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ABSTRACT. In this paper, by using the least action principle, Sobolev’s in-
equality and Wirtinger’s inequality, some existence theorems are obtained for
periodic solutions of second-order Hamiltonian systems with a p-Laplacian
under subconvex condition, sublinear growth condition and linear growth con-
dition. Our results generalize and improve those in the literature.

1. Introduction. Consider the second-order Hamiltonian systems

u(t) = VFE(t,u(t)) +e(t), ae. tel0,T],
(1.1) { w(0) — w(T) = 1(0) — 0(T) = 0,

where T > 0, e(t) € L*([0,T];RY) and F : [0,T] x RY — R satisfies the
following assumption:

(A) F(t,z) is measurable in t for every x € RN and continuously dif-
ferentiable in x for a.e. t € [0,T], and there exist a € C(RT,RT) and
be LY([0,T],RT) such that

[F ()| < allz))b(t),  [VE(E,2)| < a(lz])b(?)

for allz € RN and a.e. t € [0, T).
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The corresponding function ¢ on H%F given by

1 Tu 2 ' U Te U
o =5 [ fiwPa+ [P [ eo.uoa

is continuously differentiable and weakly lower semicontinuous on H# (see
[3]), where
Hp = {u:[0,T] — RY | u is absolutely continuous, u(0) = u(T)
and @ € L2([O,T])}
is a Hilbert space with the norm defined by

(1.2) Jull = | [ )Pt + / ")

for each u € H% Moreover, one has

1/2
th}

T
(&' (u),v) = /0 [(a(t), (1)) + (VE(E, u(t)), v(t) + (e(t), v(t))]dt

for u,v € Hy. It is well known that the solutions of problem (1.1) correspond
to the critical points of ¢ (see [3]).

When e(t) = 0, it has been proved that problem (1.1) has at least one
solution by the least action principle and the minimax methods (see [1]-
[15]). Many solvability conditions are given, such as the coercive condition
(see [1]), the periodicity condition (see [11]), the convexity condition (see
[2]), the subadditive condition (see [7]). Specially, when e(t) = 0, in [13],
Wu and Tang obtained the following theorem:

Theorem A. Suppose F = G(t,z) + H(t,z) with G and H satisfying as-
sumption (A) and the following conditions:

(A1) G(t,-) is (A, p)-subconvex for a.e. t € [0,T], where \,u > 1/2 and
< 2X\2;
(Ag) there exist a € [0,1), f,g € L}([0, T];R") such that
IVH(t, )] < f(t)|2|* + g(t)
for all z € RY and a.e. t € [0,T);

1
|x|2a

T T
(As) [1/ G(t, )\x)dt+/ H(t,a:)dt} — 400 as |x| — 0.
K Jo 0

Then problem (1.1) has at least one solution which minimizes ¢ on Hx.

Remark 1.1. A function G : RY — R is called (), u)-subconvex if
GO\ +1)) < u(G(z) +C(y))

for some A, > 0 and all 2,y € RY (see [13]).
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Let
(13) G(t,x) = h(t)[z[/*, H(t,z) = sin (2;?) ||+ (0.6T — t)|2*/.
where h(t) € L'([0,T];R*). Then G(t,z) is (2,2%%)-subconvex for a.e.
t € [0,T]. In fact, by Young’s inequality,

G(t,2(z +y)) = h(t)]2(z + )"/
= 240 () |z + y| |z + y|M/*

)(Jz] + [y (=] + )/
) (| + 1) (2 + [y])
)@+ [y + |2y Y + |yl )
4|x|5/4

5

5/4  flqy|5/4 5/4
[yt A el )

t

+5+5 5

= 29 h(t) (|27 + [yP/*)
= 2Y4G(t, x) + G(t,y)).

Obviously, A = 2 > 1/2 and p = 29/% < 23 = 2)\2. Therefore, G satisfies
(A7). Moreover, it is easy to see that

27t
sin (;) ' |z|3/% + g\O.GT — t]|z|*/?

7 2t oy T3
<3 (o ()| o)1

for all z € RN and t € [0, T], where € > 0. The above inequality shows that
(A2) holds with aw = 3/4 and

£(t) = g ( sin (i,”)’%) gt = Zj

However, F(t,z) does not satisfy (As). In fact,

VH( )| < T

T
liminf |z|™ 20‘/ F(t,x)dt
0

|z| =00

T 2
= lim inf |2|~ 3/2/ [h(t)|:L‘|5/4 + sin (;f) |:B|7/4 + (0.67 — t)\$|3/2 dt
0

|z|—o00
=0.172.

The above example shows that it is valuable to improve (As).
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When o = 1, e(t) = 0, in [14], the authors obtained the following theorem:

Theorem B. Suppose F = G(t,z) + H(t,x) with G and H satisfying as-
sumption (A). Assume that (A1) and the followz'ng conditions hold:
(Bz) there exist f,g € L*([0,T); R*) with 0 < fO t)dt < 12/T such that

\VH(t,z)| < f(t)|z] + g(t )
for all z € RN and a.e. t €[0,T);

T T
(B3) |:cl\2 [;/ G(t, )\a:)dt—i—/ H(t,:c)dt] — 400 as |zr] = 0.
0 0

Then problem (1.1) has at least one solution which minimizes ¢ on Hx.

Theorem B is not correct. In fact, by condition (A4;), in a similar way to
[13], we get
G(t,z) < 2u(|x|” + 1)agh(t)
for a.e. t € [0, 7] and all z € RY, where 3 < 2, ap = maxg<s<1 a(s). Then
(1.4) lim sup foi <
|x|—o00 |‘T|2

By condition (B3), we get

1
H(t2)| < / VH(t, s)||ds + |H(2,0)
0

1
< [ (Olsal+ gle)lalds + |1(2.0)
0

ft)
- ;m? oDl + |H(,0)].
Then
fT
(1.5) lim sup 20— — 42— / f(t)
Thus, it follows from (1.4) and (1.5) that

T
lim sup —= { / G(t, \z) dt+/ H(t,x dt} / f(t)dt
|z|—o00 |‘T| 0

which contradicts condition (Bs) of Theorem B. Therefore, there are no
functions satisfying Theorem B. Hence, it is necessary to improve Theo-
rem B.
In our paper, by using the least action principle, we will further study the
existence of solutions to problem (1.1) based on Theorem A and Theorem B.
In Section 2, we consider more general system

(W ()P~2 (1)) = VE(t,u(t)) + e(t), ae. te[0,T],
(1.6) { w(0) — u(T) = 0(0) — (T) = 0,
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where p > 1, ¢ > 1, with p and ¢ satisfying 1/p 4+ 1/q¢ = 1, and T, e(t)
and F(t,z) are the same as in problem (1.1). When e(t) = 0, by using the
minimax principle and the dual least action principle, it has been proved in
[16] and [17], respectively, that system (1.6) has at least one solution. In
this section, we improve two inequalities (which are often called Sobolev’s
inequality and Writinger’s inequality) given in [3] (see Proposition 1.1 in
[3]) and then by using them and the least action principle, we obtain some
existence results for system (1.6).

In Section 3, we consider system (1.1), which is the special case p = 2
of (1.6). When p = 2, we have sharp estimates for Sobolev’s inequality
and Writinger’s inequality (see Proposition 1.3 in [3]) so we can obtain
better results than those following from the general Sobolev’s inequality
and Writinger’s inequality. Even if e(f) = 0, our Theorem 2.1 with p = 2
and a € (0,1) and Theorem 3.1 with o € (0,1) still improve Theorem
A. Theorem 2.2 with p = 2 and Theorem 3.2 improve Theorem B. Our
Theorems 2.3-2.5 and Theorems 3.3-3.5 cover the case when fOT e(t) =01in
Theorem 2.1 is deleted which leads to some new results. In Section 4, some
examples will be given to illustrate our results.

2. Case p > 1. In this section, we consider system (1.6). Let
WP = {u:[0,T] — RY |u(t) is absolutely continuous on [0, 7],
u(0) = uw(T) and @ € LP(0,T; RY)}.

Then Wr}’p is a Banach space with the norm defined by

T T :
lu|| = [/ |u(t)|Pdt —l—/ d(t)|pdt] , u€ leJp.
0 0

It follows from [3] that W%’p is reflexive and uniformly convex.
The following two lemmas (that is Lemma 2.1 and Lemma 2.2) also have
been proved in our another paper [18] which is in press.

Lemma 2.1 (see [18]). Leta >0, b, ¢ >0, € > 0.
(i) If « € (0,1], then

(2.1) (a+b+0)* <a®+b"+ %
(ii) If o € (1,400), then there exists B(e) > 1 such that
(2.2) (a+b+0)* < (1+¢e)a”+ B(e)b™ + B(e)c™.
Proof. It is easy to verify (i). In the sequel, we only prove (ii). Since
xa/(afl) -1

. [/ —1]" 1,
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there exists a constant M = M (e) > 1 such that
Ma/(a—l) -1
[Ml/(afl) _ 1]

a <1l+e.

Set
F(6) = (1 + 0% — Mi*, telo,1].
Then
Ma/(afl) -1

0 < e -]

7 <l+e te]0,1].

It follows that
(2.3) (14t <14e+ Mt*, tel0,1].
If a < b+ c, then
(a+b+c)* <2%b+c)® <2207 1p 4 g2a-lca
This shows that (2.2) holds. If a > b+ ¢, then by (2.3), we have

b « b+ c)®
(a+b+c)°‘<ao‘<1+ +C> <a“<1+s+M(+C))

a a®

< (14 ¢e)a® + 2071 Mb> 4 297 1Mo,
This shows that (2.2) also holds. The proof is complete.

Lemma 2.2 (sce [18]). Let u € Wy and fOT u(t)dt = 0. Then

(2.0 HWMS<JL>W<AﬂMﬂWQUP

and
T ™e(p,q) [T
p ) y p
(2.5) Ahwnw<@+mmﬁzmnm
where

1
O(p,q) = / [0+ (1 - S)q+1]p/q ds.
0
Proof. Fix t € [0,T]. For every 7 € [0,T], we have

(2.6) u(t) = u(r) +/ u(s)ds.

Set



Periodic solutions for second-order Hamiltonian systems... 99

Integrating (2.6) over [0, 7] and using the Holder inequality, we obtain

/0 ")+ /0 ' / " i(s)dsdr
</Ot /:|a(s)\dsd7—|—/tT/tT\u(sﬂdsdT
t T

—/0 s]u(s)|ds+/t (T — 8)[i(s)|ds

Tlu(t)] =

T
- / o(s)\i(s)|ds
0
T

<( [¢(S)]qu>1/q (/ ' |u<s>pds)1/p

1 q q /a . : P "
— @ ([Caceas)

Since t4T1 4 (T — )91 < T+ for ¢ € [0, 7], it follows from (2.7) that (2.4)
holds. On the other hand, from (2.7), we have

P ! p 1 h p g q+1 _ p\q+17P/a
T/O )P < </0 li(s)| ds>/0 [ (7 — 1] g

T1+pla+1)/q T 1
- () |P q+1 _ \q+17P/a
< (/0 fi(s)| ds)/o (s 4 (1 — )71/ g

T2p T

_T70.9 / i) Pds.
(g + )P/ Jy

It follows that (2.5) holds. The proof is complete. O

Remark 2.1. Clearly, our Lemma 2.1 improves Proposition 1.1 in [3]. In
fact, according to the proof of Proposition 1.1 in [3], it is easy to show that

if [ u(t)dt =0, then

(28) full <70 ( [ ' ife) s "
and
(2.9) /0 " () s < 77 /O " i) s,

Obviously, our result is better.

Lemma 2.3 (see [16]). In Sobolev’s space W%’p, foru e Wr}’p, |ul| = oo if

and only if
1/p

(\u!p—l—/OT\u(t)]pdt) - o0,
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/OTu(t)dt—O}.

It is easy to show that V~V1 P'is a subset of W%’p and W%’p =RNo@ W%’p . For
u € WT’p, let 4 = fO t)dt and u(t) = u(t) — u. By Lemma 2.2, we have

Let
irlp { 1,p
Wr™=queWyp

T TPO T
(2.10) / la(t)|Pdt < (P%)/ |u(t)[Pdt for every u € Wr}’p
0

(q+1)p/a
and
T \P/4 [T
(2.11) a2, < <q—|—1> /0 la(t)[Pdt for every u e WP,

Let ¢p : W%’p — R be defined by

1 T ) » T T
(212) gy = /0 la(t)|Pdt + /O F(t,u(t))dt + /0 (e(t), u(t))dt.

Then ¢, is continuously differentiable and weakly lower semicontinuous in
W (see [3]). Moreover,

T
(o) = [ (a2, o) de
(2.13) 0

T T
+ [ @rEam) o [ e, o

for u,v € W%’p . It is well known that the solutions of problem (1.6) corre-
spond to the critical points of ¢, (see [3]).
Next, for the sake of convenience, we denote

T T T
Mlz/o Fbt, MF/O g(t)dt, Mgz/o le(t)|dt.

Theorem 2.1. Suppose F' = G(t,x) + H(t,x) with G and H satisfying

assumption (A) and e € LY([0,T];R) satisfies fo t)dt = 0. Assume the
following conditions hold:

(I1) G(t,-) is (A, p)-subconvex for a.e. t € [0,T], where \,u > 1/2 and
< 2P7I\P:
(I3) there exist a € (0,p — 1), f,g € L*([0,T);R*") such that
IVH(t,z)| < f(t)||* + g(t)
forall:zERN and a.e. t € [0,T7;
(I3) liminf

iminf oo [ /G (t, \x) dt—l—/ H(t,x dt} qj_;_ 1 (/OTf(t)dt)q.

Then (1.6) has at least one solution which minimizes @, on W%’p
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Proof. By (I3), we can choose constants € > 0, a; > [T/(q + 1)]'/¢ such
that

(214) Timinf [; /OTG(Mw)dtJr /OTH(t,:n)dt}>[(1+€)qalWZ.

2|00 2[99

Let 8 = logyy(21). Then 0 < 8 < p. In a similar way as in [13], by the
(A, p)-subconvexity of G(t,-), we can prove that

(2.15) G(t,x) < (2u|z]® + 1)agb(t)

for a.e. t € [0,7] and all z € RY, where 0 < 8 < p and ag = maxg<s<1 a(s).
It follows from (I7), (2.15) and (2.11) that

T 1 T - T ~
/0 Glt,ult))dt = /0 Gt Aa)dt — /0 G(t, —ia(t))
1 /T . o T
(2.16) > M/O G(t,/\u)dt—(2u!\u\|oo—i—1)ao/0 b(t)dt

1 T
> u/ G(t, Ma)dt — Cy||al|3, — Co
0

for some positive constants C and C. By (I2), Lemma 2.1 and (2.11), we
get,

/OT[H(t,u(t)) - H(t,u)]dt‘

/OT /OI(VH@’E + su(t)), @(t))dsdt’

T 1 T 1
S/o /0 F@)la+ sa(®)* - |a(t)|dsdt + /0 /0 g(t)]a(t)|dsdt

(217) < Mi(L+9)al[@lloe + MiBEAIS + Moo
1 . 1+e)agMq]?, - N
< Lz, + Q@M e 0 Bejalert + Mol
pay q
1 T \" (1+e)arMi)? _
< L ( ) i + L e

~pa) \g+1

7\ (01 TNV
<q+1> My B(e)|ull 75 +(q+1) Mol L.

_l’_
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It follows from (2.12), (2.16), (2.17) and fo t)dt = 0 that
op(u) = 7Hu|| / G(t, u(t dt+/ [H(t,u(t)) — H(t,u)]dt
+/ H(t, u)dt+/ (e(t),u+u(t))dt
0 0
| 1 [T _ 18
> —|lallz, + = G(t, Au)dt — Ch a7, —
p K Jo
LT N (L e)aM]e
|\ =) [l ——————I1
pay \q+1 q

T @)/ ) TNV
(o) mEEIE - (S) Ml

T T 1/q
+/‘mew() Myl
( @+J )wm—aw&—@

T (et b T \ Y4
— M B ¢ — My + M3)||@
(ﬁﬁ) Bl - () Ml

T T
+\u|qa{ E [1/ G(t,)\u)dt+/ H(t,u)dt}
|l | p Jo 0

_ [(1 + 5)a1M1]q }
—q .

By Lemma 2.3, ||u|| — oo if and only if (|af? + HaH’ip)l/p — 00. Hence, the
above inequality, a; > [T/(¢ 4+ 1)]'/? and (2.14) imply that

op(u) = 400, as |lul| = oo.
By Theorem 1.1 in [3], the proof of Theorem 2.1 is complete. O

Remark 2.2. Clearly, when p = 2 and « € (0, 1), our Theorem 2.1 improve
Theorem A. We choose p = 4, A = 1, p = 3/2. There exist functions
satisfying our Theorem 2.1 but not satisfying Theorem A. For example, let

G(t,z) = h(t) + 1 +sin|z|?, H(t,z) = (0.57 — t)|z|"/? + 273|2|'*/3,
where h € L1([0,T],RT) satisfies h(t) > 1 for a.e. t € [0, T].

Theorem 2.2. Suppose F' = G(t,x) + H(t,x) with G and H satisfying
assumption (A). Assume (I1) and the following conditions hold:

/
(I4) there exist f,g € L'([0,T];RT) with fOT f)dt < (%)p ! Dpl such

—1
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that
IVH(t,z)| < f(t)|z[~ + g(t)

for all z € RN and a.e. t € [0,T), where

D _ 1> JAS (172]>
PPET 207 pe(2,400);

1 1 T T
liminf — [/ G(t, )\m)dt+/ H(t,x)dt]
Kt Jo 0

2|00 |T[P

(Is) TDI_, ( I f(t)dt)q

>

q |:(q + 1)17/‘] — DpflTp/q f(;T f(t)dt:| q/p’

Then (1.6) has at least one solution which minimizes ¢, on W%’p.

Proof. By (I5), we can choose an ag > T9/[(q + 1)P/9 — M, D,,_TP/9)'/P
such that

T T
(2.18) liminfl[l / Gt M) dt + / H(t,x)dt] >
0 0

[Dp—1a2M1]4
x| oo |Z[P [ 1 '

q

By (I1), we can get (2.16). By (I4) and (2.11), we get

/0 T[H(t, u(t)) — H(t, u)]dt‘

/OT /Ol(VH(@ u+ su(t)), ﬂ(t))dsdt‘

T 1 T 1
U a(t)|P | s U s
s%(ﬁf@m+mmr \@Mﬁ+AlAg®HMdﬁ

M,D,

(2.19) < Dyt My|alP~ |l oo + @2 + Mol|]oo

jaf” +

[Dp—1a2M]4 . .
% ][ + Mal|it]| oo

1 M.D, .
< ?”UH& + 7}9[)
2
1 T \"1 D, _1as M9
—P< >HMﬁ“””ﬂW
pas \q+1 q

MiD, ., (T \"7 T \Y
— ) M .
= (q+1> lalze +{ 57 alléll
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It follows from (2.16) and (2.19) that
op(u) = *HUH / G(t,u( dt—l—/ [H(t,u(t)) — H(t,u)]dt
—I—/ H(t,ﬂ)dt+/ (e(t),u+ u(t))dt
0 0
Lo up 1 (7 _ .18
> —|lallpe + = [ Gt Aw)dt — Cu|al|p, —
p K Jo

1 T \"1 D, _jasM;]4
(;57) wig, — Pl
q

S pdb \g+1
Mle—l T p/q » T 1/q
B o (T Aol
et () Ml - (1) Ml
T T 1/q
- 1_1( T )p/q_Mle—1< T )P/q Hqu
|p pah \g+1 P qg+1 Le
- T \Y4 .
~Cillll - Co - (5g) ok M)l
1 [1 /7 T D, _1a9M;)?
+|u\p{_ [/ a(t, )\u)dt+/ H(t,u)dt] —[plw}
[l L Jo 0 q
—Mg’ﬂ|.

As |lu|| = oo if and only if (|a|? + HuHﬁp)l/p — 00, the above inequality,
az > TY4/[(q +1)P/9 — My D, TP/9"/P and (2.18) imply that

op(u) = +o0, as |[jul| = oo.
By Theorem 1.1 in [3], the proof of Theorem 2.2 is complete. O

Remark 2.3. We choose p = 4, A = 1, u = 3/2. There exist functions
satisfying our Theorem 2.2. For example, let

G(t,z) = h(t) + 1 +sin|z?, H(t,z) = TYz|* + (k(t), x).

where k € L*([0,T],RY) and h € L'([0,T],R") satisfies h(t) > 1 for a.e.
te0,T].

Next, we consider the case when fo t)dt = 0 in Theorem 2.1 is deleted.
We will consider three cases: a € (1/¢,p—1), a =1/q and a € (0,1/q).

Theorem 2.3. Suppose F = G(t,x) + H(t,x) with G and H satisfying
assumption (A). Assume (I1), (I3) and the following condition hold:
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(I}) there exist a € (1/q,p — 1), f,g € L*([0, T); R*) such that
IVE(t,z)| < f(0)|=]* + g(t);
Then (1.6) has at least one solution which minimizes @, on W%’p.

Proof. By (I3), we can choose an a3 > [T'/(q 4+ 1)]'/4 such that

(2.20) liminf —— [ / G(t,\z) dt+/ H(t dt} [(1+6)a3M1]

|| 00 Ifclqa

By (I1), we can get (2.16). By (I}), we can get (2.17) with « € (1/q,p— 1).
It follows from (2.16) and (2.17) with « € (1/¢q,p — 1) that

op(u) = |u|| / G(t,u(t dt+/ [H(t,u(t)) — H(t,u)]dt
—i—/o H(t,ﬂ)dt—i—/o (e(t),u+u(t))dt

1 1 T p/q
>- - = (— allP, — Oylla|?
_<pp@@+ﬁ )mm el

T N\ (etD/q ot
e () mBEl

T \ /4
~(o57) O+ M)l - M

+ \u|qa{|u‘1qa [; /OT G(t, )\u)dt—i—/oTH(t,u)dt] — an?’Ml]q}

As |lu|| — oo if and only if (|al? + ||u||§p)1/p — 00, the above inequality,
az > [T/(qg+1)]"9, a € (1/q,p — 1) and (2.20) imply that

op(u) = +00, as |lul| = oo.

By Theorem 1.1 in [3], the proof of Theorem 2.3 is complete. O

Remark 2.4. Theorem 2.3 shows that in Theorem 2.1, fo t)dt = 0 can
be deleted when a € (1/¢q,p — 1).

Theorem 2.4. Suppose F = G(t,x) + H(t,x) with G and H satisfying
assumption (A). Assume (I1) and the following conditions hold:

(1Y) there exist f,g € L*([0,T);RT) such that
VH(t,x)| < f()]e]V+g(t);

hmlnf[ / G(t, )\:Udt—{—/ Htxdt]
2|00 ||

q(q+1)</o f(t)dt) —i—/OT]e(t)\dt.

(I3)
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Then (1.6) has at least one solution which minimizes @, on W%’p

Proof. By (I), we can choose constants ¢ > 0 and a4 > [T'/(¢+1)]"/9 such
that

hmlnf[ / G(t, \x) dt+/ Htmdt}
e[ o0 ||

[(1 +E)CL4M1]
> I +/O le(t)|dt.

By (I1), we can get (2.16). By (1)), we can get (2.17) with o = 1/q. It
follows from p > (¢ +1)/q, (2.16) and (2.17) with a = 1/q that

11 T \P\ . .
op(u) > <p Tk <q—|—1) ) |y, — Cillall, — Co

T N\ (@+D)/e? T \ V4 ‘
~(51) @ - () 0+ s

+\|{ [/Gt/\udt—i—/H ] W—Mg}.

As ||lu|| = oo if and only if (|a|? + [|u[},) Ve, 00, the above inequality,
as > [T/(q+1)]"/4, and (2.21) imply that

op(u) = 400, as |lul| = oo.

(2.21)

By Theorem 1.1 in [3], the proof of Theorem 2.4 is complete. O

Remark 2.5. We choose p = 4, A = 1, u = 3/2. There exist functions
satisfying our Theorem 2.4. For example, let

3
G(t,z) = h(t) + 1 +sin|z|?, H(t,z) = (0.57 — t)|z|7/* + : —‘f;xP (1),

where [ € L'([0,T],RT), h € L([0,T],R") satisfies h(t) > 1 for a.e. t €
[0, T, and let e(t) € L'([0, T]; RY) satisfy

T T 9 7 4/3 113
t)|dt (t)ydt — — - | — T .
[ etotar < [ - ()

Theorem 2.5. Suppose F' = G(t,x) + H(t,x) with G and H satisfying
assumption (A). Assume (I1) and the following conditions hold:

(1Y) there exist o € (0,1/q), f,g € LY([0, T);RT) such that
IVH(t,z)] < f(t)|z|* + g(t);

(1 1@11‘3&@ [ / G(t, \x) dt+/ H(t,» dt} / le(t)ldt.

Then (1.6) has at least one solution which minimizes @, on WT’p
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Proof. Choose an as > [T/(¢+1)]'/9. By (I), we can get (2.16). By (I3"),
we can get (2.17) with a € (0,1/q). It follows from (2.16) and (2.17) with
a € (0,1/q) that

11 [ T \*9\ . .
SOP(U) > (p - W <q+1> ) HUHZEP - Cl”“”ip
5

7 N\ (et)/q o
e (4y)  MmBEl

T \14
~(57) s Ml - al

—Hu\{’i‘ B/OTG(t,)\u)dtJr/OTH(t,u)dt} —Mg}.

As |lu|| = oo if and only if (|alP + ||u||§p)1/p — 00, the above inequality,
as > [T/(qg+1)]"9, a € (0,1/q) and (I§') imply that

(1 +&)as My
q

op(u) = 400, as |[jul| = oo.
By Theorem 1.1 in [3], the proof of Theorem 2.5 is complete. O
Remark 2.6. We choose p = 4, A\ = 1, p = 3/2. There exist functions

satisfying our Theorem 2.5. For example, let

2
l(t
1+’l‘|2 ()7

where [ € L'([0,T],R"), h € LY([0,T],R") satisfies h(t) > 1 for a.e. t €
[0, 7] and let e(t) € L*(]0, T]; RY) satisfy

T T
Aw@w§4mm

3. Case p=2. Foru € H} = W%’Q, let u = %fOT u(t)dt and 4 = u(t) — u.
Then we have the following estimates sharper than (2.11) and (2.10) with
p=2.

G(t,x) = h(t) + 1 +sin|z?, H(t,z) = (0.5T — t)|z>/* +

T T
(3.1) @)%, < 12 J, lu(t)|*dt  (Sobolev’s inequality)
T2 T
(3.2) a2, < ) la(t)|?dt (Wirtinger’s inequality)
0

(see Proposition 1.3 in [3]).

Consequently, for the special case p = 2, we can obtain better results.
The proofs are similar to those in Section 2. We only need to replace (2.11)
with (3.1) in the proof. Hence, we just give the results.



108 X. Tang and X. Zhang

Theorem 3.1. Suppose F = G(t,x) + H(t, y:) with G and H satisfying
assumption (A) and e € L*([0,T];R) satisfies fo t)dt = 0. Assume (A1),
(A2) with a € (0,1) and the following condition hold

lim inf —— [ / Gt)\xdt—l—/ Ht:z:)dt]
[z =00 !w\ *

5 ([ o)

Then (1.1) has at least one solution which minimizes @ on H.

(43)

Theorem 3.2. Suppose F = G(t,x) + H(t,x) with G and H satisfying
assumption (A). Assume (A1), (B2) and the following condition hold:

liminf —5 [ / G(t, Az)dt +/ Hit x)dt}
[l o0 [
B 2
(B3) N T (fo (t dt)
2(12-7 f) fdt)

Then (1.1) has at least one solution which minimizes ¢ on Hk.

Theorem 3.3. Suppose F' = G(t,x) + H(t,x) with G and H satisfying
assumption (A). Assume (A1), (A%) and the following condition hold:

(AL) there exist o € (1/2,1), f,g € LY([0,T);R™) such that
[VE(t, x)| < f(#)]|" + g(1);
Then (1.1) has at least one solution which minimizes @ on H.

Theorem 3.4. Suppose F = G(t,x) + H(t,x) with G and H satisfying
assumption (A). Assume (A1) and the following conditions hold:

(AY) there exist f,g € L*([0,T);R*) such that
IVH(t, )| < f(t)]x]'/? + g(t);

hmlnf[ / Gt)\acdt—l—/ Ht$dt}
2|00 ||

= (/O f(t)dt)2+/0T\e(t)|dt.

Then (1.1) has at least one solution which minimizes ¢ on H.

(43)

Remark 3.1. There exist functions satisfying our Theorem 3.4. For exam-
ple, let

\x!6/5

1+ |2[6/5

jz®

G(t,r) = 1+ |22

h(t), H(t,z) = (0.5T —t)|z>? +

().
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where h,l € L'([0,T],R"), and let e(t) € L'([0, T]; RY) satisfy

T T 9T5
t)|dt (t)dt — ——.
| retwiar< [ o - 3

Theorem 3.5. Suppose F = G(t,x) + H(t,x) with G and H satisfying
assumption (A). Assume (A1) and the following conditions hold:

(ALY there exist o € (0,1/2), f,g € L*([0,T];RT) such that
IVH(t,z)| < f(B)|2]* + g(t);

T T T
(A nmmfl[l / Gt Me)dt + / H(t,x)dt] > / le(#)]dt.
K Jo 0 0

jal 00 |2]
Then (1.1) has at least one solution which minimizes @ on H.

Remark 3.2. There exist functions satisfying our Theorem 3.5. For exam-
ple, let
|z
l(t).
1+ |z|? ®)
where h € L'([0,T],RY) with fOT h(t)dt = 0 and [ € L*([0,T],RT) and let
e(t) € LY([0, T]; RY) satisfy

T T
/0 () ld < /0 0yt

4. Examples. In this section, we verify three examples. The others can
be verified by using the similar way.

G(t,x) = (h(t),z), H(t,z)= (0.5T — t)|z|?* +

Example 4.1. Let G and H be as in Remark 2.2. Then G(¢,z) is (1,3/2)-
convex for a.e. t € [0, 7] and satisfies (7). In fact, since h(t) > 1 for a.e.
t € 0,77, it is easy to get

G(t,z +y) = h(t) + 1 +sin |z + y|?

< Z(2h(t) 4+ 2 + sin |z|? + sin [y|?)

W W

= 5(Gt,2) + G(t,y)).

\V)

Obviously, A\ =1>1/2,u=3/2 > 1/2 and = 3/2 < 23 = 2P~ 1)P,
Next we show that H satisfies (I2). By Young’s inequality, it is easy to
obtain

7 20
VH(t,2)| < 5[0.5T — t|z]?/? + §T3|x\7/3

< g(yo.w — |+ )|zl + Au(e)
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for all z € RY and a.e. t € [0,T], where A;(¢) > 1. Let

F(t) = (05Tt +2),  g(t) = Ar(e).

Then H satisfies condition (/2) with a = 5/2.
Note that

|- qa[ /Gt)\xdtJr/ Htx)dt]
= |z|~ 10/3[/(}:59: /Ht:c ]

2 2 2
= |z|” 10/3/ [3h()+3+351n\x|2 (0.5T—t)|x]7/2+2T3|x|10/3} dt
0

Then if T > 0.00244, we can choose ¢ > 0 sufficient small such that

1 [T T
lim inf || ~1%/3 { / G(t, )\x)dt—i—/ H(t,a:)dt}
K Jo 0

|z|—o00

=o7*

9T 712 7T 4/3
28\ 8

q+1 (/ e dt)'

This shows that (I3) holds. By Theorem 2.1, problem (1.6) has at least one
solution.

Example 4.2. Let G(t,z) and H(t,x) be as in (1.3). Then arguing as in
the introduction, we get

T
liminf |z|™ 20‘/ F(t,x)dt
0

|z| =00

T 2t
= lim inf |2~ 3/2/ [h(t)lx!5/4+sin (;) \:U|7/4+(0.6T—t)\96|3/2] dt
0

|z| =00
=0.172.

Moreover,

([ o) =55 (

(27N ) 24973 /2 . 2
S R = — .
T ¢ 384 \x ' °
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If T < 487%/245, we choose 0 < € < 1/192/245T — 2/, then
T
lim inf |x\_2a/ F(t,z)dt = 0.1T?
0

|z|—+o0
4973 (9 2 oyt 2
> <7T+€) _24</0 f(t)dt) |

This shows that (A%) holds. By Theorem 3.3, problem (1.1) has at least

one solution. If f(;f e(t)dt = 0, we can also use Theorem 3.1 to obtain the
conclusion.

Example 4.3. Let
G(t,2) = h(B)|ef/, H(t,2) = (06T — D]af? — ta[/2 + (k(t), 2).

where h € L1([0,T],R") and k(t) € L'([0, T]; RY). Then arguing as in the
introduction, we show that G(¢t,z) is (2,2%4)-subconvex and satisfies (A;).
It is easy to see that

3t
[VH(t,2)| < 200.6T - tl|] + ||/ + [k (1)
T2
<2(]0.6T —t| +¢) |x| + % + |k(t)]

for all x € RY and a.e. t € [0,T], where € > 0. Let

2
ft) =2(06T —t|+¢), g(t) = 5 +[p(t)]-

Note that

2|72 LIL /OTG(t,)\x)dt+/OTH(t7x)dt}
R [2—9/4 /0 " ot 2y + /0 ! H(t,x)dt]

T
= \xy-2/0 [hg)]m\‘f’/"‘—i—(0.6T—t)]w\2—t]a:\?’/Q—i—(k(t),:c)] dt

|m]_3/4 T

T
2/ h(t)dt +0.1T% — 0.57%|x| /2 + (/
0 0

On the other hand, we have
T T
/ F(t)dt = 2/ (10.6T — | + &) dt = 0.52T2 4 26T,
0 0

k(t)dt, ]x\_2x> .

and
2
T (foT f (t)dt> _ T3(0.52T + 2¢)?
2 (12 —7 ! f(t)dt> - 2[12 — T2(0.52T + 2¢)]’
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If T3 < 6, we choose € > 0 sufficient small such that

and

T ) 12
/ f()dt = 0521 + 2T < —
0

1 T T
lim inf |z]2 [M / Gt Az)dt + / H(t,a:)dt] —0.17?
0 0

|z| =400

2
T(0.52T% +2:7)> T (fOT f(t)dt)

2012 — T(0.52T% + 2¢T)] o (12 s f(t)dt) '

This shows that (Bz) and (Bj) hold. By Theorem 3.2, problem (1.1) has at
least one solution.
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