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❆❜str❛❝t ✕ ❊①♣❛♥❞❡r ❣r❛♣❤s ❛r❡ ❤✐❣❤❧② ❝♦♥♥❡❝t❡❞ s♣❛rs❡ ✜♥✐t❡ ❣r❛♣❤s✳ ❚❤❡ ♣r♦♣❡rt② ♦❢ ❜❡✐♥❣ ❛♥ ❡①♣❛♥❞❡r

s❡❡♠s s✐❣♥✐✜❝❛♥t ✐♥ ♠❛♥② ♦❢ t❤❡s❡ ♠❛t❤❡♠❛t✐❝❛❧✱ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛♥❞ ♣❤②s✐❝❛❧ ❝♦♥t❡①ts✳ ❋♦r ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛✲

t✐♦♥s ✐t ✐s ✈❡r② ✐♠♣♦rt❛♥t t♦ ❝♦♥str✉❝t ❡①♣❛♥❞❡r ❛♥❞ ❘❛♠❛♥✉❥❛♥ ❣r❛♣❤s ✇✐t❤ ❣✐✈❡♥ r❡❣✉❧❛r✐t② ❛♥❞ ♦r❞❡r✳ ■♥

❣❡♥❡r❛❧✱ ❝♦♥str✉❝t✐♦♥s ♦❢ t❤❡ ❜❡st ❡①♣❛♥❞❡r ❣r❛♣❤s ✇✐t❤ ❛ ❣✐✈❡♥ r❡❣✉❧❛r✐t② ❛♥❞ ♦r❞❡r ✐s ♥♦ ❡❛s② t❛s❦✳ ■♥ t❤✐s

♣❛♣❡r ✇❡ ♣r❡s❡♥t ❛❧❣♦r✐t❤♠s ❢♦r ❣❡♥❡r❛t✐♦♥ ♦❢ ❘❛♠❛♥✉❥❛♥ ❣r❛♣❤s ❛♥❞ ♦t❤❡r ❡①♣❛♥❞❡rs✳ ❲❡ ❞❡s❝r✐❜❡ ♣r♦♣❡rt✐❡s

♦❢ ♦❜t❛✐♥❡❞ ❣r❛♣❤s ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ ♣r❡✈✐♦✉s❧② ❦♥♦✇♥ r❡s✉❧ts✳ ❲❡ ♣r❡s❡♥t ❛ ♠❡t❤♦❞ t♦ ♦❜t❛✐♥ ❛ ♥❡✇ ❡①❛♠♣❧❡s
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✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ♣r♦♣❡rt② ♦❢ ❜❡✐♥❣ ❛♥ ❡①♣❛♥❞❡r s❡❡♠s t♦ ❜❡ ✈❡r② s✐❣✲

♥✐✜❝❛♥t✳ ■♥ ❢❛❝t t❤❡ ❦♥♦✇♥ ❢❛♠✐❧✐❡s ♦❢ ❘❛♠❛♥✉❥❛♥ ❣r❛♣❤s

♦❢ ✉♥❜♦✉♥❞❡❞ ❞❡❣r❡❡ ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ t❤❡♦r② ♦❢

✜♥✐t❡ ❣❡♦♠❡tr✐❡s ❛♥❞ ❤❛✈❡ ♠❛♥② ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s ❢♦r

❡①❛♠♣❧❡ ✐♥ ■♥t❡r♥❡t ♥❡t✇♦r❦✱ ❝r②♣t♦❣r❛♣❤②✱ ❝❛r ♥❛✈✐❣❛✲

t✐♦♥ s②st❡♠s✱ s♦❝✐♦❧♦❣②✱ ♠♦❜✐❧❡ r♦❜♦t✐❝s ❛♥❞ ❝♦♥str✉❝t✐♦♥

♦❢ ❝❧❛ss ♦❢ ❡rr♦r ❝♦rr❡❝t✐♥❣ ❝♦❞❡s s♦ ❝❛❧❧❡❞ ▲❉P❈ ❝♦❞❡s✳

❲❤❛t✬s ♠♦r❡ ❡①♣❛♥❞❡r ❣r❛♣❤s ❛r❡ ✉s❡❞ t♦ ❡✣❝✐❡♥t ❡rr♦r

r❡❞✉❝t✐♦♥ ✐♥ ♣r♦❜❛❜✐❧✐st✐❝ ❛❧❣♦r✐t❤♠s✳ ❆❧❣♦r✐t❤♠s t❤❛t ✉s❡

t❤❡ r❛♥❞♦♠ ✐♥♣✉t ✭✐s ♥♦t ❡❛s② t♦ ❝♦❧❧❡❝t ❛ r❡❛s♦♥❛❜❧❡ ❝♦❧✲

❧❡❝t✐♦♥ ♦❢ r❛♥❞♦♠ ❜✐ts✮ t♦ r❡❞✉❝❡ t❤❡ ❡①♣❡❝t❡❞ r✉♥♥✐♥❣

t✐♠❡ ♦r ♠❡♠♦r② ✉s❛❣❡ ❤❛✈❡ ❛ ❝❤❛♥❝❡ ♦❢ ♣r♦❞✉❝✐♥❣ ❛♥ ✐♥✲

❝♦rr❡❝t r❡s✉❧t✳ ❯s✐♥❣ ❡①♣❛♥❞❡r ✇❛❧❦s ❛❧❧♦✇s t♦ ❛❝❤✐❡✈❡

t❤❡ s❛♠❡ ❡rr♦r ♣r♦❜❛❜✐❧✐t②✱ ✇✐t❤ ♠✉❝❤ ❢❡✇❡r r❛♥❞♦♠ ❜✐ts✳

❚❤❡ ❡①❛❝t ❢♦r♠ ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ✐♥ ❡rr♦r ✉s✐♥❣

❡①♣❛♥❞❡r ✇❛❧❦s ❛♥❞ ✐ts ❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡ s♣❡❝tr❛❧ ❣❛♣

✇❛s ❢♦✉♥❞ ❜② ●✐❧❧♠❛♥ ❬✶❪✳

●r❛♣❤s ✉s❡❞ ✐♥ t❤✐s ♣❛♣❡r ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✷❪✳ ❖t❤❡r

❝♦♥str✉❝t✐♦♥s ❜❛s❡❞ ♦♥ s✐♠✐❧❛r ✐❞❡❛ ✇❡r❡ ♣r❡s❡♥t❡❞ ✐♥ ❬✸❪✳

❍♦✇❡✈❡r✱ t❤❡ ❣✐rt❤ ♦❢ ♣r❡s❡♥t❡❞ ❣r❛♣❤s ✐s ✻ ❛♥❞ ✽ ✭❚❤❡✲

♦r❡♠ ✶ ❛♥❞ ❚❤❡♦r❡♠ ✷✱ ❬✷❪✮ ❛♥❞ t❤❡ ❣✐rt❤ ♦❢ ❣r❛♣❤s ♣r❡✲

s❡♥t❡❞ ✐♥ ❬✸❪ ✐s ✻✳ ❚❤✐s ❛❧❧♦✇ ✉s t♦ ❝♦♥str✉❝t ▲❉P❈ ❝♦❞❡s

❢r♦♠ ♣r❡s❡♥t❡❞ ❣r❛♣❤s✳ ❚❤❡♦r❡♠ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✷❪ ✇❡r❡

✐♥❝❧✉❞❡❞ ✇✐t❤♦✉t ♣r♦♦❢s✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤✐s t❤❡♦r❡♠s ✇✐t❤

♣r♦♦❢s ✐♥ ❙❡❝t✐♦♥ ✸✳ ■t ✐s ✈❡r② ✐♠♣♦rt❛♥t ❢♦r ❝♦♥str✉❝t✐♦♥

♦❢ ▲❉P❈ ❝♦❞❡s t❤❛t ❣r❛♣❤s ✇❤✐❝❤ ✇❡ ✉s❡ ♠✉st ❤❛✈❡ ❣✐rt❤

g ≥ 6✳

❚❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r ♦♥❧② ✉♥❞✐r❡❝t❡❞✱ s✐♠♣❧❡ ❣r❛♣❤s

✇✐t❤♦✉t ❧♦♦♣s ♦r ♠✉❧t✐♣❧❡ ❡❞❣❡s ❛r❡ ❝♦♥s✐❞❡r❡❞✳ ❆ ❣r❛♣❤

✐s ❝♦♥♥❡❝t❡❞ ✐❢ ❢♦r ❛r❜✐tr❛r② ♣❛✐r ♦❢ ✈❡rt✐❝❡s v1✱ v2 t❤❡r❡

✐s ❛ ♣❛t❤ ❢r♦♠ v1 t♦ v2✳ ❚❤❡ ❧❡♥❣t❤ g ♦❢ t❤❡ s❤♦rt❡st

❝②❝❧❡ ✐♥ ❛ ❣r❛♣❤ ✐s ❝❛❧❧❡❞ ❛ ❣✐rt❤✱ ❬✹❪✳ ❇✐♣❛rt✐t❡ ❣r❛♣❤

∗♠♦♥✐❦❛✳❦❛t❛r③②♥❛✳♣♦❧❛❦❅❣♠❛✐❧✳❝♦♠
†✈❛s②❧❅❤❡❦t♦r✳✉♠❝s✳❧✉❜❧✐♥✳♣❧

✐s ❛ ❣r❛♣❤ ✇❤♦s❡ ✈❡rt✐❝❡s s❡t V ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥t♦ t✇♦

❞✐s❥♦✐♥t s✉❜s❡ts V1 ❛♥❞ V2 s✉❝❤ t❤❛t ❡✈❡r② ❡❞❣❡ ❝♦♥♥❡❝ts

❛ ✈❡rt❡① ✐♥ V1 t♦ ♦♥❡ ✐♥ V2✳ ❲❡ r❡❢❡r t♦ ❜✐♣❛rt✐t❡ ❣r❛♣❤

Γ(V1∪V2, E) ❛s ❜✐r❡❣✉❧❛r ♦♥❡ ✐❢ t❤❡ ♥✉♠❜❡r ♦❢ ♥❡✐❣❤❜♦✉rs

❢♦r ✈❡rt✐❝❡s ❢r♦♠ ❡❛❝❤ ♣❛rt✐t✐♦♥ s❡ts ❛r❡ ❝♦♥st❛♥ts s ❛♥❞

t ✭❜✐❞❡❣r❡❡s✮✳ ❲❡ ❝❛❧❧ ❛ ❣r❛♣❤ r❡❣✉❧❛r ✐♥ t❤❡ ❝❛s❡ s = t✳

▼✐ss✐♥❣ ❞❡✜♥✐t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✺✱ ✻❪✳

❲❡ s❛② t❤❛t ❛ ❢❛♠✐❧② ♦❢ r❡❣✉❧❛r ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❞❡✲

❣r❡❡ q ♦❢ ✐♥❝r❡❛s✐♥❣ ♦r❞❡r n ❤❛s ❛♥ ❡①♣❛♥s✐♦♥ ❝♦♥st❛♥t c✱

c > 0 ✐❢ ❢♦r ❡❛❝❤ s✉❜s❡t A ♦❢ t❤❡ ✈❡rt❡① s❡t X✱ |X| = n

✇✐t❤ |A| ≤ n/2 t❤❡ ✐♥❡q✉❛❧✐t② |∂A| ≥ c|A| ❤♦❧❞s✱ ❬✼❪✳ ❚❤❡
❡①♣❛♥s✐♦♥ ❝♦♥st❛♥t ♦❢ t❤❡ ❢❛♠✐❧② ♦❢ q✲r❡❣✉❧❛r ❣r❛♣❤s ❝❛♥

❜❡ ❡st✐♠❛t❡❞ ✈✐❛ ✉♣♣❡r ❧✐♠✐t q − λn✱ n → ∞✱ ✇❤❡r❡ λn
✐s t❤❡ s❡❝♦♥❞ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ ❢❛♠✐❧② r❡♣r❡s❡♥t❛t✐✈❡

♦❢ ♦r❞❡r n✳ ❚❤❡ ✜rst ❡①♣❧✐❝✐t ❡①♣❛♥❞❡r ❣r❛♣❤ ❢❛♠✐❧② ✇❛s

❝♦♥str✉❝t❡❞ ❜② ●r❡❣♦r② ▼❛r❣✉❧✐s ✐♥ t❤❡ ✶✾✼✵✬s ✈✐❛ st✉❞✐❡s

♦❢ ❈❛②❧❡② ❣r❛♣❤s ♦❢ ❧❛r❣❡ ❣✐rt❤ ❬✽❪✳

❇② t❤❡ t❤❡♦r❡♠ ♦❢ ❆❧♦♥ ❛♥❞ ❇♦♣♣❛♥❛✱ ❧❛r❣❡ ❡♥♦✉❣❤

♠❡♠❜❡rs ♦❢ ❛♥ ✐♥✜♥✐t❡ ❢❛♠✐❧② ♦❢ d✲r❡❣✉❧❛r ❣r❛♣❤s ✇✐t❤

❝♦♥st❛♥t d s❛t✐s❢② t❤❡ ✐♥❡q✉❛❧✐t② λ ≥ 2
√
d− 1 − o(1)✱

✇❤❡r❡ λ ✐s t❤❡ s❡❝♦♥❞ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡✳

❘❛♠❛♥✉❥❛♥ ❣r❛♣❤s ❛r❡ d✲r❡❣✉❧❛r ❣r❛♣❤s ❢♦r ✇❤✐❝❤ t❤❡ ✐♥✲

❡q✉❛❧✐t② λ ≤ 2
√
d− 1 ❤♦❧❞s✳ ■t ✐s ❝❧❡❛r t❤❛t ❛ ❢❛♠✐❧② ♦❢

❘❛♠❛♥✉❥❛♥ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❞❡❣r❡❡ q ❤❛s t❤❡ ❜❡st ❡①✲

♣❛♥s✐♦♥ ❝♦♥st❛♥t✱ ❬✾❪✳

❘❡❣✉❧❛r ❣❡♥❡r❛❧✐③❡❞ ♣♦❧②❣♦♥s ❛r❡ ♦♥❡ ♦❢ t❤❡ ❜❡st ❡①✲

♣❛♥❞❡rs✳ ❚❤❡② ❛r❡ r❡❣✉❧❛r t❛❝t✐❝❛❧ ❝♦♥✜❣✉r❛t✐♦♥s ♦❢ ❞✐✲

❛♠❡t❡r m ❛♥❞ ❣✐rt❤ 2m✳ ❋♦r ❡❛❝❤ ♣❛r❛♠❡t❡r m✱ ❛ r❡❣✉❧❛r

❣❡♥❡r❛❧✐③❡❞ m✲❣♦♥ ❤❛s ❞❡❣r❡❡ q + 1 ❛♥❞ ♦r❞❡r 2(1 + q +

...+ qm−1)✱ ❬✶✵❪✳

❍♦✇❡✈❡r✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢❛♠♦✉s ❋❡✐t✲❍✐❣♠❛♥ t❤❡♦✲

r❡♠ t❤❡ r❡❣✉❧❛r t❤✐❝❦ ✭✐✳❡✳ ❞❡❣r❡❡ ≥ 3✮ ❣❡♥❡r❛❧✐③❡❞ r❡❣✉❧❛r

m✲❣♦♥s ❡①✐st ♦♥❧② ❢♦r m = 3, 4 ❛♥❞ ✻✱ ❬✶✶❪✳ ❚❤✉s ●❡♥❡r❛❧✲

✐③❡❞ P❡♥t❛❣♦♥ ❞♦❡s ♥♦t ❡①✐st✱ ✐♥ ♣❛rt✐❝✉❧❛r✳ ❲❡ ❤❛✈❡ t❤❡

❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ ❣❡♥❡r❛❧✐③❡❞ r❡❣✉❧❛r ♣♦❧②❣♦♥s✿

✶✹
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• t❤❡ ✐♥❝✐❞❡♥❝❡ ❣r❛♣❤ ♦❢ ❛ ♣r♦❥❡❝t✐✈❡ ♣❧❛♥❡

PG(2, q) ❤❛s |V | = ν(q + 1, 6) = 2(1 + q + q2)

❛♥❞ g = 6✱

• t❤❡ ✐♥❝✐❞❡♥❝❡ ❣r❛♣❤ ♦❢ ❛ ❣❡♥❡r❛❧✐③❡❞ q✉❛❞r❛♥❣❧❡

GQ(q, q) ❤❛s |V | = ν(q+1, 8) = 2(1+q+q2+q3)

❛♥❞ g = 8✱

• t❤❡ ✐♥❝✐❞❡♥❝❡ ❣r❛♣❤ ♦❢ ❛ ❣❡♥❡r❛❧✐③❡❞ ❤❡①❛❣♦♥

GH(q, q) ❤❛s |V | = ν(q + 1, 12) = 2(1 + q +

q2 + q3 + q4 + q5) ❛♥❞ g = 12✳

❇② ν(q, g) ✇❡ ❞❡♥♦t❡ ❛ ▼♦♦r❡ ❣r❛♣❤ ✇❤✐❝❤ ✐s ❛ r❡❣✉❧❛r

❣r❛♣❤ ♦❢ ✈❡rt❡① ❞❡❣r❡❡ q > 2 ❛♥❞ ❣✐rt❤ ❣ t❤❛t ❝♦♥t❛✐♥s

t❤❡ ♠❛①✐♠✉♠ ♣♦ss✐❜❧❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s✳ ❋♦r ♣r❛❝t✐❝❛❧

❛♣♣❧✐❝❛t✐♦♥s ✐t ✐s ✈❡r② ✐♠♣♦rt❛♥t t♦ ❝r❡❛t❡ ❢❛♠✐❧✐❡s ♦❢ ❡①✲

♣❛♥❞❡r ❣r❛♣❤s ✇✐t❤ ♦t❤❡r ♣❛r❛♠❡t❡rs✳ ❋♦r ♥♦✇ ✇❡ ❝r❡❛t❡

❛ ❢❛♠✐❧✐❡s ♦❢ ❡①♣❛♥❞❡r ❣r❛♣❤s ♦❢ ✉♥❜♦✉♥❞❡❞ ❞❡❣r❡❡ ❜✉t

♦♥❧② t✇♦ ♦❢ t❤❡♠ ❛r❡ ✐♥✈❡st✐❣❛t❡❞ ✉♥t✐❧ ♥♦✇✳ ■♥ ❬✷❪ ✇❡

✐♥tr♦❞✉❝❡❞ t❤✐s ♥❡✇ str✉❝t✉r❡s✳ ❚❤✐s ❝♦♥str✉❝t✐♦♥ ❝❛♥ ❜❡

❡①t❡♥❞❡❞ ❢♦r ❛r❜✐tr❛r② ❧❛r❣❡ ♣❛r❛♠❡t❡r n ✇❤✐❝❤ ②✐❡❧❞ ✉s t♦

❝♦♥♥❡❝t❡❞ q+1 r❡❣✉❧❛r ❣r❛♣❤s ♦❢ ♦r❞❡r 2(1+q+...+qn−1)✳

✷ ❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❢❛♠✐❧✐❡s

■♥ ❬✶✷❪ t❤❡ ✐♥❝✐❞❡♥❝❡ str✉❝t✉r❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❣❡♥✲

❡r❛❧✐③❡❞ ♣♦❧②❣♦♥s ✇❡r❡ ❝♦♥s✐❞❡r❡❞✳ ❘❡❝❡♥t❧② ✇❡ ✉s❡ t❤❡

❝♦♥❝❡♣t ♦❢ ❛ r♦♦t s②st❡♠ φ ✇❤✐❝❤ ✐s ❛ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ ✈❡❝✲

t♦rs ✐♥ ❛ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡ s❛t✐s❢②✐♥❣ ❝❡rt❛✐♥ ❣❡♦♠❡tr✐❝❛❧

♣r♦♣❡rt✐❡s✳ ■♥ ❬✷❪ ✇❡ ❝r❡❛t❡❞ ❛ ❣r❛♣❤s ❤❛✈✐♥❣ ✐♥t❡r❡st✐♥❣

♣r♦♣❡rt✐❡s ❜② ✉s✐♥❣ r♦♦t s②st❡♠ ❛♥❞ s♣❡❝✐❛❧ ❜✐♥❛r② ♦♣❡r✲

❛t✐♦♥✱ ✇❡ ♦♥❧② ❝♦♥s✐❞❡r ❝❛s❡s ❢♦r n = 3, 4, 5 ❛♥❞ ❢♦r n ≥ 6

t❤❡ ✇♦r❦ ✐s ✐♥ ♣r♦❣r❡ss✳

■♥ ♦✉r ❝♦♥str✉❝t✐♦♥ ✇❡ s✐♠♣❧✐❢② t❤❡ ❝♦♥❝❡♣t ✉s❡❞ ✐♥ ❬✶✷❪✳

❲❡ r❡❞❡✜♥❡❞ ✉s❡❞ ♦♣❡r❛t♦rs ❛♥❞ ✐♥tr♦❞✉❝❡❞ ♥❡✇ ❛❧❣♦✲

r✐t❤♠ t♦ ❝❤♦♦s❡ ❛ s❡t ♦❢ ♣♦s✐t✐✈❡ r♦♦ts✳ ❚❤❡r❡ ✐s ♦♥❧② ♦♥❡

✸✲❡❧❡♠❡♥t s❡t φ+3 = {α1, α2, α1 + α2}✳ ❚❤❡ s❡ts φ+4 ❝♦♥✲

s✐st✐♥❣ ❢♦✉r ❡❧❡♠❡♥ts ❛r❡ t✇♦✿ {α1, α2, α1 + α2, 2α1 + α2}
❛♥❞ {α1, α2, α1 + α2, α1 + 2α2}✱ ❜✉t t❤❡② ❛r❡ s②♠♠❡tr✐❝

❛♥❞ ❣✐✈❡ t❤❡ s❛♠❡ r❡s✉❧ts✳ ❚❤❡r❡ ❛r❡ t❤r❡❡ ✇❛②s t♦ ❝❤♦♦s❡

♥♦♥✲s②♠♠❡tr✐❝ s❡ts φ+5 ✿ {α1, α2, α1 + α2, 2α1 + α2, α1 +

2α2}✱ {α1, α2, α1+α2, 2α1+α2, 2α1+2α2}✱ {α1, α2, α1+

α2, 2α1+α2, 3α1+α2}✳ ❋♦r n = 3 t❤✐s ❝♦♥str✉❝t✐♦♥ ②✐❡❧❞s

♣r♦❥❡❝t✐✈❡ ♣❧❛♥❡ ✇❤✐❝❤ ✐s ❝♦♠♠♦♥❧② ❦♥♦✇♥✳ ❋♦r n = 4 t❤❡

s❡t ♦❢ r♦♦ts ✐s t❤❡ s❛♠❡ ❛s ❢♦r ❣❡♥❡r❛❧✐③❡❞ q✉❛❞r❛♥❣❧❡ ❜✉t

✇❡ ♦❜t❛✐♥ t✇♦ str✉❝t✉r❡s ✇✐t❝❤ ❞✐✛❡r❡♥t ♣r♦♣❡rt✐❡s✳ ❋♦r

n = 5 t❤❡ s❡t φ+5 ❝❛♥ ♥♦t ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ ❈❛rt❛♥ ♠❛✲

tr✐① ❛♥❞ ✇❡ ♦❜t❛✐♥❡❞ ♦✈❡r ❛ ❞♦③❡♥ ♥❡✇ str✉❝t✉r❡s ✇✐t❤

❞✐✛❡r❡♥t ♣r♦♣❡rt✐❡s✳

❇❡❢♦r❡ ✇❡ ✐♥tr♦❞✉❝❡ ✐♥❝✐❞❡♥❝❡ r❡❧❛t✐♦♥s ✐♥ ♦❜t❛✐♥❡❞

❣r❛♣❤s ✇❡ ✇✐❧❧ ❞❡s❝r✐❜❡ t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s✳ ▲❡t

Γ(n, φ+n ,Fq) ❞❡♥♦t❡ ❜✐♣❛rt✐t❡ ❣r❛♣❤ ♦❜t❛✐♥❡❞ ❜② ✉s✐♥❣

n✲❡❧❡♠❡♥t s❡t φ+n ✱ s❝❛❧❛rs ❢r♦♠ Fq ❛♥❞ ❜✐♥❛r② ♦♣❡r❛t♦r

〈·, ·〉✳ ❚r❛❞✐t✐♦♥❛❧❧② ✐♥ ❣❡♦♠❡tr✐❝❛❧ ❜✐♣❛rt✐t❡ ❣r❛♣❤s ♦♥❡

s❡t ♦❢ ✈❡rt✐❝❡s ✐s ❝❛❧❧❡❞ s❡t ♦❢ ♣♦✐♥ts P ❛♥❞ ❛♥♦t❤❡r ♦♥❡

s❡t ♦❢ ✈❡rt✐❝❡s ✐s ❝❛❧❧❡❞ s❡t ♦❢ ❧✐♥❡s L✳

❋✐rst✱ ❧❡t ✉s ❝♦♥s✐❞❡r ❛♥ ♦r❞✐♥❛r② n✲❣♦♥ ❛s ❛ ❜✐♣❛rt✐t❡

❣r❛♣❤ ✇✐t❤ ✈❡rt❡① s❡t V = P ∪ L = {(1), (2), . . . , (n)} ∪
{[1, 2], [2, 3], . . . , [n − 1, n], [n, 1]}✳ ❲❡ ❝❛♥ ✇r✐t❡ t❤❡ ✐♥❝✐✲

❞❡♥❝❡ r❡❧❛t✐♦♥ I ✐♥ n✲❣♦♥ ❛s ❢♦❧❧♦✇s✿

(m)I[s, t] ⇐⇒ m = s ∨m = t.

❆ ❧✐♥❡ ✐s ✐♥❝✐❞❡♥t ✇✐t❤ ♣♦✐♥t ✐❢ t❤✐s ♣♦✐♥t ❜❡❧♦♥❣ t♦ t❤✐s

❧✐♥❡✳ ▲❡t ✈❡rt❡① ♦❢ t②♣❡ ti ❜❡ ❞❡✜♥❡ ❛s ✈❡rt❡① ❝♦rr❡s♣♦♥❞✲

✐♥❣ t♦ i✲❡❧❡♠❡♥t s✉❜s❡t ♦❢ φ+n ✱ i = 0, 1, 2, ..., n − 1 ❛♥❞

❧❡t Ai ❞❡♥♦t❡ i✲❡❧❡♠❡♥t ❝❧♦s❡❞ s✉❜s❡t ♦❢ φ+n ✳ ❲❡ ❝r❡❛t❡

t✇♦ ❛s❝❡♥❞✐♥❣ s❡q✉❡♥❝❡s ♦❢ ❝❧♦s❡❞ s✉❜s❡t ♦❢ φ+n ✳ ❙❡❝♦♥❞

❡❧❡♠❡♥t ♦❢ ✜rst s❡q✉❡♥❝❡ ✐s {α1} ❛♥❞ ❢♦r s❡❝♦♥❞ s❡q✉❡♥❝❡

s❡❝♦♥❞ ❡❧❡♠❡♥t ✐s {α2}✿
A0 = {∅} ⊂ A1 = {α2} ⊂ A2 ⊂ A3... ⊂ An−1 = φ+n \{α1},

B0 = {∅} ⊂ B1 = {α1} ⊂ B2 ⊂ B3... ⊂ Bn−1 = φ+n \{α2}.
❋♦r ❜✐❣❣❡r n s❡t φ+n ❤❛s ♠♦r❡ r♦♦ts ❛♥❞ ❛❜♦✈❡ s❡q✉❡♥❝❡s

❝❛♥ ❜❡ ❝❤♦s❡♥ ✐♥ ♠❛♥② ✇❛②s✳ ◆♦✇✱ ✇❡ ❝❤♦♦s✐♥❣ ❡❧❡✲

♠❡♥ts ❢r♦♠ t❤✐s t✇♦ s❡q✉❡♥❝❡s ❛❧t❡r♥❛t❡❧② ✇❡ ❝r❡❛t❡ s❡t

♦❢ ♣♦✐♥ts ❛♥❞ s❡t ♦❢ ❧✐♥❡s✳ ❋♦r ❧✐♥❡s ✇❡ ❝❤♦♦s❡ ❛ s❡ts✿

B0 = {∅}, A1 = {α2}, B2, A3, ..., φ
+
n \{αj} ❛♥❞ ❢♦r ♣♦✐♥ts

A0 = {∅}, B1 = {α1}, A2, B3, ..., φ
+
n \{αi}✱ ✇❤❡r❡ i = 1

❛♥❞ j = 2 ✐❢ n ✐s ♦❞❞ ❛♥❞ i = 2 ❛♥❞ j = 1 ✐❢ n ✐s ❡✈❡♥✳

▲❡t Fq✱ ✇❤❡r❡ q ✐s ♣r✐♠❡ ♣♦✇❡r✱ ❜❡ ❛ ✜♥✐t❡ ✜❡❧❞✳ ❚❤❡

t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ✐♥ ♦❜t❛✐♥❡❞ ❣r❛♣❤ Γ(n, φ+n ,Fq) ✐s

|V | = 2(1 + q + q2 + . . . + qn−1)✳ ❚❤❡ ❣r❛♣❤ ✐s ❜✐♣❛rt✐t❡

V = P ∪ L ❛♥❞ s❡t V ❝♦♥s✐st ♦❢✿

✷ ❡❧❡♠❡♥ts ♦❢ t②♣❡ t0✕((1), α
∗
1) ❛♥❞ [[1, 2], α∗

2]✱

2q ❡❧❡♠❡♥ts ♦❢ t②♣❡ t1✕((2), α
∗
1 + p1α1) ❛♥❞ [[1, 2], α∗

2 +

l1α2]✱

2q2 ❡❧❡♠❡♥ts ♦❢ t②♣❡ t2✕((n), α
∗
2 +

∑

α∈A2

pαα) ❛♥❞

[[2, 3], α∗
1 +

∑

α∈B2

lαα]✱

✳✳✳

2qn−1 ❡❧❡♠❡♥ts ♦❢ t②♣❡ tm−1✕((⌈n+2

2
⌉) + ∑

α∈φ+
n \{αi}

pαα)

❛♥❞

[[⌊n+2

2
⌋, ⌊n+4

2
⌋] + ∑

α∈φ+
n \{αj}

lαα],

✇❤❡r❡ i = 1 ❛♥❞ j = 2 ✐❢ n ✐s ♦❞❞ ❛♥❞ i = 2 ❛♥❞ j = 1

✐❢ n ✐s ❡✈❡♥ ❛♥❞ pα✱ lα ∈ Fq✳ ❇r❛❝❦❡ts ❛♥❞ ♣❛r❡♥t❤❡s✐s

✇✐❧❧ ❛❧❧♦✇ t❤❡ r❡❛❞❡r t♦ ❞✐st✐♥❣✉✐s❤ ♣♦✐♥ts (·) ❛♥❞ ❧✐♥❡s

[·]✳ ❚❤❡ s❡t ♦❢ ❡❞❣❡s ❝♦♥s✐st✐♥❣ ♦❢ ❛❧❧ ♣❛✐rs {(p), [l]}
❢♦r ✇❤✐❝❤ (p)IΓ[l]✳ ❚❤❡ ✐♥❝✐❞❡♥❝❡ r❡❧❛t✐♦♥ IΓ ❢♦r t❤❡

❣r❛♣❤ Γ(n, φ+,Fq) ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳ ▲❡t ψ1 ❛♥❞ ψ2

❜❡ ❛ ❝❧♦s❡❞ s✉❜s❡t ♦❢ t❤❡ s❡t ♦❢ ♣♦s✐t✐✈❡ r♦♦ts φ+ ❛♥❞

❧❡t Σp ❛♥❞ Σl ❜❡ ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❡❧❡♠❡♥ts ♦❢

s❡t ψ1 ❛♥❞ ψ2 ❛❝❝♦r❞✐♥❣❧②✱ ✇✐t❤ s❝❛❧❛rs ❢r♦♠ Fq✳ P♦✐♥t

(p) = ((m), α∗
i +Σp) ✐s ✐♥❝✐❞❡♥t t♦ ❧✐♥❡ [l] = [[s, t], α∗

j +Σl]

✭ ✇❡ ❞❡♥♦t❡ ✐t ❜② ✭♣✮■ ❬❧❪ ✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢

(m = s ∨m = t) ∧ (
〈

α∗
i +Σp, α

∗
j +Σl

〉

|ψ1∩ψ2

= 0).

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤✐s ✐s s②♠♠❡tr✐❝ ✐♥❝✐❞❡♥❝❡ r❡❧❛t✐♦♥

✭t❤❡ ❣r❛♣❤s ❛r❡ s✐♠♣❧❡✮✳ ❚❤✐s ❝♦♥str✉❝t✐♦♥ ❛❧❧♦✇❡❞ ✉s t♦

✶✺
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♦❜t❛✐♥ ♥❡✇ str✉❝t✉r❡s s✐♠✐❧❛r ✐♥ s♦♠❡ ❛s♣❡❝t t♦ ❣❡♥❡r❛❧✲

✐③❡❞ ♣♦❧②❣♦♥s ❜✉t ✐♥ ❣❡♥❡r❛❧ ✇✐t❤ ❞✐✛❡r❡♥t ♣r♦♣❡rt✐❡s✳

■♥ ❚❛❜❧❡ ✷ ✇❡ ♣r❡s❡♥t ✐♥❝✐❞❡♥❝❡ r❡❧❛t✐♦♥s ❢♦r ❣r❛♣❤

Γ(4, φ+4 ,Fq) ✇❤❡♥ s❡q✉❡♥❝❡s ♦❢ ❝❧♦s❡❞ s❡t ❛r❡ ❢♦❧❧♦✇✐♥❣

{α1} ⊂ {α1, 2α1 +α2} ⊂ {α1, 2α1 +α2, α1 +α2}✱ {α2} ⊂
{α1, α1 + α2} ⊂ {α2, α1 + α2, 2α1 + α2}✳
■♥ ❚❛❜❧❡ ✸ ✇❡ ♣r❡s❡♥t ✐♥❝✐❞❡♥❝❡ r❡❧❛t✐♦♥s ❢♦r ❣r❛♣❤

Γ(5, {α1}, {α1 + α2}, {2α1 + α2}, {α1 + 2α2},Fq) ❛♥❞ s❡✲

q✉❡♥❝❡s✿ {α1} ⊂ {α1, 2α1 + α2} ⊂ {α1, 2α1 + α2, α1 +

α2} ⊂ {α1, 2α1 + α2, α1 + α2, α1 + 2α2} ❛♥❞ {α2} ⊂
{α1, α1 + 2α2} ⊂ {α2, α1 + 2α2, α1 + α2} ⊂ {α2, α1 +

2α2, α1 + α2, 2α1 + 2α2} ■♥ t❤✐s ❝❛s❡ ✇❡ ♦❜t❛✐♥❡❞ λ1 <

2
√
q✳ ❋♦r t❤✐s ❝❤♦♦s❡s ✇❡ ♦❜t❛✐♥❡❞ ❜❡tt❡r r❡s✉❧ts t❤❛♥

♦t❤❡r ♣♦ss✐❜✐❧✐t✐❡s ❛♥❞ ♦♥❧② t❤❡✐r ❛r❡ ✐♥ ❝♦♥s✐❞❡r❛t✐♦♥ ✐♥

t❤✐s ❛rt✐❝❧❡✳

❚❛❜❧❡ ✶✳ ■♥❝✐❞❡♥❝❡ r❡❧❛t✐♦♥s ❢♦r ❣r❛♣❤

Γ(3, φ+3 ,Fq)
∼= PG(2, q)

((1), ∅) ((2), p1) ((3), p1, p2)

[[1, 2], ∅] + + −
[[3, 1], l1] + − + : p1 = l1
[[2, 3], l1, l2] − + : p1 = l1 + : l2 − p2 = l1p1

❚❛❜❧❡ ✷✳ ■♥❝✐❞❡♥❝❡ r❡❧❛t✐♦♥s ❢♦r ❣r❛♣❤

Γ(4, φ+4 ,Fq)

((1), ∅) ((2), p1) ((4), p1, p2) ((3), p1, p2, p3)

[[1, 2], ∅] + + − −
[[4, 1], l1] + − + : l1 = p1 −
[[2, 3], l1, l2] − + − + p1 = l1

p1 = l1 p2 − l2 = p3l1
[[3, 4], l1, l2, l3] − − + : p1 = l1, + : l2 − p2 = p1l1,

p2 = l2 l3 − p3 = p1l2

❚❛❜❧❡ ✸✳ ■♥❝✐❞❡♥❝❡ r❡❧❛t✐♦♥s ❢♦r ❣r❛♣❤

Γ(5, φ+5 ,Fq)

((1), ∅) ((2), p1) ((5), p1, p2) ((3), p1, p2, p3) ((4), p1, p2, p3, p4)
[

[1, 2]

∅

]

+ + − − −
[

[1, 5]

l1

]

+ − + : p1 = l1 − −




[2, 3]

l1
l2



 − + : − + : p1 = l1 −

p1 = l1 p2 − l2 = p3l1
+ : p1 = l1, + : p1 = l1,









[4, 5]

l1
l2
l3









− − p2 − l2 = p1l3 − p2 − l2 = p1l3 + p3l1

p3 = l3
+ : p1 = l1, + : p2 − l4 = l3p1,















[3, 4]

l1
l2
l3
l4















− − − p2 − l2 = p1l3 + p3l1 p3 − l3 = l1p1

p3 = l3 p4 − l2 = l1p3

✸ ❈♦♠♣❛r✐s♦♥ ✇✐t❤ ♣r❡✈✐♦✉s❧② ❦♥♦✇♥

r❡s✉❧ts

❊①♣❛♥❞✐♥❣ ❛♥❞ ♦t❤❡r ♣r♦♣❡rt✐❡s ❛r❡ ❢♦❧❧♦✇✐♥❣✳ ❚❤❡

❢❛♠✐❧✐❡s Γ(n, φ+n ,Fq) ❝♦♥s✐st ♦❢ ❜✐♣❛rt✐t❡ ❣r❛♣❤s ✇✐t❤ |V | =
2(1+q+q2+. . .+qn) ✈❡rt✐❝❡s ❛♥❞ (q+1)(1+q+q2+. . .+qn)

❡❞❣❡s✳ ❆ s♣❛rs❡ ❣r❛♣❤ ❤❛s ❛ s♠❛❧❧ ♥✉♠❜❡r ♦❢ ❡❞❣❡s ✐♥ ❝♦♠✲

♣❛r✐s♦♥ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s✳ ❆ s✐♠♣❧❡ r❡❧❛t✐♦♥s❤✐♣

❞❡s❝r✐❜✐♥❣ t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ❣r❛♣❤ Γ(V,E) ✐s

✭✶✮ D =
2|E|

|V |(|V | − 1)
,

✇❤❡r❡ |E| ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s ♦❢ ❣r❛♣❤ Γ ❛♥❞ |V | ✐s
t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s✳ ❚❤❡ ♠❛①✐♠❛❧ ❞❡♥s✐t② ✐s D = 1

✇❤❡♥ ❛ ❣r❛♣❤ ✐s ❝♦♠♣❧❡t❡ ❛♥❞ t❤❡ ♠✐♥✐♠❛❧ ❞❡♥s✐t② ✐s ✵

✭❈♦❧❡♠❛♥ ✫ ▼♦ré ✶✾✽✸✮✳

❚❛❜❧❡ ✹✳ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ♣r❡✲

s❡♥t❡❞ ❢❛♠✐❧✐❡s ❛♥❞ ❣❡♥❡r❛❧✐③❡❞ r❡❣✉❧❛r

♣♦❧②❣♦♥s ❢♦r n = 3, 4, 5

●r❛♣❤ ❘❡❣✉❧❛r✐t② ⑤❱⑤ ●✐rt❤ λ1
PG(2, q) ∼= q + 1 2(1 + q + q2) ✻

√
q

Γ(3, φ+3 ,Fq)

GQ(q, q) q + 1 2(1 + q + q2 + q3) ✽
√
2q

Γ(4, φ+4 ,Fq) q + 1 2(1 + q + q2 + q3) ✻
√
3q

❣❡♥❡r❛❧✐③❡❞ ❞♦ ♥♦t ❡①✐st

♣❡♥t❛❣♦♥

Γ(5, φ+5 ,Fq) q + 1 2(1 + q + q2 + q3 + q4) ✽ ≤ 2
√
q

Γ(n, φ+n ,Fq) ❛r❡ q + 1✲r❡❣✉❧❛r✱ s♣❛rs❡ ❣r❛♣❤s ❛♥❞ t❤❡

❞❡♥s✐t② ❛❝❝♦r❞✐♥❣ t♦ ✭✶✮ ✐s

q + 1

2(q + . . .+ qn) + 1
.

❊❛❝❤ ♦❢ t❤❡ r❡♣r❡s❡♥t❛t✐✈❡s ♦❢ t❤❡ ♣r❡s❡♥t❡❞ ❢❛♠✐❧② ✐s q+

1✲r❡❣✉❧❛r ❣r❛♣❤ s♦ t❤❡ ✜rst ❡✐❣❡♥✈❛❧✉❡ ♦❢ t❤❡ ❛❞❥❛❝❡♥❝②

♠❛tr✐①✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤✐s ❣r❛♣❤✱ ✐s λ0 = q + 1✳ ▲❡t

✉s ❞❡♥♦t❡ t❤❡ s❡❝♦♥❞ ❡✐❣❡♥✈❛❧✉❡ ❜② λ1 = maxλi 6=q+1 |λi|✳
❚❛❜✳ ✹ ♣r❡s❡♥t ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ♣r❡s❡♥t❡❞ ❢❛♠✐❧✐❡s

❛♥❞ ❣❡♥❡r❛❧✐③❡❞ r❡❣✉❧❛r ♣♦❧②❣♦♥s ❢♦r n = 3, 4, 5✳

❚❤❡ ❣r❛♣❤s Γ(4, φ+4 ,Fq) ❤❛✈❡ ❛ str✉❝t✉r❡ ✇❤✐❝❤ ✐s s♦♠❡

❛s♣❡❝ts s✐♠✐❧❛r t♦ ❣❡♥❡r❛❧✐③❡❞ q✉❛❞r❛♥❣❧❡✳ ❚❤❡② ❛r❡ q+1

r❡❣✉❧❛r ❣r❛♣❤s ❛♥❞ ❤❛✈❡ t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s✳

❍♦✇❡✈❡r✱ ❤❡ ❝♦♥str✉❝t❡❞ ❣r❛♣❤s ❢♦r n = 4 ❛r❡ ♥♦t ✐s♦♠♦r✲

♣❤✐❝ t♦ ❣❡♥❡r❛❧✐③❡❞ q✉❛❞r❛♥❣❧❡s✳ ■♥ ❬✷❪ ✇❡ s❤♦✇❡❞ t❤❛t

s❡❝♦♥❞ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ ❣r❛♣❤ Γ(4, φ+4 ,Fq) ✐s
√
3q ✭❢♦r

q = 3, 4, 5, 7, 8, 9, 11, 13, 16, 17, 19, 23✮✳ ❚❤❡ s❡❝♦♥❞ ❧❛r❣❡st

❡✐❣❡♥✈❛❧✉❡ ♦❢ r❡❣✉❧❛r ❣❡♥❡r❛❧✐③❡❞ q✉❛❞r❛♥❣❧❡ ✐s
√
2q ❢♦r ❛r✲

❜✐tr❛r② q✳ ❲❤❛t✬s ♠♦r❡ ❣❡♥❡r❛❧✐③❡❞ q✉❛❞r❛♥❣❧❡ ❤❛s ❣✐rt❤

✽ ❛♥❞ ❣r❛♣❤s Γ(4, φ+4 ,Fq) ❤❛s ❣✐rt❤ ✻✳ ❚❤❡r❡ ✐s ❛♥ ❝♦♥❥❡❝✲

t✉r❡ t❤❛t λ1 =
√
3q ❢♦r ❣r❛♣❤ Γ(4, φ+4 ,Fq) ❢♦r ❛r❜✐tr❛r②

❧❛r❣❡ q✱ ❬✷❪✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❝❧✉s✐♦♥ ❝❛♥ ❜❡ ❞r❛✇♥ ❢r♦♠

t❤✐s ♦❜s❡r✈❛t✐♦♥✳

❈♦r♦❧❧❛r② ✶✳ ❚❤❡ ❣r❛♣❤s Γ(4, φ+4 ,Fq) ❛r❡ ♥♦t ✐s♦♠♦r✲

♣❤✐❝ t♦ ❣❡♥❡r❛❧✐③❡❞ q✉❛❞r❛♥❣❧❡s✳

✶✻
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▲❡t ✉s ♣r♦✈❡ t❤❡ t❤❡♦r❡♠s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✷❪✳

❚❤❡♦r❡♠ ✶✳ ❋❛♠✐❧② ♦❢ ❣r❛♣❤s Γ(4, φ+4 ,Fq) ✐s ❛ ❢❛♠✐❧②

♦❢ ❣r❛♣❤s ♦❢ ❣✐rt❤ ✻✳

Pr♦♦❢✳ ●r❛♣❤s Γ(4, φ+4 ,Fq) ❛r❡ ❜✐♣❛rt✐t❡ s♦ t❤❡r❡ ✐s

♥♦ ❝②❝❧❡ C3 ❛♥❞ C5✳ ❊❛❝❤ ✈❡rt❡① ♦❢ t②♣❡ tk ❤❛✈❡ q ♥❡✐❣❤✲

❜♦✉rs ♦❢ t②♣❡ tk+1 ❛♥❞ ♦♥❡ ❡❛❝❤ ✈❡rt❡① ❤❛✈❡ ❢♦✉r ♥❡✐❣❤✲

❜♦✉r ♦❢ t②♣❡ tk−1✱ ❢♦r k = 1, 2✳ ❊❛❝❤ ✈❡rt❡① ♦❢ t②♣❡ t3
❤❛✈❡ q ♥❡✐❣❤❜♦✉rs ♦❢ t②♣❡ t3 ❛♥❞ ♦♥❡ ❡❛❝❤ ✈❡rt❡① ❤❛✈❡

❢♦✉r ♥❡✐❣❤❜♦✉r ♦❢ t②♣❡ t2✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ str✉❝t✉r❡ ♦❢ t❤✐s

❢❛♠✐❧② ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ♦♥❧② t❤r❡❡ ♣♦ss✐❜✐❧✐t✐❡s ♦❢ ❢♦r♠ ♦❢

t❤❡ ❝②❝❧❡ C4✿

✭✶✮ ❚❤❡r❡ ❡①✐st ❛ ❝②❝❧❡ C4 ♣❛ss✐♥❣ t❤r♦✉❣❤ t✇♦

♣♦✐♥ts ♦❢ t②♣❡ t3 ❛♥❞ t✇♦ ❧✐♥❡s ♦❢ t②♣❡ t3✳ ▲❡t

✉s ♥♦t❡ t❤❛t ✐♥❝✐❞❡♥❝❡ r❡❧❛t✐♦♥s ❛♠♦♥❣ ✈❡rt✐❝❡s

♦❢ t②♣❡ t3 ❛r❡ t❤❡ s❛♠❡ ❛s ✐♥❝✐❞❡♥❝❡ r❡❧❛t✐♦♥s

❛♠♦♥❣ ✈❡rt✐❝❡s ✐♥ ❣r❛♣❤ D(3, q)✱ ❬✶✸❪✳ ❋r♦♠

❬✶✸❪ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ❣✐rt❤ ♦❢ ❣r❛♣❤s D(3, q) ✐s

8 s♦ ❝②❝❧❡ ♦❢ s✉❝❤ t②♣❡ ❞♦ ♥♦t ❡①✐st✳

✭✷✮ ❚❤❡r❡ ❡①✐sts t✇♦ ♣♦✐♥ts (ṗ) ♦❢ t②♣❡ t2 ❛♥❞ (p̈) ♦❢

t②♣❡ t3 ✇❤✐❝❤ ❤❛✈❡ t✇♦ ❝♦♠♠♦♥ ♥❡✐❣❤❜♦✉rs ♦❢

t②♣❡ t3✿ [l̇]✱ [l̈]✱ s✉❝❤ t❤❛t [l̇] 6= [l̈]✳ ❈②❝❧❡ C4 ❤❛s

❛ ❢♦r♠ (ṗ)I[l̇]I(p̈)I[l̈]I(ṗ)✳ ■❢ ❝②❝❧❡ ♦❢ s✉❝❤ t②♣❡

❡①✐st t❤❡♥✿

(ṗ)I[l̇] ⇔ ((4), ṗ1, ṗ2)I[[3, 4], l̇1, l̇2, l̇3] ⇔ ṗ1 = l̇1∧ ṗ2 = l̇2,

(ṗ)I[l̈] ⇔ ((4), ṗ1, ṗ2)I[[3, 4], l̈1, l̈2, l̈3] ⇔ ṗ1 = l̈1∧ ṗ2 = l̈2,

(p̈)I[l̇] ⇔ ((3), p̈1, p̈2, p̈3)I[[3, 4], l̇1, l̇2, l̇3] ⇔
((3), p̈1, p̈2, p̈3)I[[3, 4], ṗ1, ṗ2, l̇3] ⇔

{

ṗ2 − p̈2 = p̈1ṗ1
l̇3 − p̈3 = p̈1ṗ2

⇒

l̇3 = p̈1ṗ2 + p̈3,

(p̈)I[l̈] ⇔ ((3), p̈1, p̈2, p̈3)I[[3, 4], l̈1, l̈2, l̈3] ⇔
((3), p̈1, p̈2, p̈3)I[[3, 4], ṗ1, ṗ2, l̈3] ⇔

{

ṗ2 − p̈2 = p̈1ṗ1
l̈3 − p̈3 = p̈1ṗ2

⇒

l̈3 = p̈1ṗ2 + p̈3.

❲❡ ♦❜t❛✐♥ ❞❡♣❡♥❞❡♥❝❡ l̇1 = l̈1 ∧ l̇2 = l̈2 ∧ l̇3 =

l̈3 ⇔ [l̇] = [l̈]✳ ❚❤✐s ❝♦♥tr❛❞✐❝ts ♦✉r ❛ss✉♠♣t✐♦♥

t❤❛t [l̇] 6= [l̈]✳ ❚❤❡r❡❢♦r❡ t❤❡ ✐♥✐t✐❛❧ ❛ss✉♠♣t✐♦♥

t❤❛t s✉❝❤ t②♣❡ ♦❢ ❝②❝❧❡ C4 ❡①✐st ♠✉st ❜❡ ❢❛❧s❡✳

✭✸✮ ❚❤❡r❡ ❡①✐sts t✇♦ ❧✐♥❡s [l̇] ♦❢ t②♣❡ t2 ❛♥❞ [l̈] ♦❢ t②♣❡

t3 ✇❤✐❝❤ ❤❛✈❡ t✇♦ ❝♦♠♠♦♥ ♥❡✐❣❤❜♦rs ♦❢ t②♣❡ t3✿

(ṗ)✱ (p̈)✱ s✉❝❤ t❤❛t (ṗ) 6= (p̈)✳ ❈②❝❧❡ C4 ❤❛s ❛

❢♦r♠ [l̇]I(ṗ)I[l̈]I(p̈)I[l̇] ■❢ ❝②❝❧❡ ♦❢ t❤✐s t②♣❡ ❡①✐st

t❤❡♥✿

[l̇]I(ṗ) ⇔ [[2, 3], l̇1, l̇2]I((3), ṗ1, ṗ2, ṗ3) ⇔
l̇1 = ṗ1 ∧ ṗ2 − l̇2 = ṗ3 l̇1,

[l̇]I(p̈) ⇔ [[2, 3], l̇1, l̇2]I((3), p̈1, p̈2, p̈3) ⇔
l̇1 = p̈1 ∧ p̈2 − l̇2 = p̈3 l̇1,

[l̈]I(ṗ) ⇔ [[3, 4], l̈1, l̈2, l̈3]I((3), ṗ1, ṗ2, ṗ3) ⇔
[[3, 4], l̈1, l̈2, l̈3]I((3), l̇1, ṗ2, ṗ3) ⇔

{

l̈2 − ṗ2 = l̈1 l̇1
l̈3 − ṗ3 = l̈2 l̇1

⇔
{

ṗ2 = l̈2 − l̈1 l̇1
ṗ3 = l̈3 − l̈2 l̇1

,

[l̈]I(p̈) ⇔ [[3, 4], l̈1, l̈2, l̈3]I((3), p̈1, p̈2, p̈3) ⇔
[[3, 4], l̈1, l̈2, l̈3]I((3), l̇1, p̈2, p̈3) ⇔

{

l̈2 − p̈2 = l̈1 l̇1
l̈3 − p̈3 = l̈2 l̇1

⇔
{

p̈2 = l̈2 − l̈1 l̇1
p̈3 = l̈3 − l̈2 l̇1

❲❡ ♦❜t❛✐♥ ❞❡♣❡♥❞❡♥❝❡ ṗ1 = p̈1 ∧ ṗ2 = p̈2 ∧ ṗ3 =

p̈3 ⇔ (ṗ) = (p̈) ❚❤✐s ❝♦♥tr❛❞✐❝ts ♦✉r ❛ss✉♠♣t✐♦♥

t❤❛t (ṗ) 6= (p̈)✳ ❚❤❡r❡❢♦r❡ t❤❡ ✐♥✐t✐❛❧ ❛ss✉♠♣t✐♦♥

t❤❛t s✉❝❤ C4 ❡①✐st ♠✉st ❜❡ ❢❛❧s❡✳

❋♦r ❛♥ ❛r❜✐tr❛r② ♣r✐♠❡ ♣♦✇❡r q ✐♥ Γ(4, φ+4 ,Fq) t❤❡r❡ ✐s

❛ ❝②❝❧❡ ♦❢ ❧❡♥❣t❤ ✻✿

[[3, 4], 0, 0, 1]I((4), 0, 0)I[[3, 4], 0, 0, 0]I((3), 0, 0, 0)

I[[2, 3], 0, 0]I((3), 0, 0, 1)I[[3, 4], 0, 0, 1].

�

❆♥❛❧♦❣♦✉s ♣r♦♦❢ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❢♦r t❤❡ ❣r❛♣❤

Γ(5, φ+5 ,Fq)✳

❚❤❡♦r❡♠ ✷✳ ❋❛♠✐❧② ♦❢ ❣r❛♣❤s Γ(5, φ+5 ,Fq) ✐s ❛ ❢❛♠✐❧②

♦❢ ❣r❛♣❤s ♦❢ ❣✐rt❤ ✽✳

Pr♦♦❢✳ ●r❛♣❤s Γ(5, φ+5 ,Fq) ❛r❡ ❜✐♣❛rt✐t❡ s♦ t❤❡r❡ ✐s

♥♦ ❝②❝❧❡ C3✱ C5 ❛♥❞ C7✳ ❚❤✐s ❣r❛♣❤s ❤❛✈❡ r❡♣r❡s❡♥t❛t✐♦♥

❛s s②♠♠❡tr✐❝ ❛❞❥❛❝❡♥❝② ♠❛tr✐❝❡s s♦ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r✲

❛❧✐t② ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ♦♥❧② t✇♦ ♣♦ss✐❜✐❧✐t✐❡s ♦❢ ❢♦r♠ ♦❢ t❤❡

❝②❝❧❡ C4✿

✭✶✮ ❚❤❡r❡ ❡①✐st ❛ ❝②❝❧❡ C4 ♣❛ss✐♥❣ t❤r♦✉❣❤ t✇♦

♣♦✐♥ts ♦❢ t②♣❡ t4 ❛♥❞ t✇♦ ❧✐♥❡s ♦❢ t②♣❡ t4✳ ❍♦✇✲

❡✈❡r✱ ✐❢ ✇❡ r❡✇r✐t❡ r❡❧❛t✐♦♥s ❛♠♦♥❣ ✈❡rt✐❝❡s ♦❢

t②♣❡ t4 ❛s ❢♦❧❧♦✇s✿ p3 := p2✱ p2 := p4✱ p4 := p3✱

l3 := l2✱ l2 := l3 ✇❡ ♦❜t❛✐♥ t❤❡ s❛♠❡ r❡❧❛t✐♦♥s

❛s ❛♠♦♥❣ ✈❡rt✐❝❡s ✐♥ ❣r❛♣❤ D(4, q)✱ ❬✶✸❪✳ ❋r♦♠

❬✶✸❪ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ❣✐rt❤ ❢ ❣r❛♣❤s D(4, q) ✐s

8 s♦ ❝②❝❧❡ ♦❢ t❤✐s t②♣❡ ❞♦ ♥♦t ❡①✐st✳

✭✷✮ ❚❤❡r❡ ❡①✐st ❛ ❝②❝❧❡ C4 ♣❛ss✐♥❣ t❤r♦✉❣❤ t✇♦

♣♦✐♥ts ♦❢ t②♣❡ t3 ❛♥❞ t✇♦ ❧✐♥❡s ♦❢ t②♣❡ t4✳ ▲❡t

✉s ♥♦t❡ t❤❛t ✐♥❝✐❞❡♥❝❡ r❡❧❛t✐♦♥s ❛♠♦♥❣ ✈❡rt✐❝❡s

♦❢ t②♣❡ t3 ❛r❡ t❤❡ s❛♠❡ ❛s ✐♥❝✐❞❡♥❝❡ r❡❧❛t✐♦♥s

❛♠♦♥❣ ✈❡rt✐❝❡s ✐♥ ❣r❛♣❤ D(3, q)✱ ❬✶✸❪✳ ❋r♦♠

❬✶✸❪ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ❣✐rt❤ ❢ ❣r❛♣❤s D(n, q) ✐s

8 s♦ ❝②❝❧❡ ♦❢ s✉❝❤ t②♣❡ ❞♦ ♥♦t ❡①✐st✳

(ṗ)I[l̇] ⇔ ((3), ṗ1, ṗ2, ṗ3)I[[3, 4], l̇1, l̇2, l̇3, l̇4] ⇔

✶✼
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ṗ1 = l̇1
ṗ2 − l̇2 = ṗ1 l̇3 + ṗ3 l̇1

ṗ3 = l̇3

(ṗ)I[l̈] ⇔ ((3), ṗ1, ṗ2, ṗ3)I[[3, 4], l̈1, l̈2, l̈3, l̈4] ⇔






ṗ1 = l̈1
ṗ2 − l̈2 = ṗ1 l̈3 + ṗ3 l̈1

ṗ3 = l̈3

❍❡♥❝❡ l̇1 = l̈1✱ l̇3 = l̈3 ❛♥❞ l̇2 = l̈2 = l̂2✳

(p̈)I[l̇] ⇔ ((4), p̈1, p̈2, p̈3)I[[3, 4], l̇1, l̇2, l̇3, l̇4] ⇔

((4), p̈1, p̈2, p̈3)I[[3, 4], ṗ1, l̂2, ṗ3, l̇4] ⇒
p̈2 − l̇4 = p̈1ṗ3

(p̈)I[l̈] ⇔ ((4), p̈1, p̈2, p̈3)I[[3, 4], l̈1, l̈2, l̈3, l̈4] ⇔
((4), p̈1, p̈2, p̈3)I[[3, 4], ṗ1, l̂2, ṗ3, l̈4] ⇒

p̈2 − l̈4 = p̈1ṗ3

❲❡ ♦❜t❛✐♥ ❞❡♣❡♥❞❡♥❝❡ l̇1 = l̈1 ∧ l̇2 = l̈2 ∧ l̇3 =

l̈3 ∧ l̇4 = l̈4 ⇔ [l̇] = [l̈]✳ ❚❤✐s ❝♦♥tr❛❞✐❝ts ♦✉r

❛ss✉♠♣t✐♦♥ t❤❛t [l̇] 6= [l̈]✳ ❚❤❡r❡❢♦r❡ t❤❡ ✐♥✐t✐❛❧

❛ss✉♠♣t✐♦♥ t❤❛t s✉❝❤ t②♣❡ ♦❢ ❝②❝❧❡ C4 ❡①✐st ♠✉st

❜❡ ❢❛❧s❡✳

❇❡❝❛✉s❡ ♦❢ t❤❡ s②♠♠❡tr✐❝ ♥❛t✉r❡ ♦❢ t❤✐s ❢❛♠✐❧② ✇❡ ❝❛♥

❝♦♥s✐❞❡r ♦♥❧② ❢♦✉r ♣♦ss✐❜✐❧✐t✐❡s ♦❢ ❢♦r♠ ♦❢ t❤❡ ❝②❝❧❡ C6✿

✭✶✮ ❚❤❡r❡ ❡①✐st ❛ ❝②❝❧❡ C6 ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤r❡❡

♣♦✐♥ts ♦❢ t②♣❡ t4 ❛♥❞ t❤r❡❡ ❧✐♥❡s ♦❢ t②♣❡ t4✳ ❍♦✇✲

❡✈❡r✱ ✐❢ ✇❡ r❡✇r✐t❡ r❡❧❛t✐♦♥s ❛♠♦♥❣ ✈❡rt✐❝❡s ♦❢

t②♣❡ t4 ❛s ❢♦❧❧♦✇s✿ p3 := p2✱ p2 := p4✱ p4 := p3✱

l3 := l2✱ l2 := l3 ✇❡ ♦❜t❛✐♥ t❤❡ s❛♠❡ r❡❧❛t✐♦♥s

❛s ❛♠♦♥❣ ✈❡rt✐❝❡s ✐♥ ❣r❛♣❤ D(4, q)✱ ❬✶✸❪✳ ❋r♦♠

❬✶✸❪ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ❣✐rt❤ ❢ ❣r❛♣❤s D(4, q) ✐s

8 s♦ ❝②❝❧❡ ♦❢ t❤✐s t②♣❡ ❞♦ ♥♦t ❡①✐st✳

✭✷✮ ❚❤❡r❡ ❡①✐st ❝②❝❧❡ C6 ❝♦♥t❛✐♥❡❞ ♣♦✐♥t (p) =

((3), p1, p2, p3) ♦❢ t②♣❡ t3✱ t✇♦ ♣♦✐♥ts (ṗ) ❛♥❞

(p̈) ✭(ṗ) 6= (p̈)✮ ♦❢ t②♣❡ t4 ❛♥❞ t❤r❡❡ ❞✐✛❡r❡♥t

❧✐♥❡s [l], [l̇], [l̈] ♦❢ t②♣❡ t4✳ ❈②❝❧❡ C6 ❤❛s ❛ ❢♦r♠

(p)I[l̇](ṗ)I[l]I(p̈)I[l̈]I(p)✳ ■❢ ❝②❝❧❡ ♦❢ t❤✐s t②♣❡

❡①✐st t❤❡♥✿

(p)I[l̇] ⇔ ((3), p1, p2, p3)I[[3, 4], l̇1, l̇2, l̇3, l̇4] ⇔






p1 = l̇1
p2 − l̇2 = p1 l̇3 + p3 l̇1

p3 = l̇3

,

(p)I[l̇] ⇔ ((3), p1, p2, p3)I[[3, 4], l̈1, l̈2, l̈3, l̈4] ⇔






p1 = l̈1
p2 − l̈2 = p1 l̈3 + p3 l̈1

p3 = l̈3

,

❛♥❞ ✇❡ s❡❡ t❤❛t l̇1 = l̈1 = p1✱ l̇2 = l̈2 = l̂2✱

l̇3 = l̈3 = p3✳

[l]I(ṗ) ⇒ [[3, 4], l1, l2, l3, l4]I((4), ṗ1, ṗ2, ṗ3, ṗ4) ⇔







ṗ2 − l4 = ṗ1l3
ṗ3 − l3 = ṗ1l1
ṗ4 − l2 = ṗ3l1

,

[l]I(p̈) ⇒ [[3, 4], l1, l2, l3, l4]I((4), p̈1, p̈2, p̈3, p̈4) ⇔






p̈2 − l4 = p̈1l3
p̈3 − l3 = p̈1l1
p̈4 − l2 = p̈3l1

,

(ṗ)I[l̇] ⇔ ((4), ṗ1, ṗ2, ṗ3, ṗ4)I[[3, 4], l̇1, l̇2, l̇3, l̇4] ⇔
((4), ṗ1, ṗ2, ṗ3, ṗ4)I[[3, 4], p1, l̂2, p3, l̇4] ⇔











ṗ2 − l̇4 = ṗ1p3
ṗ3 − p3 = ṗ1p1
ṗ4 − l̂2 = ṗ3p1

,

(p̈)I[l̈] ⇔ ((4), p̈1, p̈2, p̈3, p̈4)I[[3, 4], l̈1, l̈2, l̈3, l̈4] ⇔
((4), p̈1, p̈2, p̈3, p̈4)I[[3, 4], p1, l̂2, p3, l̈4] ⇔











p̈2 − l̈4 = p̈1p3
p̈3 − p3 = p̈1p1
p̈4 − l̂2 = p̈3p1

,

❲❡ ❝❛♥ ✇r✐t❡ ✈❛r✐❛❜❧❡s ṗ3 ❛♥❞ p̈3 ✐♥ t✇♦ ✇❛②s✿

ṗ3 = l3 + ṗ1l1 = p3 + ṗ1p1,

p̈3 = l3 + p̈1l1 = p3 + p̈1p1,

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t ṗ1 = p̈1 ❛♥❞ ṗ3 = p̈3✳ ❚❤❡r❡✲

❢♦r❡ ṗ2 = p̈2✱ ṗ4 = p̈4✳ ❲❡ ♦❜t❛✐♥ t❤❛t (ṗ) = (p̈)✳

❚❤✐s ❝♦♥tr❛❞✐❝ts ♦✉r ❛ss✉♠♣t✐♦♥ t❤❛t (ṗ) 6= (p̈)✳

❚❤❡r❡❢♦r❡ t❤❡ ✐♥✐t✐❛❧ ❛ss✉♠♣t✐♦♥ t❤❛t s✉❝❤ C6

❡①✐st ♠✉st ❜❡ ❢❛❧s❡✳

✭✸✮ ❇❡t✇❡❡♥ ♣♦✐♥t (p) = ((3), p1, p2, p3) ♦❢ t②♣❡ t3
❛♥❞ ❧✐♥❡ [l] = [[4, 5], l1, l2, l3] ♦❢ t②♣❡ t3 t❤❡r❡

❡①✐st t✇♦ ❞✐✛❡r❡♥t ♣❛t❤s✿ [l]I(ṗ)I[l̇]I(p) ❛♥❞

[l]I(p̈)I[l̈]I(p)✱ ✇❤❡r❡ (ṗ) 6= (p̈)✱ [l̇] 6= [l̈] ❛♥❞

(ṗ), (p̈), [l̇], [l̈] ❛r❡ ♦❢ t②♣❡ t4✳ ❈②❝❧❡ C6 ❤❛s ❛

❢♦r♠ [l]I(ṗ)I[l̇]I(p)I[l̈]I(p̈)I[l]✳ ■❢ ❝②❝❧❡ ♦❢ t❤✐s

t②♣❡ ❡①✐st t❤❡♥✿

[l]I(ṗ) ⇔ [[4, 5], l1, l2, l3]I((4), ṗ1, ṗ2, ṗ3, ṗ4) ⇔






ṗ1 = l1
ṗ2 − l2 = ṗ3l1 + ṗ1l3

ṗ3 = l3

,

[l]I(p̈) ⇔ [[4, 5], l1, l2, l3]I((4), p̈1, p̈2, p̈3, p̈4) ⇔






p̈1 = l1
p̈2 − l2 = p̈3l1 + p̈1l3

p̈3 = l3

,

❛♥❞ ✇❡ s❡❡ t❤❛t ṗ1 = p̈1 = l1✱ ṗ2 = p̈2 = p̂2✱

ṗ3 = p̈3 = l3✳

(p)I[l̇] ⇔ ((3), p1, p2, p3)I[[3, 4], l̇1, l̇2, l̇3, l̇4] ⇔






p1 = l̇1
p2 − l̇2 = p3 l̇1 + p1 l̇3

p3 = l̇3

,

(p)I[l̈] ⇔ ((3), p1, p2, p3)I[[3, 4], l̈1, l̈2, l̈3, l̈4] ⇔

✶✽
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p1 = l̈1
p2 − l̈2 = p3 l̈1 + p1 l̈3

p3 = l̈3

,

❛♥❞ ✇❡ s❡❡ t❤❛t l̇1 = l̈1 = p1✱ l̇2 = l̈2 = l̂2✱

l̇3 = l̈3 = p3✳

(ṗ)I[l̇] ⇔ ((4), ṗ1, ṗ2, ṗ3, ṗ4)I[[3, 4], l̇1, l̇2, l̇3, l̇4] ⇔
((4), l1, p̂2, l3, ṗ4)I[[3, 4], p1, l̂2, p3, l̇4] ⇒

{

p̂2 − l̇4 = l1p3
ṗ4 − l̂2 = l3p1

,

(p̈)I[l̈] ⇔ ((4), p̈1, p̈2, p̈3, p̈4)I[[3, 4], l̈1, l̈2, l̈3, l̈4] ⇔
((4), l1, p̂2, l3, p̈4)I[[3, 4], p1, l̂2, p3, l̈4] ⇒

{

p̂2 − l̈4 = l1p3
p̈4 − l̂2 = l3p1

❲❡ ♦❜t❛✐♥ t❤❛t ṗ4 = p̈4✱ l̇4 = l̈4 s♦ (ṗ) = (ṗ)

❛♥❞ [l̇] = [l̈]✳ ❚❤✐s ❝♦♥tr❛❞✐❝ts ♦✉r ❛ss✉♠♣t✐♦♥s

t❤❛t (ṗ) 6= (p̈) ❛♥❞ [l̇] 6= [l̈]✳ ❚❤❡r❡❢♦r❡ t❤❡ ✐♥✐t✐❛❧

❛ss✉♠♣t✐♦♥ t❤❛t s✉❝❤ C6 ❡①✐st ♠✉st ❜❡ ❢❛❧s❡✳

✭✹✮ ❚❤❡r❡ ❡①✐sts ♣♦✐♥t (p) = ((5), p1, p2) ♦❢ t②♣❡ t2✱

✇❤✐❝❤ ✐s ❝♦♥♥❡❝t❡❞ ✇✐t❤ t✇♦ ❧✐♥❡s ♦❢ t②♣❡ t3✿

[l̇]✱ [l̈] ✭[l̇] 6= [l̈]✮ ❛♥❞ ❧✐♥❡ [l] = [[3, 4], l1, l2, l3, l4]

♦❢ t②♣❡ t4 ✇❤✐❝❤ ✐s ❝♦♥♥❡❝t❡❞ ✇✐t❤ t✇♦ ♣♦✐♥ts

♦❢ t②♣❡ t4✿ (ṗ)✱ (p̈) ✭(ṗ) 6= (p̈)✮✳ ❲❡ ❤❛✈❡

(ṗ)I[l̇] ❛♥❞ (p̈)I[l̈]✳ ❈②❝❧❡ C6 ❤❛s ❛ ❢♦r♠

(p)I[l̇]I(ṗ)I[l]I(p̈)I[l̈]I(p)✳ ■❢ ❝②❝❧❡ ♦❢ t❤✐s t②♣❡

❡①✐st t❤❡♥✿

(p)I[l̇] ⇔ ((5), p1, p2)I[[4, 5], l̇1, l̇2, l̇3] ⇔
{

p1 = l̇1
p2 − l̇2 = l̇3p1

,

(p)I[l̈] ⇔ ((5), p1, p2)I[[4, 5], l̈1, l̈2, l̈3] ⇔
{

p1 = l̈1
p2 − l̈2 = l̈3p1

,

[l̇]I(ṗ) ⇔ [[4, 5], l̇1, l̇2, l̇3]I((4), ṗ1, ṗ2, ṗ3, ṗ4) ⇔






ṗ1 = l̇1
ṗ2 − l̇2 = ṗ3 l̇1 + ṗ1 l̇3

ṗ3 = l̇3

,

[l̈]I(p̈) ⇔ [[4, 5], l̈1, l̈2, l̈3]I((4), p̈1, p̈2, p̈3, p̈4) ⇔






p̈1 = l̈1
p̈2 − l̈2 = p̈3 l̈1 + p̈1 l̈3

p̈3 = l̈3

,

❋r♦♠ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥s ✇❡ ♦❜t❛✐♥ ṗ1 = p̈1 =

l̇1 = l̈1 = p1✳

[l]I(ṗ) ⇔ [[3, 4], l1, l2, l3, l4]I((4), ṗ1, ṗ2, ṗ3, ṗ4) ⇔
[[3, 4], l1, l2, l3, l4]I((4), p1, ṗ2, ṗ3, ṗ4) ⇔







ṗ2 − l4 = l3p1
ṗ3 − l3 = l1p1
ṗ4 − l3 = l1ṗ3

[l]I(p̈) ⇔ [[3, 4], l1, l2, l3, l4]I((4), p̈1, p̈2, p̈3, p̈4) ⇔
[[3, 4], l1, l2, l3, l4]I((4), p1, p̈2, p̈3, p̈4) ⇔







p̈2 − l4 = l3p1
p̈3 − l3 = l1p1
p̈4 − l3 = l1ṗ3

❲❡ s❡❡ t❤❛t ✭ṗ2 = p̈2 ∧ ṗ3 = p̈3) ⇒ ṗ4 = p̈4 ❛♥❞

s♦ (ṗ) = (p̈)✳ ❚❤✐s ❝♦♥tr❛❞✐❝ts ♦✉r ❛ss✉♠♣t✐♦♥

t❤❛t (ṗ) 6= (p̈)✳ ❚❤❡r❡❢♦r❡ t❤❡ ✐♥✐t✐❛❧ ❛ss✉♠♣t✐♦♥

t❤❛t s✉❝❤ C6 ❡①✐st ♠✉st ❜❡ ❢❛❧s❡✳

●r❛♣❤ D(5, q) ✐s ❛ s✉❜❣r❛♣❤ ♦❢ Γ(5, φ+5 ,Fq)✳ ❋♦r ❛♥ ❛r❜✐✲

tr❛r② q ≥ 2 ❣r❛♣❤ t❤❡ ❣✐rt❤ ♦❢ ❣r❛♣❤ D(5, q) ✐s ✽ ❛♥❞ s♦

t❤❡ ❣✐rt❤ ♦❢ ❣r❛♣❤ Γ(5, φ+5 ,Fq) ✐s ✽ ❛♥❞ ✐t ❤❛s ❛ ❝②❝❧❡ ♦❢

❧❡♥❣t❤ ✽✳ �

❚❤❡ ❣r❛♣❤s Γ(n, φ+n ,Fq) ❢♦r ❛r❜✐tr❛r② n✱ q ❛r❡ ❝♦♥✲

♥❡❝t❡❞✳ ❲❤❛t ♠♦r❡ ✇❡ ❤❛✈❡ ❝♦♥❥❡❝t✉r❡ t❤❛t t❤❡ ❢❛♠✐❧✐❡s

✐s q + 1✲❝♦♥♥❡❝t❡❞✱ ♥❛♠❡❧② ❤✐❣❤❧② ❝♦♥♥❡❝t❡❞✳ ❆ ❣r❛♣❤ ✐s

s❛✐❞ t♦ ❜❡ k✲❝♦♥♥❡❝t❡❞ ✇❤❡♥ t❤❡r❡ ❞♦❡s ♥♦t ❡①✐st ❛ s❡t

♦❢ k − 1 ✈❡rt✐❝❡s ✇❤♦s❡ r❡♠♦✈❛❧ ❞✐s❝♦♥♥❡❝ts t❤❡ ❣r❛♣❤✳

❚❤❡ ❝♦♥♥❡❝t✐✈✐t② ♦❢ ❣r❛♣❤s ✐s ✐♠♣♦rt❛♥t ♣r♦♣❡rt② ✉s❡❞ ✐♥

♠❛♥② ♣r❛❝t✐❝❛❧ ❛♥❞ t❤❡♦r❡t✐❝❛❧ ❛s♣❡❝ts✳ ■❢ ✭❢♦r ✜①❡❞ n✮

✇❡ r❡♠♦✈❡ ✈❡rt✐❝❡s ♦❢ t②♣❡ tn ❢r♦♠ ❣r❛♣❤ Γ(n, φ+n ,Fq) ✇❡

♦❜t❛✐♥ ❛ tr❡❡✳

✹ ❈♦rr❡s♣♦♥❞✐♥❣ ▲❉P❈ ❝♦❞❡s

❆♥ ❡rr♦r✲❝♦rr❡❝t✐♥❣ ❝♦❞❡ ✐s ❛♥ ❛❧❣♦r✐t❤♠ ❢♦r ❡①♣r❡ss✲

✐♥❣ ❛ s❡q✉❡♥❝❡ ♦❢ ♥✉♠❜❡rs s✉❝❤ t❤❛t ❛♥② ❡rr♦rs ✇❤✐❝❤ ❛r❡

✐♥tr♦❞✉❝❡❞ ❝❛♥ ❜❡ ❞❡t❡❝t❡❞ ❛♥❞ ❝♦rr❡❝t❡❞ ❜❛s❡❞ ♦♥ t❤❡ r❡✲

♠❛✐♥✐♥❣ ♥✉♠❜❡rs✳ ❚❤✐s t❡❝❤♥✐q✉❡s ❡♥❛❜❧❡ r❡❧✐❛❜❧❡ ❞❡❧✐✈❡r②

♦❢ ❞✐❣✐t❛❧ ❞❛t❛ ♦✈❡r ✉♥r❡❧✐❛❜❧❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝❤❛♥♥❡❧s✳

❚♦ ❛ k ❜✐ts ♠❡ss❛❣❡ ❛r❡ ❛❞❞❡❞ r ❡①tr❛ ❜✐ts✲r❡❞✉♥❞❛♥t

❞❛t❛✳ ❆s ❛ r❡s✉❧t ♦❢ t❤✐s ❛❝t✐♦♥ ✇❡ ❣❡t t❤❡ ❝♦❞❡✇♦r❞s

y ∈ C ♦❢ t❤❡ ❧❡♥❣t❤ N ✳ ❙✉❝❤ ❛ ❝♦❞❡ ❤❛s r = N − k ♣❛r✐t②

❝❤❡❝❦s ❡q✉❛t✐♦♥s ❛♥❞ ✐s ❞❡♥♦t❡❞ ❜② [N, k]✳ ❚❤❡ r❛t✐♦ k/N

✐s ❝❛❧❧❡❞ ❝♦❞❡ r❛t❡ ❛♥❞ ✐s ❞❡♥♦t❡❞ ❜② RC ✳

▲❉P❈ ❝♦❞❡ ✐s ♦♥❡ ♦❢ t❤❡ ♣♦✇❡r❢✉❧ ❝❧❛ss ♦❢ ❡rr♦r ❝♦r✲

r❡❝t✐♥❣ ❝♦❞❡s✱ ✇❤✐❝❤ ✇❛s ❞✐s❝♦✈❡r❡❞ ❜② ❘♦❜❡rt ●❛❧❧❛♥❣❡r

✐♥ ❤✐s ✇♦r❦ ▲♦✇✲❉❡♥s✐t② P❛r✐t②✲❈❤❡❝❦ ❈♦❞❡s ❬✶✹❪✳ ❚❤❡②

✇❡r❡ ❢♦r❣♦tt❡♥ ❢♦r t✇❡♥t② ②❡❛rs t♦ ❣❡t ❜❛❝❦ ✐♥ t❤❡ ♥✐♥❡t✐❡s✱

❢♦r ❡①❛♠♣❧❡ s❡❡ ❬✶✺✱ ✶✻✱ ✶✼❪✳ ❚❤❡ ❛❜✐❧✐t② t♦ ✉s❡ ❣r❛♣❤s ✐♥

❝♦♥str✉❝t✐♦♥ ♦❢ ▲❉P❈ ✇❛s ✜rst ❞✐s❝✉ss❡❞ ❜② ❬✶✽❪✳ ❈♦♥✲

str✉❝t✐♦♥ ♦❢ ❚❛♥♥❡r t②♣❡ ❝♦❞❡s ❜❛s❡❞ ♦♥ t❤❡ ❡①♣❛♥❞❡r

❣r❛♣❤s ✇❛s ❝♦♥s✐❞❡r❡❞ ❢♦r ❡①❛♠♣❧❡ ❜② ❙✐♣s❡r ❛♥❞ ❙♣✐❡❧✲

♠❛♥ ❬✶✼❪✱ ●✉✐♥❛♥❛❞ ❛♥❞ ▲♦❞❣❡ ❬✶✾❪✳ ■♥ t❤✐s ♣❛♣❡r ✇❡

♣r❡s❡♥t ✐rr❡❣✉❧❛r ❧♦✇✲❞❡♥s✐t② ♣❛r✐t②✲❝❤❡❝❦ ✭▲❉P❈✮ ❝♦❞❡s

✇❤✐❝❤ ❡①❤✐❜✐t ❛ ♣❡r❢♦r♠❛♥❝❡ ❡①tr❡♠❡❧② ❝❧♦s❡ t♦ t❤❡ ❙❤❛♥✲

♥♦♥ ❧✐♠✐t✳ ■rr❡❣✉❧❛r ▲❉P❈ ❝♦❞❡s ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✷✵✱

✷✶❪ ❛♥❞ ✇❡r❡ ❢✉rt❤❡r st✉❞✐❡❞ ✐♥ ❬✷✷✱ ✷✸❪✳ ❋♦r s✉❝❤ ❛♥

✐rr❡❣✉❧❛r ▲❉P❈ ❝♦❞❡✱ t❤❡ ❞❡❣r❡❡s ♦❢ ❡❛❝❤ s❡t ♦❢ ♥♦❞❡s ❛r❡

❝❤♦s❡♥ ❛❝❝♦r❞✐♥❣ t♦ s♦♠❡ ❞✐str✐❜✉t✐♦♥✳ ■♥ ❝❛s❡ ♦❢ r❡❣✉❧❛r

▲❉P❈ ❝♦❞❡s t❤❡ ❞❡❣r❡❡ ♦❢ ❡❛❝❤ ✈❛r✐❛❜❧❡ ♥♦❞❡ ✐s ❡q✉❛❧ r

❛♥❞ t❤❡ ❞❡❣r❡❡ ♦❢ ❡❛❝❤ ❝❤❡❝❦ ♥♦❞❡ ✐s ❡q✉❛❧ s✳ ❚❤❡ ❝♦rr❡✲

s♣♦♥❞✐♥❣ ❚❛♥♥❡r ❣r❛♣❤ ✐s ❜✐r❡❣✉❧❛r (r, s)✳ ■♥ t❤❡ ❝❛s❡ ♦❢

✐rr❡❣✉❧❛r ❝♦❞❡s t❤❡ ✇❡✐❣❤t ♦❢ r♦✇s ❛♥❞ ❝♦❧✉♠♥s ❛r❡ ✈❛r✐❡❞✳

✶✾
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❆♥ ✐rr❡❣✉❧❛r ▲❉P❈ ❝♦❞❡ ♠✐❣❤t ❤❛✈❡ ❛ ❣r❛♣❤✐❝❛❧ r❡♣r❡✲

s❡♥t❛t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ s❡t ♦❢ ✈❛r✐❛❜❧❡ ♥♦❞❡s ♦r t❤❡ s❡t ♦❢

❝♦♥str❛✐♥t ♥♦❞❡s ♠❛② ❜❡ ❞✐✈✐❞❡❞ ✐♥t♦ s✉❜s❡ts ♦❢ ❞✐✛❡r❡♥t

❞❡❣r❡❡✳

❚❤❡r❡ ❛r❡ t❤r❡❡ ✇❛②s t♦ r❡♣r❡s❡♥t ❧✐♥❡❛r ❡rr♦r ❝♦rr❡❝t✐♥❣

❝♦❞❡ ❛❧❧♦✇✐♥❣ ✉s t♦ ♦❜t❛✐♥ ▲❉P❈ ❝♦❞❡s✿ ❣❡♥❡r❛t♦r ♠❛tr✐①

G✱ ♣❛r✐t② ❝❤❡❝❦ ♠❛tr✐① H ♦r ❚❛♥♥❡r ❣r❛♣❤ Γ(V,E)✳ ❚❤❡r❡

✐s ❛ st❛♥❞❛r❞ ✇❛② t♦ ❝r❡❛t❡ ▲❉P❈ ❝♦❞❡s ❢r♦♠ ❜✐♣❛rt✐t❡✱

❚❛♥♥❡r ❣r❛♣❤✳ P❛r✐t② ❝❤❡❝❦ ♠❛tr✐① H ❛♥❞ ❛❞❥❛❝❡♥❝② ♠❛✲

tr✐① A ❢♦r ✉s❡❞ ❣r❛♣❤ ❛r❡ ❞❡♣❡♥❞❡♥t✿

A =

(

0 ❍

HT 0

)

.

Pr❡s❡♥t❡❞ ❝♦♥str✉❝t✐♦♥ ❧❡❛❞s ✉s t♦ ❢❛♠✐❧✐❡s ♦❢ ❣r❛♣❤s

t❤❛t ❝❛♥ ❜❡ s✉❝❝❡ss❢✉❧❧② ✉s❡❞ ✐♥ ❝♦❞✐♥❣ t❤❡♦r② t♦ ❝r❡❛t❡

▲❉P❈ ❝♦❞❡s ❜❡❝❛✉s❡ t❤❡②✿ ❛r❡ s✐♠♣❧❡ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s✱

❞♦ ♥♦t ❤❛✈❡ ❝②❝❧❡s ♦❢ ❧❡♥❣t❤ ❧❡ss t❤❛♥ ✽✱ ❤❛✈❡ str✉❝t✉r❡s

t❤❛t ❛❧❧♦✇ ✉s t♦ ♦❜t❛✐♥ ❛r❜✐tr❛r② ❝♦❞❡ r❛t❡ RC ✱ ✇♦r❦ ✇✐t❤

❡①✐st✐♥❣ ❞❡❝♦❞✐♥❣ ❛❧❣♦r✐t❤♠✱ ❤❛✈❡ r❡♣r❡s❡♥t❛t✐♦♥ ❛s ✈❡r②

s♣❛rs❡ ♠❛tr✐❝❡s H✳

❖✉r s✐♠✉❧❛t✐♦♥s ✇❡r❡ ❞♦♥❡ ✉s✐♥❣ ❇P❙❑ ♠♦❞✉❧❛t✐♦♥

♦✈❡r ❆❲●◆ ❝❤❛♥♥❡❧ ❛♥❞ s✐♠♣❧❡ ❜❡❧✐❡❢✲♣r♦♣❛❣❛t✐♦♥ ✭❇P✮

❞❡❝♦❞❡r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✇✐t❤ ✶✵ ✐t❡r❛t✐♦♥s✳ ❊✣❝❛❝② ❇P

❛❧❣♦r✐t❤♠ ✐s ♦♥❧② s❧✐❣❤t❧② ✇♦rs❡ t❤❛♥ t❤❡ ♦♣t✐♠✉♠ ▼❆P

❞❡❝♦❞✐♥❣✳ ▲❡t y ❜❡ t❤❡ r❡❝❡✐✈❡❞ ❝♦❞❡✇♦r❞✳ ▼❆P ❞❡❝♦❞❡r

✇♦r❦s ❛❝❝♦r❞✐♥❣❧② t♦ t❤❡ r✉❧❡ ✇❤✐❝❤ r❡t✉r♥s ❛♥ ♦✉t♣✉t

✈❛❧✉❡ x̂ ♦❢ ❛ ❝♦❞❡ ✇♦r❞ x ❢♦r ✇❤✐❝❤ t❤❡ ❛ ♣♦st❡r✐♦r✐ ♣r♦❜✲

❛❜✐❧✐t② P = (x|y,H) ✐s ♠❛①✐♠✐③❡❞✳ ❇P ❛❧❣♦r✐t❤♠ ❝♦♥s✐sts

✐♥ ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ❛♣♣r♦①✐♠❛t❡ ✈❛❧✉❡s ♦❢ t❤❡ ❛ ♣♦st❡r✐♦r✐

♣r♦❜❛❜✐❧✐t✐❡s P = (xi|y,H) ❢♦r t❤❡ ❞✐✛❡r❡♥t r❡❝❡✐✈❡r ❜✐ts

♦❢ t❤❡ ❝♦❞❡✇♦r❞ x ✉♥t✐❧ t❤❡ ❤❛r❞ ❞❡❝✐s✐♦♥s t❛❦❡♥ ♦♥ t❤❡

❜❛s✐s ♦❢ t❤❡s❡ ♣r♦❜❛❜✐❧✐t✐❡s ✇✐❧❧ ✐♥❞✐❝❛t❡ ♦♥❡ ♦❢ t❤❡ ♣♦ss✐❜❧❡

❝♦❞❡ ✇♦r❞s ♦r t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ✇✐❧❧ ❜❡

r❡❛❝❤❡❞✳ ❚❤❡ ✉s❡ ♦❢ ✐t❡r❛t✐✈❡ ❞❡❝♦❞✐♥❣ ✐s ❡s♣❡❝✐❛❧❧② ✉s❡❢✉❧

✐♥ t❤❡ ❝❛s❡ ♦❢ ▲❉P❈ ❝♦❞❡s ❛s t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠✲

♣❧❡①✐t② ♦❢ t❤❡ ❞❡❝♦❞✐♥❣ ♣r♦❝❡ss ❢♦r s♣❛rs❡ ♠❛tr✐① ❞❡♣❡♥❞s

❧✐♥❡❛r❧② ♦♥ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❝♦❞❡✇♦r❞✳

❖❜t❛✐♥❡❞ ❣r❛♣❤s ❛r❡ q + 1 r❡❣✉❧❛r ❛♥❞ |P | = |L|✳ ❚♦

❝r❡❛t❡ ▲❉P❈ ❝♦❞❡ t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ✐♥ ♦♥❡ ♣❛rt✐✲

t✐♦♥ s❡t s❤♦✉❧❞ ❜❡ ♠✉❝❤ ❧❡ss t❤❛♥ t❤❡ ✐♥ s❡❝♦♥❞ ♦♥❡ ✭❢♦r

❡①❛♠♣❧❡ |P | ≤ |L|✮✳ ❲❡ ❝❛♥ ✉s❡ ♠❡t❤♦❞ ❞❡s❝r✐❜❡❞ ✐♥

❬✷✹❪ ❢♦r ❣r❛♣❤s D(n, q)✳ ❚♦ ♦❜t❛✐♥ ❜✐♣❛rt✐t❡ ❣r❛♣❤ ✇✐t❤

|P | ≤ |L| ✇❡ ♠✉st ♣✉t r❡str✐❝t✐♦♥ ♦♥ ❝♦♦r❞✐♥❛t❡s ♦❢ ♣♦✐♥ts✳
▲❡t E ⊂ Fq ❜❡ ❛♥ e✲❡❧❡♠❡♥t s✉❜s❡t r❡s♣❡❝t✐✈❡❧② ❛♥❞ ❧❡t

VP ❛♥❞ VL ❜❡ s❡ts ♦❢ ♣♦✐♥ts ❛♥❞ ❧✐♥❡s ✐♥ ❛ ♥❡✇ ❜✐♣❛rt✐t❡

❣r❛♣❤✳ ❚❤❡② ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡ts✿

VP = {(p) ∈ P |p2 ∈ E}✱
VL = {[l] ∈ L| deg([l]) ≥ 2}✳

❚❤❡ ❜✐❣❣❡r s❡t VL ❝♦rr❡s♣♦♥❞s t♦ ❝♦❞❡✇♦r❞ ❜✐ts ❛♥❞ t❤❡

s♠❛❧❧❡r VP t♦ ♣❛r✐t② ❝❤❡❝❦s✳ ❇② t❤✐s ❛❧❣♦r✐t❤♠ ✇❡ ♦❜t❛✐♥

✐rr❡❣✉❧❛r ▲❉P❈ ❝♦❞❡s✳ ❚❤✐s ✐rr❡❣✉❧❛r ▲❉P❈ ❝♦❞❡s ❤❛✈❡

❛ ❣r❛♣❤✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ ✇❤✐❝❤ ♦♥❡ ♣❛rt ♦❢ ✈❛r✐❛❜❧❡

♥♦❞❡s ❤❛✈❡ ❞❡❣r❡❡ |E|✱s❡❝♦♥❞ ♣❛rt ❤❛✈❡ ❞❡❣r❡❡ |E|+1 ❛♥❞

t❤✐r❞ ♣❛rt ❤❛✈❡ ❞❡❣r❡❡ q + 1✳

❚❛❜❧❡ ✺✳ Pr♦♣❡rt✐❡s ♦❢ ❣r❛♣❤s ✉s❡❞ ❢♦r

♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡s s❛♠♣❧❡ ❝♦❞❡s ✐❢ p2 ∈
E

◆✉♠❜❡r ◆✉♠❜❡r

■♥✐t✐❛❧ E ♦❢ ❧✐♥❡s ♦❢ ♣♦✐♥ts ❈♦❞❡

❣r❛♣❤ ✐♥ ✉s❡❞ ✐♥ ✉s❡❞ r❛t❡

s✉❜❣r❛♣❤ s✉❜❣r❛♣❤

Γ(4, φ+4 ,F5) {0, 1} ✶✸✽ ✻✻ ≈ 0.52

Γ(4, φ+4 ,F7) {0, 1} ✸✻✵ ✶✷✵ 0.(6)

Γ(4, φ+4 ,F7) {0, 1, 2} ✸✻✽ ✶✼✻ ≈ 0.52

Γ(4, φ+4 ,F11) {0, 1, 2, 3, 4} ✶✸✾✷ ✻✼✷ 0.52

Γ(5, φ+5 ,F5) {0, 1} ✻✽✷ ✸✶✶ ≈ 0.55

Γ(5, φ+5 ,F7) {0, 1} ✷✺✶✻ ✽✵✻ ≈ 0.68

Γ(5, φ+5 ,F7) {0, 1, 2} ✷✺✼✸ ✶✷✵✺ ≈ 0.53

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5
10

−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

Bit Error Rate

B
E

R

Eb/No (dB)

 

 
[138,72] code

[360,240] code

[368,192] code

[1392,720] code

❋✐❣✉r❡ ✶✳ ❇✐t ❡rr♦r r❛t❡ ❢♦r ❝♦❞❡s ❜❛s❡❞

♦♥ Γ(4, φ+4 ,Fq)

❇✐❞❡❣r❡❡ r❡❞✉❝t✐♦♥ ❝❛♥ ♦♥❧② ✐♥❝r❡❛s❡ t❤❡ ❣✐rt❤ s♦ t❤❡r❡

✐s ♥♦ s❤♦rt ❝②❝❧❡s✳ ❆❢t❡r ❜✐❞❡❣r❡❡ r❡❞✉❝t✐♦♥ t❤❡ ❣r❛♣❤ ♠❛②

❜❡ ❞✐s❝♦♥♥❡❝t❡❞ ❛♥❞ ❞✐✈✐❞❡❞ ✐♥t♦ s❡✈❡r❛❧ ❝♦♠♣♦♥❡♥ts✳ ❚♦

❝r❡❛t❡ ❛ ♣❛r✐t② ❝❤❡❝❦ ♠❛tr✐① ✇❡ ✉s❡ ♦♥❧② ♦♥❡ ❝♦♠♣♦♥❡♥t✳

❲❡ ❞❡❝✐❞❡ t♦ ♣✉t ♦♥❡ ♦r ③❡r♦ ✐♥ ❛ ♣❛r✐t② ❝❤❡❝❦ ♠❛tr✐①

❜② ❝❤❡❝❦✐♥❣ ✐❢ r❡❧❛t✐♦♥s ♣r❡s❡♥t❡❞ ✐♥ ❚❛❜✳ ✷ ♦r ❚❛❜✳ ✸

❛♠♦♥❣ ❝♦♦r❞✐♥❛t❡s ❢♦r ❡❛❝❤ ♣♦✐♥t ❛♥❞ ❧✐♥❡ ❛r❡ s❛t✐s✜❡❞✳

❚❛❜✳ ✺ ♣r❡s❡♥ts ♣r♦♣❡rt✐❡s ♦❢ ❡①❛♠♣❧❡ ❝♦❞❡s ♦❜t❛✐♥❡❞

❢r♦♠ ❣r❛♣❤s Γ(4, φ+4 ,Fq) ❛♥❞ Γ(5, φ+5 ,Fq)✳ ❋✐❣✳ ✶ ❛♥❞

❋✐❣✳ ✷ s❤♦✇ ❇✐t ❊rr♦r ❘❛t❡ ❢♦r t❤✐s r❡♣r❡s❡♥t❛t✐✈❡s✳

✷✵
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[2516,1710]  code

[682,371] code

[2573,1368] code

❋✐❣✉r❡ ✷✳ ❇✐t ❡rr♦r r❛t❡ ❢♦r ❝♦❞❡s ❜❛s❡❞

♦♥ Γ(5, φ+5 ,Fq)

❘❡❢❡r❡♥❝❡s

❬✶❪ ❉✳ ●✐❧❧♠❛♥✱ ❆ ❈❤❡r♥♦✛ ❜♦✉♥❞ ❢♦r r❛♥❞♦♠ ✇❛❧❦s ♦♥ ❡①♣❛♥❞❡r

❣r❛♣❤s✱ ❙■❆▼ ❏✳ ❈♦♠♣✉t✳ ✷✼ ✭✹✮ ✭✶✾✾✽✮✿ ✶✷✵✸✳

❬✷❪ ▼✳ P♦❧❛❦✱ ❱✳ ❯st✐♠❡♥❦♦✱ ❖♥ ♥❡✇ ❡①♣❛♥❞❡rs ♦❢ ✉♥❜♦✉♥❞❡❞

❞❡❣r❡❡ ❢♦r ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ■♥❢♦r♠❛t✐❝s✱ ❉♦♣♦✈✐❞✐ ◆❛✲

❝✐♦♥❛❧➠♦❥ ❆❦❛❞❡♠✐✐ ◆❛✉❦ ❯❦r❛✐♥ ✶✷ ✭✷✵✶✹✮✿ ✹✹✳

❬✸❪ ▼✳ P♦❧❛❦✱ ❱✳ ❯st✐♠❡♥❦♦✱ ❊①❛♠♣❧❡s ♦❢ ❘❛♠❛♥✉❥❛♥ ❛♥❞ ❡①♣❛♥❞❡r

❣r❛♣❤s ❢♦r ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✱ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✷✵✶✸ ❋❡❞❡r✲

❛t❡❞ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ❛♥❞ ■♥❢♦r♠❛t✐♦♥ ❙②st❡♠s

✭✷✵✶✸✮✿ ✹✾✾✳

❬✹❪ ❇✳ ❇♦❧❧♦❜❛s✱ ❊①tr❡♠❛❧ ●r❛♣❤ ❚❤❡♦r②✱ ❆❝❛❞❡♠✐❝ Pr❡ss ✭✶✾✼✽✮✳

❬✺❪ ◆✳ ▲✳ ❇✐❣❣s✱ ❆❧❣❡❜r❛✐❝ ●r❛♣❤ ❚❤❡♦r②✱ ✭✷♥❞ ❡❞✮✱ ❈❛♠❜r✐❞❣❡✱ ❯♥✐✲

✈❡rs✐t② Pr❡ss ✭✶✾✾✸✮✳

❬✻❪ ❆✳ ❇r♦✉✇❡r✱ ❆✳ ❈♦❤❡♥✱ ❆✳ ◆❡✉♠❛✐❡r✱ ❉✐st❛♥❝❡✲❘❡❣✉❧❛r ●r❛♣❤s✱

❙♣r✐♥❣❡r✲❱❡r❧❛❣ ✭✶✾✽✾✮✳

❬✼❪ ❙✳ ❍♦♦r②✱ ◆✳ ▲✐♥✐❛❧✱ ❆✳ ❲✐❣❞❡rs♦♥✱ ❊①♣❛♥❞❡r ❣r❛♣❤s ❛♥❞ t❤❡✐r

❛♣♣❧✐❝❛t✐♦♥s✱ ❇✉❧❧❡t✐♥ ✭◆❡✇ ❙❡r✐❡s✮ ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✲

✐❝❛❧ ❙♦❝✐❡t② ✹✸ ✭✷✵✵✻✮✿ ✹✸✾✳

❬✽❪ ●✳❆✳ ▼❛r❣✉❧✐s✱ ❊①♣❧✐❝✐t ❣r♦✉♣✲t❤❡♦r❡t✐❝ ❝♦♥str✉❝t✐♦♥s ♦❢ ❝♦♠✲

❜✐♥❛t♦r✐❛❧ s❝❤❡♠❡s ❛♥❞ t❤❡✐r ❛♣♣❧✐❝❛t✐♦♥s ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢

❡①♣❛♥❞❡rs ❛♥❞ ❝♦♥❝❡♥tr❛t♦rs✱ Pr♦❜❧❡♠② P❡r❡❞❛❝❤✐ ■♥❢♦r♠❛ts✐✐

✷✹ ✭✶✮ ✭✶✾✽✽✮✿ ✺✶✳

❬✾❪ ❆✳ ▲✉❜♦ts❦②✱ ❘✳ P❤✐❧✐♣s✱ P✳ ❙❛r♥❛❦✱ ❘❛♠❛♥✉❥❛♥ ❣r❛♣❤s✱ ❈♦♠❜✐✲

♥❛t♦r✐❝❛ ✾ ✭✶✾✽✽✮✿ ✷✻✶✳

❬✶✵❪ ❘✳ ❲❡✐ss✱ ❉✐st❛♥❝❡ tr❛♥s✐t✐✈❡ ❣r❛♣❤s ❛♥❞ ❣❡♥❡r❛❧✐s❡❞ ♣♦❧②❣♦♥s✱

❆r❝❤✳ ▼❛t❤ ✹✺ ✭✶✾✽✺✮✿ ✶✽✻✳

❬✶✶❪ ❲✳ ❋❡✐t✱ ❉✳ ❍✐❣♠❛♥✱ ❚❤❡ ♥♦♥❡①✐st❡♥❝❡ ♦❢ ❝❡rt❛✐♥ ❣❡♥❡r❛❧✐s❡❞

♣♦❧②❣♦♥s✱ ❏✳ ♦❢ ❆❧❣❡❜r❛ ✶ ✭✶✾✻✹✮✿ ✶✶✹✳

❬✶✷❪ ❱✳ ❆✳ ❯st✐♠❡♥❦♦✱ ❖♥ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ ❣❡♦♠❡tr✐❡s ♦❢ t❤❡

❈❤❡✈❛❧❧❡② ❣r♦✉♣s ❛♥❞ t❤❡✐r ❣❡♥❡r❛❧✲ ✐③❛t✐♦♥s✱ ❙t✉❞✐❡s ✐♥ ❆❧❣❡✲

❜r❛✐❝ ❚❤❡♦r② ♦❢ ❈♦♠❜✐♥❛t♦r✐❛❧ ❖❜❥❡❝ts✱ ▼♦s❦♦✇❀ ❊♥❣❧✐s❤ tr❛♥s❧✱

❑❧✉✇❡r P✉❜❧✳✱ ❉♦r❞r❡s❤t ✭✶✾✾✶✮✿ ✶✶✷✳

❬✶✸❪ ❋✳ ▲❛③❡❜♥✐❦✱ ❱✳ ❆✳ ❯st✐♠❡♥❦♦✱ ❆✳ ❏✳ ❲♦❧❞❛r✱ ❆ ♥❡✇ s❡r✐❡s ♦❢

❞❡♥s❡ ❣r❛♣❤s ♦❢ ❤✐❣❤ ❣✐rt❤✱ ❇✉❧❧❡t✐♥ ✭◆❡✇ ❙❡r✐❡s✮ ♦❢ t❤❡ ❆▼❙ ✸✷

✭✶✾✾✺✮✿ ✼✸✳

❬✶✹❪ ❘✳ ●✳ ●❛❧❧❛❣❡r✱ ▲♦✇✲❉❡♥s✐t② P❛r✐t②✲❈❤❡❝❦ ❈♦❞❡s✱ ▼♦♥♦❣r❛♣❤✱

▼✳■✳❚✳ Pr❡ss ✭✶✾✻✸✮✳

❬✶✺❪ ▼✳ ▲✉❜②✱ ▼✳ ▼✐t③❡♥♠❛❝❤❡r✱ ▼✳ ❆✳ ❙❤♦❦r♦❧❧❛❤✐✱ ❉✳ ❆✳ ❙♣✐❡❧✲

♠❛♥✱ ■♠♣r♦✈❡❞ ▲♦✇✲❉❡♥s✐t② P❛r✐t②✲ ❈❤❡❝❦ ❈♦❞❡s ❯s✐♥❣ ■rr❡❣✉✲

❧❛r ●r❛♣❤s ❛♥❞ ❇❡❧✐❡❢ Pr♦♣❛❣❛t✐♦♥✱ ■❙■❚ ✾✽✲■❊❊❊ ■♥t❡r♥❛t✐♦♥❛❧

❙②♠♣♦s✐✉♠ ♦❢ ■♥❢♦r♠❛t✐♦♥ ❚❤❡♦r②✱ ❈❛♠❜r✐❞❣❡✱ ❯❙❆ ✭✶✾✾✽✮✿

✶✼✶✳

❬✶✻❪ ❉✳ ❏✳ ❈✳ ▼❛❝❑❛②✱ ●♦♦❞ ❡rr♦r✲❝♦rr❡❝t✐♥❣ ❝♦❞❡s ❜❛s❡❞ ♦♥ ✈❡r②

s♣❛rs❡ ♠❛tr✐❝❡s✱ ■♥❢♦r♠❛t✐♦♥ ❚❤❡♦r②✱ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ✹✺ ✭✷✮

✭✶✾✾✾✮✿ ✸✾✾✳

❬✶✼❪ ▼✳ ❙✐♣s❡r✱ ❉✳ ❆✳ ❙♣✐❡❧♠❛♥✱ ❊①♣❛♥❞❡r ❝♦❞❡s✱ ■❊❊❊ ❚r❛♥s ♦♥

■♥❢♦ ❚❤❡♦r②✱ ✹✷ ✭✻✮ ✭✶✾✾✻✮✿ ✶✼✶✵✳

❬✶✽❪ ❘✳ ▼✳ ❚❛♥♥❡r✱ ❆ r❡❝✉rs✐✈❡ ❛♣♣r♦❛❝❤ t♦ ❧♦✇ ❞❡♥s✐t② ❝♦❞❡s✱ ■❊❊❊

❚r❛♥s❛❝t✐♦♥s ♦♥ ■♥❢♦r♠❛t✐♦♥ ❚❤❡♦r② ■❚ ✷✼ ✭✺✮ ✭✶✾✽✹✮✿ ✺✸✸✳

❬✶✾❪ P✳ ●✉✐♥❛♥❞✱ ❏✳ ▲♦❞❣❡✱ ❚❛♥♥❡r t②♣❡ ❝♦❞❡s ❛r✐s✐♥❣ ❢r♦♠ ❧❛r❣❡

❣✐rt❤ ❣r❛♣❤s✱ ✐♥ ❈❛♥❛❞✐❛♥ ❲♦r❦s❤♦♣ ♦♥ ■♥❢♦r♠❛t✐♦♥ ❚❤❡♦r②

❈❲■❚✱ ❚♦r♦♥t♦✱ ❖♥t❛r✐♦✱ ❈❛♥❛❞❛ ✭✶✾✾✼✮✿ ✺✳

❬✷✵❪ ▼✳ ▲✉❜②✱ ▼✳ ▼✐t③❡♥♠❛❝❤❡r✱ ▼✳ ❆✳ ❙❤♦❦r♦❧❧❛❤✐✱ ❉✳ ❆✳ ❙♣✐❡❧♠❛♥✱

❛♥❞ ❱✳ ❙t❡♠❛♥♥✱ Pr❛❝t✐❝❛❧ ❧♦ss✲r❡s✐❧✐❡♥t ❝♦❞❡s✱ Pr♦❝✳ ✷✾t❤ ❆♥♥✉✳

❆❈▼ ❙②♠♣✳ ❚❤❡♦r② ♦❢ ❈♦♠♣✉t✐♥❣ ✭✶✾✾✼✮✿ ✶✺✵✳

❬✷✶❪ ▼✳ ▲✉❜②✱ ▼✳ ▼✐t③❡♥♠❛❝❤❡r✱ ▼✳ ❆✳ ❙❤♦❦r♦❧❧❛❤✐✱ ❉✳ ❆✳ ❙♣✐❡❧♠❛♥✱

❆♥❛❧②s✐s ♦❢ ❧♦✇ ❞❡♥s✐t② ❝♦❞❡s ❛♥❞ ✐♠♣r♦✈❡❞ ❞❡s✐❣♥s ✉s✐♥❣ ✐rr❡❣✉✲
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