifted vector
fields. Let us consider when a horizontally lifted vector field is a Killing
field on V. We have

Theorem 3.1. Let (M, g) be a Riemannian manifold. If X is a vector field
and ∇ is a symmetric, locally volume preserving connection on M , then the
horizontally lifted vector field X̄ is a Killing field on (V, ḡ) if and only if X
is a Killing field on M .

Proof. Let ∇ = (Γkij). Then X is a Killing field on the manifold (M, g)
if and only if LXg = 0, where L is a Lie derivative of the Riemannian
metric g ([7]). Let X be the Killing field on the manifold (M, g). From
the assumption that the ∇ is the symmetric, locally volume preserving
connection and from the formula of the Lie derivative of the metric ḡ with
respect to X̄ we have

LX̄ ḡ00 = (−ΓkjkX
k)|0 + (−ΓkjkX

k)|0 = 0,

LX̄ ḡ0b = LX̄ ḡb0 = Xe(Γtbt|e − Γtet|b) = 0,
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LX̄ ḡbc = X̄αḡbc|α + ḡαcX̄
α
|b + ḡbαX̄

α
|c

= Xd
(
gbc + ΓtbtΓ

u
cu

)
|c + Γtct

(
−XdΓudu

)
|b

+
(
gdc + ΓuduΓtct

)
Xd
|b + Γtbt

(
−XdΓudu

)
|c

+
(
gbd + ΓubuΓtdt

)
Xd
|c

= Xdgbc|d +XdΓtbt|dΓ
u
cu +XdΓtbtΓ

u
cu|d = LXgbc = 0.

We have LX̄ ḡ = 0 so X̄ is the Killing field on V.
Let X̄ be the Killing on the bundle of volume forms V. Then we have

LX̄ ḡ = 0 and from the first part of the proof we get LXg = 0, so X is the
Killing field on the manifold (M, g). �

Yamauchi in [15] studied certain types of an infinitesimal transformations
on tangent bundles. Now, we show that the horizontally lifted vector field
X̄ is an infinitesimal affine transformation of horizontally lifted connection
on V if and only if the vector field X is an infinitesimal affine transformation
of a connection on the manifold M.

Theorem 3.2. Let ∇̄1 be the horizontal lift of the connection ∇1 with re-
spect to the symmetric connection ∇ on M and let X̄ be the horizontal lift
of the vector field X on V. Then X̄ is an infinitesimal affine transformation
of the horizontally lifted connection ∇̄1 if and only if X is an infinitesimal
affine transformation of the connection ∇1 on M .

Proof. Let X be the infinitesimal affine transformation ([15]) of the con-
nection ∇1 = (Φk

ij) on M . Then we have

LXΦk
ij = 0.

For the horizontally lifted connection ∇̄1 = (Φ̄γ
αβ) and the horizontally lifted

vector field X̄ we have

LX̄Φ̄χ
00 = LX̄Φ̄χ

0l = LX̄Φ̄χ
m0 = 0,

LX̄Φ̄h
ml = LXΦh

ml = 0,

LX̄Φ̄0
ml = −ΓtdtLXΦd

ml = 0.

Thus, X̄ is the infinitesimal affine transformation of the connection ∇̄1 on V.
On the other hand, let X̄ be the infinitesimal affine transformation of the

connection ∇̄1 on V. Then from the first part of this proof we get

LXΦk
ij = 0

and X is the infinitesimal affine transformation of the connection ∇1 on the
manifold M . �

Now, we will examine a problem of a fibre-preserving infinitesimal trans-
formation on the bundle of volume forms V. We have the following theorem.
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Theorem 3.3. Let X̄ be the horizontal lift of the vector field X to the
bundle of volume forms V. Then X̄ is a fibre-preserving infinitesimal trans-
formation on V.

Proof. Since the fibres of the bundle V form a trivial foliation we have ([8])
that the horizontally lifted vector field is the fibre-preserving infinitesimal
transformation on V if and only if the coordinates X̄1, . . . , X̄n of the vector

field X̄ = X̄i ∂

∂xi
+ X̄0 ∂

∂x0
depends only of the coordinates (x1, x2, . . . , xn).

From the above and Theorem 1.1 we get that the horizontally lifted vector
field X̄ is the fibre-preserving infinitesimal transformation on the bundle
V. �

At the end of this chapter we show that a horizontally lifted vector field is
not a projective infinitesimal transformation of a horizontally lifted connec-
tion and is not a conformal infinitesimal transformation on V with respect
to horizontally lifted Riemannian metric. In the next part of the paper we
will use the following theorem.

Theorem 3.4. Let ∇ be a locally volume preserving connection on a Rie-
mannian manifold (M, g). If there exists a nonzero function % such that
LXg = 2%g, then LX̄ ḡα0 = 0 and LX̄ ḡbc = 2%Vgbc, where X̄ is the horizon-
tal lift of the vector field X on a Riemannian manifold (V, ḡ) and %V = %◦π.

Proof. It follows from definition of the Lie derivatives of the Riemannian
metric and simple calculations. �

Using the above theorem we get the following

Theorem 3.5. Let X be a vector field and let g be a Riemannian metric
on M . Then the horizontally lifted vector field X̄ is never a conformal
infinitesimal transformation on V.

Proof. Let the horizontally lifted vector field X̄ be the conformal infinites-
imal transformation ([15]) on V. Then there exist the nonzero function f
on V such that

LX̄ ḡ = 2fḡ.

From Theorem 3.4 we have that LX̄ ḡ00 = 0 and ḡ00 = 1. So f = 0 and X̄
is never the conformal infinitesimal transformation on V. �

Theorem 3.6. Let ∇1, ∇ be symmetric connections on a connected mani-
fold M . If X̄ denotes the horizontal lift of the vector field X to the bundle
of volume forms V and ∇̄1 denotes the horizontal lift of the connection ∇1

with respect to the connection ∇, then X̄ is never the infinitesimal projective
transformation on V.
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Proof. Let X̄ be the infinitesimal projective transformation ([15]) on V.
Then exist a nonzero 1-form φ such that

LX̄Φ̄γ
αβ = δγαφβ + δγβφα.

From the proof of Theorem 3.2 we have

LX̄Φ̄k
0m = LX̄Φ̄0

0m = LX̄Φ̄k
00 = LX̄Φ̄0

00 = 0.

On the other hand, we have

LX̄Φ̄k
m0 = δkmφ0,

LX̄Φ̄0
m0 = φm,

LX̄Φ̄0
00 = 2φ0.

Hence we get

δkmφ0 = 0,

φm = 0,

φ0 + φm = 0,

so, φ = 0 and X̄ is never the infinitesimal projective transformation on the
bundle of volume forms V. �

4. F̄ (3, 1)-structures on V. In this chapter we consider some tensor
structures on V which depend of a tensor of type (1, 1). In [9] authors
defined a horizontal lift of a tensor field of type (1, 1) to the bundle of
volume forms V.

Theorem 4.1 ([9]). Let F = (F ji ) be a tensor field of type (1, 1) and let
∇ = (Γkij) be a linear connection on manifold M . Then

F̄ =

[
1 −F tjΓktk + Γkjk
0 F ij

]
is a tensor field of type (1, 1) on the bundle of volume forms, which is called
a horizontal lift of the tensor field F .

A tensor field of type (1, 1) defines some interesting structures on mani-
folds. Now, we recall definition of a F (k, (−1)k+1)-structure.

Theorem 4.2 ([2]). Let F be a nonzero tensor field of type (1, 1) on an
n-dimensional manifold M such that

F k − (−1)k+1F = 0

and
Fm − (−1)m+1F 6= 0

for 1 < m < k, where k is a fixed positive integer greater than 2. Such
a structure is called F (k, (−1)k+1)-structure on M .
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We have the following theorem for F (k, (−1)k+1)-structure on the mani-
fold M .

Theorem 4.3 ([2]). Let F be a tensor field of type (1, 1) which defines
a F (k, (−1)k+1)-structure on a manifold M . The F (k, (−1)k+1)-structure
is integrable if and only if NF (X,Y ) = 0 for any vector fields X, Y on the
manifold M , where NF is the Nijenhuis tensor field of the tensor F .

Applying Definition 4.1 and Theorem 4.2 to the horizontally lifted tensor
field F̄ on V we obtain the following theorems.

Theorem 4.4. Let F be a tensor field of type (1, 1) which define the F (3, 1)-
structure on a manifold M and let ∇ be a linear connection on M . Then the
horizontally lifted tensor field F̄ defines the F̄ (3, 1)-structure on the bundle
of volume forms V.

Theorem 4.5. Let F be a tensor field of type (1, 1) which define the F (3, 1)-
structure on manifold the M and let ∇ be a linear volume-preserving connec-
tion on M . Then the horizontally lifted tensor field F̄ defines an integrable
F̄ (3, 1)-structure on V if and only if the F (3, 1)-structure is integrable on
M .

In the next part of this chapter we consider some special substructures
of F -structures on a manifold M . The authors in [14] defined some sub-
structures of differential manifolds with F -structures by using a covariant
derivative and a Lie derivative. Now, we recall necessary definitions and
theorems.

Definition 4.1 ([14]). Let F be a tensor field of type (1, 1) on a manifold
M . The manifold M is called F (3, ε)-manifold, if

F 3 = εF,

where ε = ±1.

Let
L = εF 2

and
A = 1− εF 2.

From [6] we know that on F (3, ε)-manifold there always exists a Riemannian
metric g satisfying a condition

g(X,Y ) = g(FX,FY ) + g(AX,Y ).

This metric is called the Ishihara–Yano metric. Let G be a tensor field of
type (0, 2) defined by the form

G(X,Y ) = g(FX, Y ).

Let ∇ be a metric connection of the Ishihara–Yano metric g on the manifold
M . Then we have the following definitions.
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Definition 4.2 ([14]). Let M be F (3, ε)-manifold. Then the F -structure is
called FK-structure if and only if

∇FX(F ) = 0,

FAK-structure if and only if

dS(FX,FY, FZ) = 0,

FNK-structure if and only if

∇FX(G)(FY, FZ)− ε∇FY (G)(FX,FZ) = 0,

FQK-structure if and only if

2∇FX(G)(FY, FZ) + (1− ε)∇F 2X(G)(F 2Y, FZ)

= (1 + ε)
[
∇F 2Z(G)(FX,F 2Y )−∇F 2Y (G)(FZ,F 2X)

]
,

FH-structure if and only if

N(FX,FY ) = 0,

where S is a 1-form defined by S(X,Y ) = −S(Y,X) = g(FX, Y ), N is a
Nijenhuis tensor of F , X, Y , Z are vector fields on the manifold M and
G(X,Y ) = g(FX, Y ).

The authors in [14] studied a problem of inclusion of these substructures
and they gave the following theorems:

Theorem 4.6 ([14]). Let M be a F (3, ε)-manifold with a FK, FAK,
FNK, FQK, FH-structure. Then we have

FK
⊆ FAK
⊆ FNK

}
⊆ FQK.

Theorem 4.7 ([14]). Let F be a tensor field of type (1, 1) which defines
a F (3, ε)-structure on a manifold M . Then the F (3, ε)-structure is a FH-
structure, if

∇FX(F )(FY ) = F∇X(F )(FY ),

where ∇ is the Levi-Civita connection of an Ishihara–Yano metric g.

Let F be a tensor field of type (1, 1) on a manifold M which gives
a F (3, ε)-structure and let g be a Ishihara–Yano metric on the manifold
M . It is easy to check that a horizontally lifted Riemannian metric ḡ on V
is Ishihara–Yano metric on V, thus we have the following theorem for ḡ:
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Theorem 4.8 ([5]). Let g be a Riemannian metric on manifold M and let
ḡ be the horizontal lift of the Riemannian metric g to the bundle of volume
forms V. Then the nonzero coefficients of a Levi-Civita connection ∇̃ for
the horizontally lifted Riemannian metric ḡ are given by the formulas

∇̃n
∂

∂xm
= ∇̃m

∂

∂xn
=
(

Γtmt|n − ΓtmnΓktk

) ∂

∂x0
+ Γsmn

∂

∂xs
,

where ∇ = (Γkij) is the Levi-Civita connection on M .

Now, we consider a problem of particular substructures of F̄ (3, 1)-struc-
ture on the bundle of volume forms V.

Theorem 4.9. Let F be a tensor field of type (1, 1) which defines a F (3, ε)-
structure and ∇ be the Levi-Civita connection on a Riemannian manifold
(M, g). Let ḡ be the horizontally lifted Riemannian metric and let ∇̃ be
the Levi-Civita connection on the Riemannian manifold (V, ḡ). Then the
horizontal lift F̄ of the tensor field F defines the F̄QK-structure on V if
and only if the tensor field F defines the FQK-structure on M .

Proof. First we determine coefficients of a tensor Ḡ = (ḡαβF̄
α
γ ) on the

bundle on volume forms V and we get

Ḡ00 = ḡα0F̄
α
0 = 1,

Ḡi0 = Ḡα0F̄
α
i = Γkik,

Ḡ0j = ḡαjF̄
α
0 = Γkjk,

Ḡij = ḡαjF̄
α
i = gdjF

d
i + ΓkikΓ

u
ju.

In our case ε = 1 and the condition from Definition 4.3 takes the form

∇FX(G)(FY, FZ) = ∇F 2Z(G)(FX,F 2Y )−∇F 2Y (G)(FZ,F 2X).

Let the tensor field F define the FQK-structure on the manifold M . We
want to show that then on V the condition

∇F̄X(Ḡ)(F̄ Y, F̄Z) = ∇F̄ 2Z(Ḡ)(F̄X, F̄ 2Y )−∇F̄ 2Y (Ḡ)(F̄Z, F̄ 2X)

is true, where F̄ is the horizontal lift of the tensor F nad X, Y , Z are
the vector fields on V. For the nonzero terms of the left side of the above
formula we get

F̄αb (∇αḠδγ)F̄ δp F̄
γ
c = F̄ db (∇dḠ0γ)F̄ 0

p F̄
γ
c + F̄ db (∇dḠrγ)F̄ rp F̄

γ
c

= F db (∇dḠru)F rpF
u
c = F db

(
Ḡru|d − Γ̄αrdḠαu − Γ̄αudḠαr

)
F rpF

u
c

= F db

(
gau|dF

a
r + gauF

a
r|d − gauF

a
v Γvrd − gavF ar Γvud

)
F rpF

u
c

= F db (∇dGru)F rpF
u
c .
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For the terms of the right side of the condition from Definition 4.3 we have

H̄α
c (∇αḠδγ)F̄ δb H̄

γ
p − H̄α

p (∇αḠδγ)F δc H̄
γ
b = H̄d

c (∇dḠru)F̄ rb H̄
u
p

− H̄d
p (∇dḠru)F̄ rc H̄

u
b = Hd

c (∇dGru)F raH
u
b −Hd

p (∇dGru)F rcH
u
b ,

where

H̄ = F̄ 2 =

[
1 −F ti F iaΓktk + Γuau
0 F ji F

i
a

]
=

[
1 −F ti F iaΓktk + Γuau
0 Hj

a

]
=

[
H̄0

0 H̄0
a

H̄j
0 H̄j

a

]
.

So, on the bundle of volume forms we have

F db (∇dGru)F rpF
u
c = Hd

c (∇dGru)F raH
u
b −Hd

p (∇dGru)F rcH
u
b

and from the assumption, that F defines the FQK-structure on the manifold
M , we have that F̄ defines F̄QK-structure on V.

On the other hand, let F̄ defines the F̄QK-structure on V, then we have

∇F̄X(Ḡ)(F̄ Y, F̄Z) = ∇F̄ 2Z(Ḡ)(F̄X, F̄ 2Y )−∇F̄ 2Y (Ḡ)(F̄Z, F̄ 2X).

From the calculations from the first part of this proof we get

F db (∇dGru)F rpF
u
c = Hd

c (∇dGru)F raH
u
b −Hd

p (∇dGru)F rcH
u
b .

So, F defines the FQK-structure on the manifold M . �

From the above theorem and Theorem 4.4 we get

Corollary 4.1. Let F be a tensor field of type (1, 1) which defines a F (3, ε)-
structure and ∇ be the Levi-Civita connection on a Riemannian manifold
(M, g). Let ḡ be a horizontally lifted Riemannian metric and let ∇̃ be the
Levi-Civita connection on the Riemannian manifold (V, ḡ). Then a hori-
zontally lifted tensor field F̄ defines the F̄K, F̄AK, F̄NK-structure on V
if and only if the tensor F defines the FK, FAK, FNK-structure on the
M , respectively.

At the end of this paper we give a theorem on a F̄H-structure on the
bundle of volume forms.

Theorem 4.10. Let F be a tensor field of type (1, 1) which defines a F (3, ε)-
structure and ∇ be the Levi-Civita connection on a Riemannian manifold
(M, g). Let ḡ be a horizontally lifted Riemannian metric and let ∇̃ be the
Levi-Civita connection on a Riemannian manifold (V, ḡ). Then a horizon-
tally lifted tensor field F̄ defines a F̄H-structure on V if and only if the
tensor field F defines a FH-structure on M .

Proof. Let F define the FH-structure on the manifold M . Then from the
Theorem 4.5 we have

F ti (∇tF ja )F as = F jt (∇iF ta)F as .
We prove that on the bundle of volume forms V we get

∇̃F̄X(F̄ )(F̄ Y ) = F̄ ∇̃X(F̄ )(F̄ Y ),
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for all vector fields X, Y , Z on V. For the nonzero terms of the left side of
the above formula we get

F̄αa (∇̃αF̄ 0
β )F̄ βs = −F laΓktk(∇lF tj )F js ,

F̄αa (∇̃αF̄ iβ)F̄ βs = F la(∇lF ij )F js .
The terms of the right side corresponding to the nonzero terms of the left
side, are equal to

(∇̃lF̄αβ )F̄ 0
αF̄

β
s = −F ti F jsΓktk(∇lF ij ),

(∇̃lF̄αβ )F̄ kα F̄
β
s = (∇̃lF̄ iβ)F̄ ki F̄

j
s = (∇lF ij )F ki F js .

From the assumption that F defines the FH-structure on the manifold M ,
we have

F̄αa (∇̃αF̄ 0
β )F̄ βs = −F laΓktk(∇lF tj )F js = −F ti F jsΓktk(∇lF ij ) = (∇̃lF̄αβ )F̄ 0

αF̄
β
s ,

F̄αa (∇̃αF̄ iβ)F̄ βs = F la(∇lF ij )F js = (∇lF ij )F ki F js = (∇̃lF̄αβ )F̄ kα F̄
β
s

and the horizontally lifted tensor field F̄ defines the F̄H-structure on V.
On the other hand, let F̄ define the F̄H-structure on V. Then from the

first part of the proof we have

F dc Γkuk(∇dF ur )F rb = F ur Γkuk(∇cF rd )F db ,

F dc (∇dF ar )F rb = F ad (∇cF dr )F rb .

Thus the tensor field F defines the FH-structure on the manifold M . �
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